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Preface to the Third Edition

In contemplating the third edition, I have had multiple objectives to
achieve. The first and foremost important objective is to maintain the ac-
cessibility and readability of the book to a broad readership with varying
mathematical backgrounds and sophistication. More proofs, more graphs,
more explanations, and more applications are provided in this edition.

The second objective is to update the contents of the book so that the
reader stays abreast of new developments in this vital area of mathematics.
Recent results on local and global stability of one-dimensional maps are
included in Chapters 1, 4, and Appendices A and C. An extension of the
Hartman—Grobman Theorem to noninvertible maps is stated in Appendix
D. A whole new section on various notions of the asymptoticity of solutions
and a recent extension of Perron’s Second Theorem are added to Chapter
8. In Appendix E a detailed proof of the Levin—-May Theorem is presented.
In Chapters 4 and 5, the reader will find the latest results on the larval-
pupal-adult flour beetle model.

The third and final objective is to better serve the broad readership of
this book by including most, but certainly not all, of the research areas
in difference equations. As more work is being published in the Journal of
Difference Equations and Applications and elsewhere, it became apparent
that a whole chapter needed to be dedicated to this enterprise. With the
prodding and encouragement of Gerry Ladas, the new Chapter 5 was born.
Major revisions of this chapter were made by Fozi Dannan, who diligently
and painstakingly rewrote part of the material and caught several errors
and typos. His impact on this edition, particularly in Chapters 1, 4, and
Chapter 8 is immeasurable and I am greatly indebted to him. My thanks
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vi Preface to the Third Edition

go to Shandelle Henson, who wrote a thorough review of the book and
suggested the inclusion of an extension of the Hartman—Groman Theorem,
and to Julio Lopez and his student Alex Sepulveda for their comments and
discussions about the second edition.

I am grateful to all the participants of the AbiTuMath Program and
to its coordinator Andreas Ruffing for using the second edition as the
main reference in their activities and for their valuable comments and dis-
cussions. Special thanks go to Sebastian Pancratz of AbiTuMath whose
suggestions improved parts of Chapters 1 and 2. I benefited from comments
and discussions with Raghib Abu-Saris, Bernd Aulbach, Martin Bohner,
Luis Carvahlo, Jim Cushing, Malgorzata Guzowska, Sophia Jang, Klara
Janglajew, Nader Kouhestani, Ulrich Krause, Ronald Mickens, Robert
Sacker, Hassan Sedaghat, and Abdul-Aziz Yakubu. It is a pleasure to thank
Ina Lindemann, the editor at Springer-Verlag for her advice and support
during the writing of this edition. Finally, I would like to express my deep
appreciation to Denise Wilson who spent many weekends typing various
drafts of the manuscript. Not only did she correct many glitches, typos,
and awkward sentences, but she even caught some mathematical errors.

I hope you enjoy this edition and if you have any comments or questions,
please do not hesitate to contact me at selaydi@trinity.edu.

San Antonio, Texas Saber N. Elaydi
April 2004

Suggestions for instructors using this book.

The book may be used for two one-semester courses. A first course may
include one of the following options but should include the bulk of the first
four chapters:

1. If one is mainly interested in stability theory, then the choice would
be Chapters 1-5.

2. One may choose Chapters 1-4, and Chapter 8 if the interest is to get
to asymptotic theory.

3. Those interested in oscillation theory may choose Chapters 1, 2, 3, 5,
and 7.

4. A course emphasizing control theory may include Chapters 1-3, 6, and
10.
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Preface to the Second Edition

The second edition has greatly benefited from a sizable number of com-
ments and suggestions I received from users of the first edition. I hope
that I have corrected all the errors and misprints in the book. Important
revisions were made in Chapters 1 and 4. In Chapter 1, I added two ap-
pendices (Global Stability and Periodic Solutions). In Chapter 4, I added
a section on applications to mathematical biology. Influenced by a friendly
and some not so friendly comments about Chapter 8 (previously Chapter 7:
Asymptotic Behavior of Difference Equations), I rewrote the chapter with
additional material on Birkhoff’s theory. Also, due to popular demand, a
new chapter (Chapter 9) under the title “Applications to Continued Frac-
tions and Orthogonal Polynomials” has been added. This chapter gives a
rather thorough presentation of continued fractions and orthogonal poly-
nomials and their intimate connection to second-order difference equations.
Chapter 8 (Oscillation Theory) has now become Chapter 7. Accordingly,
the new revised suggestions for using the text are as follows.

The book may be used with considerable flexibility. For a one-semester
course, one may choose one of the following options:

(i) If you want a course that emphasizes stability and control, then you
may select Chapters 1, 2, and 3, and parts of Chapters 4, 5, and 6. This
is perhaps appropriate for a class populated by mathematics, physics,
and engineering majors.

(ii) If the focus is on the applications of difference equations to orthogonal
polynomials and continued fractions, then you may select Chapters 1,
2,3, 8, and 9.

ix
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I am indebted to K. Janglajew, who used the book several times and
caught numerous glitches and typos. I am very grateful to Julio Lopez
and his students, who helped me correct some mistakes and improve the
exposition in Chapters 7 and 8. I am thankful to Raghib Abu-Saris, who
caught some errors and typos in Chapter 4. My thanks go to Gerry Ladas,
who assisted in refining Chapter 8, and to Allan Peterson, who graciously
used my book and caught some mistakes in Chapter 4. I thank my brother
Hatem Elaydi who read thoroughly Chapter 6 and made valuable revisions
in the exercises. Many thanks to Fozi Dannan, whose comments improved
Chapters 1, 4, and 9. Ronald Mickens was always there for me when I
needed support, encouragement, and advice. His impact on this edition is
immeasurable. My special thanks to Jenny Wolkowicki of Springer-Verlag.

I apologize in advance to all those whom I did not mention here but who
have helped in one way or another to enhance the quality of this edition.

It is my pleasure to thank my former secretary, Constance Garcia, who
typed the new and revised material.

San Antonio, Texas Saber N. Elaydi
April 1999



Preface to the First Edition

This book grew out of lecture notes I used in a course on difference equa-
tions that I have taught at Trinity University for the past five years.
The classes were largely populated by juniors and seniors majoring in
mathematics, engineering, chemistry, computer science, and physics.

This book is intended to be used as a textbook for a course on difference
equations at both the advanced undergraduate and beginning graduate
levels. It may also be used as a supplement for engineering courses on
discrete systems and control theory.

The main prerequisites for most of the material in this book are calculus
and linear algebra. However, some topics in later chapters may require some
rudiments of advanced calculus and complex analysis. Since many of the
chapters in the book are independent, the instructor has great flexibility in
choosing topics for a one-semester course.

This book presents the current state of affairs in many areas such as sta-
bility, Z-transform, asymptoticity, oscillations, and control theory. However,
this book is by no means encyclopedic and does not contain many impor-
tant topics, such as numerical analysis, combinatorics, special functions
and orthogonal polynomials, boundary value problems, partial difference
equations, chaos theory, and fractals. The nonselection of these topics is
dictated not only by the limitations imposed by the elementary nature of
this book, but also by the research interest (or lack thereof) of the author.

Great efforts were made to present even the most difficult material in
an elementary format and to write in a style that makes the book acces-
sible to students with varying backgrounds and interests. One of the main
features of the book is the inclusion of a great number of applications in

Xi



xii Preface to the First Edition

economics, social sciences, biology, physics, engineering, neural networks,
etc. Moreover, this book contains a very extensive and carefully selected
set of exercises at the end of each section. The exercises form an integral
part of the text. They range from routine problems designed to build ba-
sic skills to more challenging problems that produce deeper understanding
and build technique. The asterisked problems are the most challenging, and
the instructor may assign them as long-term projects. Another important
feature of the book is that it encourages students to make mathematical
discoveries through calculator/computer experimentation.

Chapter 1 deals with first-order difference equations, or one-dimensional
maps on the real line. It includes a thorough and complete analysis of
stability for many popular maps (equations) such as the logistic map, the
tent map, and the Baker map. The rudiments of bifurcation and chaos
theory are also included in Section 1.6. This section raises more questions
and gives few answers. It is intended to arouse the reader’s interest in this
exciting field.

In Chapter 2 we give solution methods for linear difference equations of
any order. Then we apply the obtained results to investigate the stability
and the oscillatory behavior of second-order difference equations. At the
end of the chapter we give four applications: the propagation of annual
plants, the gambler’s ruin, the national income, and the transmission of
information.

Chapter 3 extends the study in Chapter 2 to systems of difference equa-
tions. We introduce two methods to evaluate A" for any matrix A. In
Section 3.1 we introduce the Putzer algorithm, and in Section 3.3 the
method of the Jordan form is given. Many applications are then given
in Section 3.5, which include Markov chains, trade models, and the heat
equation.

Chapter 4 investigates the question of stability for both scalar equations
and systems. Stability of nonlinear equations is studied via linearization
(Section 4.5) and by the famous method of Liapunov (Section 4.6). Our ex-
position here is restricted to autonomous (time-invariant) systems. I believe
that the extension of the theory to nonautonomous (time-variant) systems,
though technically involved, will not add much more understanding to the
subject matter.

Chapter 5 delves deeply into Z-transform theory and techniques (Sections
5.1, 5.2). Then the results are applied to study the stability of Volterra
difference scalar equations (Sections 5.3, 5.4) and systems (Sections 5.5,
5.6). For readers familiar with differential equations, Section 5.7 provides
a comparison between the Z-transform and the Laplace transform. Most of
the results on Volterra difference equations appear here for the first time
in a book.

Chapter 6 takes us to the realm of control theory. Here, we cover most
of the basic concepts including controllability, observability, observers,
and stabilizability by feedback. Again, we restrict the presentation to au-
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tonomous (time-invariant) systems, since this is just an introduction to this
vast and growing discipline. Moreover, most practitioners deal mainly with
time-invariant systems.

In Chapter 7 we give a comprehensive and accessible study of asymp-
totic methods for difference equations. Starting from the Poincaré Theorem,
the chapter covers most of the recent development in the subject. Section
7.4 (asymptotically diagonal systems) presents an extension of Levinson’s
Theorem to difference equations, while in Section 7.5 we carry our study to
nonlinear difference equations. Several open problems are given that would
serve as topics for research projects.

Finally, Chapter 8 presents a brief introduction to oscillation theory. In
Section 8.1, the basic results on oscillation for three-term linear difference
equations are introduced. Extension of these results to nonlinear differ-
ence equations is presented in Section 8.2. Another approach to oscillation
theory, for self-adjoint equations, is presented in Section 8.3. Here we also
introduce a discrete version of Sturm’s Separation Theorem.

I am indebted to Gerry Ladas, who read many parts of the book and sug-
gested many useful improvements, especially within the section on stability
of scalar difference equations (Section 4.3). His influence through papers
and lectures on Chapter 8 (oscillation theory) is immeasurable. My thanks
go to Vlajko Kocic, who thoroughly read and made many helpful comments
about Chapter 4 on Stability. Jim McDonald revised the chapters on the
Z-transform and control theory (Chapters 5 and 6) and made significant
improvements. I am very grateful to him for his contributions to this book.
My sincere thanks go to Paul Eloe, who read the entire manuscript and
offered valuable suggestions that led to many improvements in the final
draft of the book. I am also grateful to Istvan Gyori for his comments on
Chapter 8 and to Ronald Mickens for his review of the whole manuscript
and for his advice and support. I would like to thank the following math-
ematicians who encouraged and helped me in numerous ways during the
preparation of the book: Allan Peterson, Donald Bailey, Roberto Hasfura,
Haydar Akca, and Shunian Zhang. I am grateful to my students Jeff Bator,
Michelle MacArthur, and Nhung Tran, who caught misprints and mistakes
in the earlier drafts of this book. My special thanks are due to my student
Julie Lundquist, who proofread most of the book and made improvements
in the presentation of many topics. My thanks go to Constance Garcia, who
skillfully typed the entire manuscript with its many, many revised versions.
And finally, it is a pleasure to thank Ina Lindemann and Robert Wexler
from Springer-Verlag for their enthusiastic support of this project.

San Antonio, Texas Saber N. Elaydi
December 1995
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1

Dynamics of First-Order
Difference Equations

1.1 Introduction

Difference equations usually describe the evolution of certain phenomena
over the course of time. For example, if a certain population has discrete
generations, the size of the (n+1)st generation z(n+1) is a function of the
nth generation x(n). This relation expresses itself in the difference equation

z(n+1) = f(z(n)). (1.1.1)

We may look at this problem from another point of view. Starting from a
point zg, one may generate the sequence

o, f(wo), f(f (o)), f(f(f(x0))), - -

For convenience we adopt the notation

F(x0) = f(f(z0)),  f*(z0) = F(f(f(0))), et

f(xo) is called the first iterate of o under f; f2(xg) is called the second
iterate of xp under f; more generally, f™(z) is the nth iterate of z¢ under
f. The set of all (positive) iterates {f"(zo) : n > 0} where fO(zg) =
2o by definition, is called the (positive) orbit of x¢ and will be denoted
by O(xo). This iterative procedure is an example of a discrete dynamical
system. Letting x(n) = f"(xo), we have

a(n+1) = f" (o) = ff"(w0)] = f(z(n)),

and hence we recapture (1.1.1). Observe that x(0) = f°(z¢) = xo. For
example, let f(x) = 2% and 29 = 0.6. To find the sequence of iterates

1



2 1. Dynamics of First-Order Difference Equations

{f™(x0)}, we key 0.6 into a calculator and then repeatedly depress the 22
button. We obtain the numbers

0.6,0.36,0.1296, 0.01679616, . . . .

A few more key strokes on the calculator will be enough to convince the
reader that the iterates f(0.6) tend to 0. The reader is invited to verify
that for all zg € (0,1), f™(xo) tends to 0 as n tends to oo, and that f™(xo)
tends to oo if zp & [—1,1]. Obviously, f™(0) =0, f(1) = 1 for all positive
integers n, and f*(—=1)=1forn=1,2,3,....

After this discussion one may conclude correctly that difference equa-
tions and discrete dynamical systems represent two sides of the same coin.
For instance, when mathematicians talk about difference equations, they
usually refer to the analytic theory of the subject, and when they talk
about discrete dynamical systems, they generally refer to its geometrical
and topological aspects.

If the function f in (1.1.1) is replaced by a function g of two variables,
that is, g : Z* x R — R, where Z¥ is the set of nonnegative integers and
R is the set of real numbers, then we have

z(n+1) = g(n,z(n)). (1.1.2)

Equation (1.1.2) is called nonautonomous or time-variant, whereas (1.1.1)
is called autonomous or time-invariant. The study of (1.1.2) is much more
complicated and does not lend itself to the discrete dynamical system
theory of first-order equations. If an initial condition x(ng) = zg is given,
then for n > ng there is a unique solution x(n) = x(n,ng,zo) of (1.1.2)
such that x(ng,no,xg) = xo. This may be shown easily by iteration. Now,

x(no + 1,10, 70) = g(no, x(no)) = g(no, o),

z(no +2,n0,20) = g(no + 1, 2(no + 1)) = g(no + 1, g(no, o)),

z(no + 3,10, 20) = g(no + 2, z(no + 2)) = glno + 2, 9(no + 1, g(no, z0))]-

And, inductively, we get x(n,ng,xo) = g[n — 1,z(n — 1,n9, zg)].

1.2 Linear First-Order Difference Equations

In this section we study the simplest special cases of (1.1.1) and (1.1.2),
namely, linear equations. A typical linear homogeneous first-order equation
is given by
z(n+1) =a(n)x(n), x(no) = xo, n>mng >0, (1.2.1)
and the associated nonhomogeneous equation is given by
y(n+1) =a(n)y(n) +g(n),  ylo)=yo, n=2ng=0, (1.2.2)

where in both equations it is assumed that a(n) # 0, and a(n) and g(n)
are real-valued functions defined for n > ng > 0.
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One may obtain the solution of (1.2.1) by a simple iteration:
z(no + 1) = a(ng)z(ng) = a(no)zo,
x(no + 2) = a(ng + )a(ng + 1) = a(ng + 1)a(ng)zo,
x(no + 3) = a(ng + 2)x(no + 2) = a(no + 2)a(ng + 1)a(no)xo.
And, inductively, it is easy to see that
xz(n) = xz(ng +n —ng))

=a(n—1)a(n —2)---a(no)xo,

z(n) = [1:[ a(i)] xo. (1.2.3)

i:no

The unique solution of the nonhomogeneous (1.2.2) may be found as
follows:

y(no + 1) = a(no)yo + g(no),
y(no +2) = a(no + 1)y(no + 1) + g(no + 1)
= a(ng + 1)a(no)yo + a(ng + 1)g(ng) + g(no + 1).

Now we use mathematical induction to show that, for all n € Z+

y(n) = [1:[ a(i) | yo + z_: [ 1:[ a(i)] g(r). (1.2.4)
i=no r=ng Li=r+1

To establish this, assume that formula (1.2.4) holds for n = k. Then from
(1.2.2), y(k + 1) = a(k)y(k) + g(k), which by formula (1.2.4) yields

k—1 k—1 k—1
y(k+1) = a(k) [,H ZOIEDY [a(k)H a<i>] 9(r) + (k)
. 1=ng - r_ngk 1=r-+
= | [T a@®|w+ > < II a(l’)) 9(r)
i=ng r=ng \i=r+1

k
+ ( H a(z’)) g(k) (see footnote 1)

i=k+1
k k
= | T at| w0 + (H a@) g(r).
1=ng r=ng \i=r+1

Hence formula (1.2.4) holds for all n € Z+.

!Notice that we have adopted the notation Hf:k-u a(id) = 1 and

Zf=k+1 a(i) = 0.
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1.2.1  Important Special Cases

There are two special cases of (1.2.2) that are important in many
applications. The first equation is given by

y(n+1) =ay(n)+g(n), y(0)=yo. (1.2.5)

Using formula (1.2.4) one may establish that

n—1
y(n) =a"yo + »_ a"Fg(k). (1.2.6)
k=0

The second equation is given by
y(n+1) =ay(n) + b, y(0) = yo. (1.2.7)
Using formula (1.2.6) we obtain

a” —1

a”y0+b[ } ifa #1,
a—1

Yo + bn ifa=1.

y(n) = (1.2.8)

Notice that the solution of the differential equation

d
d—f =az(t), x(0)= xo,
is given by

z(t) = ey,

and the solution of the nonhomogeneous differential equation

dy _

o = () +9(t), y(0) =y,

is given by

t
) =+ [ e g(s) ds.
0

Thus the exponential e’ in differential equations corresponds to the expo-
nential ¢” and the integral fot e®(t=%) g(s) ds corresponds to the summation

ket
kZ a" " g(k).
=0
We now give some examples to practice the above formulas.

Example 1.1. Solve the equation

yn+1) =+ 1yn)+2"(n+ 1), y(0) =1, n > 0.
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TABLE 1.1. Definite sum.

Number Summation Definite sum
= n(n+1)
> 1ot )
k=1 2
< n(n+1)(2n +1)
Y i+ 1ion+1)
k=1 6 )
3 ZkS {n(n ]
k=1 . 2
= n(6n* + 150 4 10n? — 1)
4 4
2k 30
5 "iak a"—1)/(a—1) ifa#l
pard n ifa=1

1 n .
= . (a"—a)/(a—1) ifa#1
0 kZa {n—l ifa=1

n -1 1 n+l _ _n+2
Zkak7 01 (a=1)(n+1)a a"" +a

! (a—1)2
Solution
n—1
():Hz+1 +Z II G+1)] 28k +1)
k=0 Li=k+1

=nl+ Z n! 2k
k=0
= 2"n! (from Table 1.1).
Example 1.2. Find a solution for the equation
z(n+1) =2z(n) + 3", z(1) = 0.5.

Solution From (1.2.6), we have

n—1

z(n) = (;) gn=1 4 Z on—k—1 gk

k=1

n—1 3 k
— 2n72 2n71 e
()

-1
_ on—2 nflé (%)n -1
ot (0

=3"—5.2""2
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Example 1.3. A drug is administered once every four hours. Let D(n) be
the amount of the drug in the blood system at the nth interval. The body
eliminates a certain fraction p of the drug during each time interval. If the
amount administered is Dy, find D(n) and lim,_, D(n).

Solution We first must create an equation to solve. Since the amount of
drug in the patient’s system at time (n+ 1) is equal to the amount at time
n minus the fraction p that has been eliminated from the body, plus the
new dosage Dy, we arrive at the following equation:

D(n+1) = (1 —p)D(n) + Dy.

Using (1.2.8), we solve the above equation, arriving at
DO} Dy
Dn)=|Dg— — | (1—-p)" 4+ —.
(n) [ ) (1-p) »
Hence,

lim D(n) = &.

n—oo p

(1.2.9)

Let Dy = 2 cubic centimeters (cc), p = 0.25.
Then our original equation becomes

D(n+1)=0.75D(n)+2,  D(0)=2.
Table 1.2 gives D(n) for 0 < n < 10.

It follows from (1.2.9) that lim, . D(n) = 8, where D* = 8cc is the
equilibrium amount of drug in the body. We now enter the realm of finance
for our next example.

Example 1.4. Amortization

Amortization is the process by which a loan is repaid by a sequence of
periodic payments, each of which is part payment of interest and part
payment to reduce the outstanding principal.

Let p(n) represent the outstanding principal after the nth payment g(n).
Suppose that interest charges compound at the rate r per payment period.

The formulation of our model here is based on the fact that the out-
standing principal p(n + 1) after the (n + 1)st payment is equal to the
outstanding principal p(n) after the nth payment plus the interest rp(n)
incurred during the (n + 1)st period minus the nth payment g(n). Hence

p(n+1) =p(n) +rp(n) — g(n),

TABLE 1.2. Values of D(n).

n 0| 1 2 3 4 5 6 7 8 9 10
D(n) | 2|35 | 462|547 | 6.1 | 6.58 | 6.93 | 7.2 | 7.4 | 7.55 | 7.66
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or
p(n+1) = (1+r)p(n)—g(n),  p(0)=po, (1.2.10)
where pg is the initial debt. By (1.2.6) we have
n—1
p(n) = (1+7)"po— > _(1+7)"*g(k). (1.2.11)
k=0

In practice, the payment g(n) is constant and, say, equal to 7. In this case,

p(n) = (1+7)"po — ((L+7)" —1) <T> : (1.2.12)

r

If we want to pay off the loan in exactly n payments, what would be the
monthly payment 7'? Observe first that p(n) = 0. Hence from (1.2.12) we
have

T
T [
Exercises 1.1 and 1.2
1. Find the solution of each difference equation:
(a) z(n+1) — (n+ z(n) =0, z(0) = c.
(b) z(n+1) —3"x(n) =0, z(0) = c.
(¢) z(n+1) —e*"z(n) =0, z(0) = c.
(d) z(n+1) - 252(n) =0, n>1, z(1) =ec.
2. Find the general solution of each difference equation:
(@) y(n+1)—zy(n) =2,  y(0)=c
(b) y(n+1) - Jyn) =4, y(l)=c
3. Find the general solution of each difference equation:
(a) yin+1) —(n+1)y(n) =2"(n+ 1), y(0) =c.
(b) yn+1) =y(n)+e",  y(0) =c

4. (a) Write a difference equation that describes the number of regions
created by n lines in the plane if it is required that every pair of
lines meet and no more than two lines meet at one point.

(b) Find the number of these regions by solving the difference equation
in case (a).

5. The gamma function is defined as I'(z) = [~ t*~'e~! dt,z > 0.
(a) Show that I'(x + 1) = 2T'(x), I‘(l) =1.
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10.

11.

12.

13.

14.

1. Dynamics of First-Order Difference Equations

(b) If n is a positive integer, show that I'(n 4+ 1) = n!.

F(z+1)

(n) = — 1) (x— ==
(c) Show that x z(x—1)(z—n+1) F(z—n+1)

. A space (three-dimensional) is divided by n planes, nonparallel, and

no four planes having a point in common.

(a) Write a difference equation that describes the number of regions
created.

(b) Find the number of these regions.

. Verify (1.2.6).
. Verify (1.2.8).
. A debt of $12,000 is to be amortized by equal payments of $380 at

the end of each month, plus a final partial payment one month after
the last $380 is paid. If interest is at an annual rate of 12% com-
pounded monthly, construct an amortization schedule to show the
required payments.

Suppose that a loan of $80,000 is to be amortized by equal monthly
payments. If the interest rate is 10% compounded monthly, find the
monthly payment required to pay off the loan in 30 years.

Suppose the constant sum T is deposited at the end of each fixed period
in a bank that pays interest at the rate r per period. Let A(n) be the
amount accumulated in the bank after n periods.

(a) Write a difference equation that describes A(n).

(b) Solve the difference equation obtained in (a), when A(0) = 0,7 =
$200, and r = 0.008.

The temperature of a body is measured as 110° F. It is observed that
the amount the temperature changes during each period of two hours
is —0.3 times the difference between the previous period’s temperature
and the room temperature, which is 70° F.

(a) Write a difference equation that describes the temperature T'(n) of
the body at the end of n periods.

(b) Find T'(n).

Suppose that you can get a 30-year mortgage at 8% interest. How much
can you afford to borrow if you can afford to make a monthly payment
of $1,0007

Radium decreases at the rate of 0.04% per year. What is its half-life?
(The half-life of a radioactive material is defined to be the time needed
for half of the material to dissipate.)
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15. (Carbon Dating). It has been observed that the proportion of carbon-
14 in plants and animals is the same as that in the atmosphere as long
as the plant or the animal is alive. When an animal or plant dies, the
carbon-14 in its tissue starts decaying at the rate r.

(a) If the half-life of carbon-14 is 5,700 years, find r.

(b) If the amount of carbon-14 present in a bone of an animal is 70%
of the original amount of carbon-14, how old is the bone?

1.3 Equilibrium Points

The notion of equilibrium points (states) is central in the study of the dy-
namics of any physical system. In many applications in biology, economics,
physics, engineering, etc., it is desirable that all states (solutions) of a given
system tend to its equilibrium state (point). This is the subject of study
of stability theory, a topic of great importance to scientists and engineers.
We now give the formal definition of an equilibrium point.

Definition 1.5. A point z* in the domain of f is said to be an equilibrium
point of (1.1.1) if it is a fixed point of f, i.e., f(z*) = a*.

*

In other words, x* is a constant solution of (1.1.1), since if 2(0) = z* is
an initial point, then (1) = f(z*) = «*, and z(2) = f(x(1)) = f(z*) = =¥,
and so on.

Graphically, an equilibrium point is the z-coordinate of the point where
the graph of f intersects the diagonal line y = = (Figures 1.1 and 1.2). For
example, there are three equilibrium points for the equation

z(n+1) = 2*(n)

where f(r) = x3. To find these equilibrium points, we let f(z*) = z*, or
2% = z, and solve for x. Hence there are three equilibrium points, —1,0, 1
(Figure 1.1). Figure 1.2 illustrates another example, where f(x) = 22 —2+1
and the difference equation is given by

z(n+1) = 2%(n) — z(n) + 1.

Letting 2 — x + 1 = z, we find that 1 is the only equilibrium point.
There is a phenomenon that is unique to difference equations and cannot
possibly occur in differential equations. It is possible in difference equations
that a solution may not be an equilibrium point but may reach one after
finitely many iterations. In other words, a nonequilibrium state may go to
an equilibrium state in a finite time. This leads to the following definition.

Definition 1.6. Let x be a point in the domain of f. If there exists a
positive integer r and an equilibrium point z* of (1.1.1) such that f"(z) =
¥, fr=1(x) # 2*, then z is an eventually equilibrium (fived) point.
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v

*

x;:O x3=1

FIGURE 1.1. Fixed points of f(z) = z>.

f(x) yx

x*=1

FIGURE 1.2. Fixed points of f(z) = 2? — 2 + 1.

Example 1.7. The Tent Map
Consider the equation (Figure 1.3)
z(n+1) =T(z(n)),

where

There are two equilibrium points, 0 and % (see Figure 1.3). The search for
eventually equilibrium points is not as simple algebraically. If z(0) = i,
then z(1) = 1, 2(2) = 1, and 2(3) = 0. Thus 1 is an eventually equilibrium
point. The reader is asked to show that if © = k/2"™, where k and n are
positive integers with 0 < k/2™ < 1, then z is an eventually equilibrium

point (Exercises 1.3, Problem 15).
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x(r+1)

t » X(n)
* x*
X2 1 \

FIGURE 1.3. Equilibrium points of the tent map.

x(n)
A

X*+¢€

x+8 | A VA A~
W7\ A/

\/

X*-€
1 = = = m = ®m 8 8 8N N
0O 1 2 3 4 5 6 7 8 9 10 n

FIGURE 1.4. Stable z*. If £(0) is within § from z*, then z(n) is within € from
z(n) for all n > 0.

One of the main objectives in the study of a dynamical system is to
analyze the behavior of its solutions near an equilibrium point. This study

constitutes the stability theory. Next we introduce the basic definitions of
stability.

Definition 1.8. (a) The equilibrium point z* of (1.1.1) is stable (Figure
1.4) if given € > 0 there exists 6 > 0 such that |zo — z*| < ¢ implies
|[f"(x0) —2*| < € for all n > 0. If =* is not stable, then it is called unstable
(Figure 1.5).

(b) The point z* is said to be attracting if there exists n > 0 such that

|z(0) — 2*| <n implies lim z(n) =x".
n—oo

If n = oo, o* is called a global attractor or globally attracting.
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n
o1 2 3 4 5 6 7 8 9 10

FIGURE 1.5. Unstable z*. There exists ¢ > 0 such that no matter how close z(0)
is to *, there will be an N such that z(NN) is at least € from x*.

x(n)
A
X*+1m
x(0) ‘\-\-\‘-“’—‘_’____._\‘_‘
*
XE(O) ’/q—*-'-’_b_**__.
XM
4 = = = § 5 N N N N N

1 2 3 4 5 6 7 8 9 10 n

FIGURE 1.6. Asymptotically stable z*. Stable if x(0) is within 1 of z*; then

limy, 00 z(n) = z*.

(c) The point x* is an asymptotically stable equilibrium point if it is stable
and attracting.
If n = oo, z* is said to be globally asymptotically stable (Figure 1.7).

To determine the stability of an equilibrium point from the above def-
initions may prove to be a mission impossible in many cases. This is due
to the fact that we may not be able to find the solution in a closed form
even for the deceptively simple-looking equation (1.1.1). In this section we
present some of the simplest but most powerful tools of the trade to help
us understand the behavior of solutions of (1.1.1) in the vicinity of equilib-
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4 X0

x,(0)

FIGURE 1.7. Globally asymptotically stable z*. Stable and lim,_ o z(n) = x*
for all z(0).

rium points, namely, the graphical techniques. A hand-held calculator may
fulfill all your graphical needs in this section.

1.3.1 The Stair Step (Cobweb) Diagrams

We now give, in excruciating detail, another important graphical method
for analyzing the stability of equilibrium (and periodic) points for (1.1.1).
Since z(n+1) = f(z(n)), we may draw a graph of f in the (z(n),z(n+1))
plane. Then, given xz(0) = xo, we pinpoint the value z(1) by drawing a
vertical line through x so that it also intersects the graph of f at (xg,x(1)).
Next, draw a horizontal line from (2, 2(1)) to meet the diagonal line y =
at the point (z(1),z(1)). A vertical line drawn from the point (x(1),z(1))
will meet the graph of f at the point (z(1),z(2)). Continuing this process,
one may find z(n) for all n > 0.

Example 1.9. The Logistic Equation

Let y(n) be the size of a population at time n. If u is the rate of growth
of the population from one generation to another, then we may consider a
mathematical model in the form

y(n+1) = py(n), > 0. (1.3.1)

If the initial population is given by y(0) = yo, then by simple iteration we
find that

y(n) = u"yo (1.3.2)

is the solution of (1.3.1). If x> 1, then y(n) increases indefinitely, and
lim;, oo y(n) = co. If u = 1, then y(n) = yo for all n > 0, which means that
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the size of the population is constant for the indefinite future. However, for
1 < 1, we have lim,,—, o y(n) = 0, and the population eventually becomes
extinct.

For most biological species, however, none of the above cases is valid as
the population increases until it reaches a certain upper limit. Then, due
to the limitations of available resources, the creatures will become testy
and engage in competition for those limited resources. This competition is
proportional to the number of squabbles among them, given by y?(n). A
more reasonable model would allow b, the proportionality constant, to be
greater than 0,

y(n+1) = py(n) — by*(n). (1.3.3)
If in (1.3.3), we let x(n) = l%y(n), we obtain
w(n+1) = () (1 — o(n)) = f(z(n). (1.3.4)

This equation is the simplest nonlinear first-order difference equation, com-
monly referred to as the (discrete) logistic equation. However, a closed-form
solution of (1.3.4) is not available (except for certain values of 11). In spite of
its simplicity, this equation exhibits rather rich and complicated dynamics.
To find the equilibrium points of (1.3.4) we let f(z*) = pa*(1 — 2*) = z*.
Thus, we pinpoint two equilibrium points: z* = 0 and 2* = (u — 1)/p.

Figure 1.8 gives the stair step diagram of (x(n),z(n + 1)) when py = 2.5
and z(0) = 0.1. In this case, we also have two equilibrium points. One,
2* = 0, is unstable, and the other, z* = 0.6, is asymptotically stable.

Example 1.10. The Cobweb Phenomenon
(Economics Application)

Here we study the pricing of a certain commodity. Let S(n) be the number
of units supplied in period n, D(n) the number of units demanded in period
n, and p(n) the price per unit in period n.

For simplicity, we assume that D(n) depends only linearly on p(n) and
is denoted by

D(n) = —map(n) +ba, ~ mg>0,  bg>0. (1.3.5)

This equation is referred to as the price-demand curve. The constant mg
represents the sensitivity of consumers to price. We also assume that the
price—supply curve relates the supply in any period to the price one period
before, i.e.,

S(n+1) = msp(n) + bs, ms > 0, bs > 0. (1.3.6)

The constant my is the sensitivity of suppliers to price. The slope of the
demand curve is negative because an increase of one unit in price produces
a decrease of mg units in demand. Correspondingly, an increase of one unit
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4 x(n+1)

/;
.

>
X

Y

:
t
Xo x* \

FIGURE 1.8. Stair step diagram for p = 2.5.

in price causes an increase of mg units in supply, creating a positive slope
for that curve.

A third assumption we make here is that the market price is the price
at which the quantity demanded and the quantity supplied are equal, that
is, at which D(n+1) = S(n+1).

Thus
—mgp(n + 1) + bg = mp(n) + bs,
or
p(n+1) = Ap(n) + B = f(p(n), (13.7)
where
Az p_bazb (1.3.8)
mqy mqy

This equation is a first-order linear difference equation. The equilibrium
price p* is defined in economics as the price that results in an intersection
of the supply S(n + 1) and demand D(n) curves. Also, since p* is the
unique fixed point of f(p) in (1.3.7), p* = B/(1 — A). (This proof arises
later as Exercises 1.3, Problem 6.) Because A is the ratio of the slopes of
the supply and demand curves, this ratio determines the behavior of the
price sequence. There are three cases to be considered:

(a) —1< A<0,
(¢) A< —1.

The three cases are now depicted graphically using our old standby, the
stair step diagram.
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4 p(n+1)

Y

Po

> p(n)

FIGURE 1.9. Asymptotically stable equilibrium price.

p(n+1)

\ 4

A

Po

> p(n)

FIGURE 1.10. Stable equilibrium price.

(i) In case (a), prices alternate above and below but converge to the equi-
librium price p*. In economics lingo, the price p* is considered “stable”;
in mathematics, we refer to it as “asymptotically stable” (Figure 1.9).

(ii) In case (b), prices oscillate between two values only. If p(0) = pg, then
p(1) = —po+ B and p(2) = po. Hence the equilibrium point p* is stable
(Figure 1.10).

(iii) In case (c), prices oscillate infinitely about the equilibrium point p*
but progressively move further away from it. Thus, the equilibrium
point is considered unstable (Figure 1.11).
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p(n+1)

A 4

Po » p(n)

FIGURE 1.11. Unstable equilibrium price.

An explicit solution of (1.3.7) with p(0) = po is given by

B\, B ,
p(n) = (po — 1—A> A" + T4 (Exercises 1.3, Problem 9). (1.3.9)

This explicit solution allows us to restate cases (a) and (b) as follows.

1.3.2 The Cobweb Theorem of Economics

If the suppliers are less sensitive to price than the consumers (i.e., ms <
mg), the market will then be stable. If the suppliers are more sensitive than
the consumers, the market will be unstable.

One might also find the closed-form solution (1.3.9) by using a computer
algebra program, such as Maple. One would enter this program:

rsolve({p(n + 1) = a x p(n) + b, p(0) = po}, p(n)).
Exercises 1.3
1. Contemplate the equation x(n + 1) = f(x(n)), where f(0) = 0.

(a) Prove that z(n) = 0 is a solution of the equation.

(b) Show that the function depicted in the following (n,z(n)) diagram
cannot possibly be a solution of the equation:
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x(n)
A

| | | — n

1 2 3 4 5

2. (Newton’s Method of Computing the Square Root of a Positive
Number)
The equation z° = a can be written in the form z = % (z 4+ a/z). This
form leads to Newton’s method

o(n+1) = % [a:(n) + x(“n)] .

2

(a) Show that this difference equation has two equilibrium points, —/a
and +/a.
(b) Sketch a stair step diagram for a = 3,2(0) = 1, and z(0) = —1.
(¢) What can you conclude from (b)?
3. (Pielou’s Logistic Equation)

E.C. Pielou [119] referred to the following equation as the discrete
logistic equation:

ax(n)
zn+1) = ———, a>1, > 0.
( ) 1+ Bz(n) p
(a) Find the positive equilibrium point.
(b) Demonstrate, using the stair step diagram, that the positive equi-
librium point is asymptotically stable, taking @« = 2 and 8 =

1.
4. Find the equilibrium points and determine their stability for the
equation
6
)=5—-—.

5. (a) Draw a stair step diagram for (1.3.4) for p = 0.5, 3, and 3.3. What
can you conclude from these diagrams?

(b) Determine whether these values for p give rise to periodic solutions
of period 2.

6. (The Cobweb Phenomenon [equation (1.3.7)]). Economists define the
equilibrium price p* of a commodity as the price at which the demand
function D(n) is equal to the supply function S(n + 1). These are
defined in (1.3.5) and (1.3.6), respectively.
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(a) Show that p* = £;, where A and B are defined as in (1.3.8).

et mg = 2, by = 3, mg = 1, and by = 15. Find the equilibrium
b) L 2,0 3 1, and b 15. Find th ilibri
price p*. Then draw a stair step diagram, for p(0) = 2.

7. Continuation of Problem 6:
Economists use a different stair step diagram, as we will explain in the
following steps:

(i) Let the z-axis represent the price p(n) and the y-axis represent
S(n+ 1) or D(n). Draw the supply line and the demand line and
find their point of intersection p*.

(ii) Starting with p(0) = 2 we find s(1) by moving vertically to the
supply line, then moving horizontally to find D(1) (since D(1) =
S(1)), which determines p(1) on the price axis. The supply S(2)
is found on the supply line directly above p(1), and then D(2) (=
S(2)) is found by moving horizontally to the demand line, etc.

(iii) Is p* stable?
8. Repeat Exercises 6 and 7 for:
(a) ms =mg =2,by =10, and bs = 2.
(b) ms =1,mqg =2,bg = 14, and b = 2.
9. Verify that formula (1.3.9) is a solution of (1.3.7).
10. Use formula (1.3.9) to show that:
(a) If =1 < A <0, then lim,_, p(n) = B/1 — A.
(b) If A < —1, then p(n) is unbounded.
(¢) If A= —1, then p(n) takes only two values:
p(0) if n is even,
(n) = { B e
p(1) =B —po if nis odd.

11. Suppose that the supply and demand equations are given by D(n) =
—2p(n) + 3 and S(n+ 1) = p*(n) + 1.

(a) Assuming that the market price is the price at which supply equals
demand, find a difference equation that relates p(n + 1) to p(n).

(b) Find the positive equilibrium value of this equation.

(c¢) Use the stair step diagrams to determine the stability of the positive
equilibrium value.
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12. Consider Baker’s map defined by

—_

2x for0<z < =,
B(x) = . 2
2r—1 for§<x§1.

(i) Draw the function B(z) on [0,1].

(ii) Show that z € [0,1] is an eventually fixed point if and only if it is
of the form z = k/2", where k and n are positive integers,? with
0<kE<2" —1.

13. Find the fixed points and the eventually fixed points of z(n 4+ 1) =
f(z(n)), where f(z) = z2.

14. Find an eventually fixed point of the tent map of Example 1.7 that is
not in the form k/2".

15. Consider the tent map of Example 1.7. Show that if z = k/2™, where k
and n are positive integers with 0 < k/2™ < 1, then z is an eventually
fixed point.

1.4 Numerical Solutions of Differential Equations

Differential equations have been extensively used as mathematical models
for a wide variety of physical and artificial phenomena. Such models de-
scribe populations or objects that evolve continuously in which time (or the
independent variable) is a subset of the set of real numbers. In contrast,
difference equations describe populations or objects that evolve discretely
in which time (or the independent variable) is a subset of the set of integers.
In many instances, one is unable to solve a given differential equation. In
this case, we need to use a numerical scheme to approximate the solutions
of the differential equations. A numerical scheme leads to the construction
of an associated difference equation that is more amenable to computation
either by a graphing-held calculator or by a computer. Here we present a
couple of simple numerical schemes. We begin by Fuler’s method, one of
the oldest numerical methods.

1.4.1 Fuler’s Method

Consider the first-order differential equation

Z'(t) = g(t, x(t)), x(tg) = o, to <t <b. (1.4.1)

2A number x € [0,1] is called a dyadic rational if it has the form k/2" for
some nonnegative integers k and n, with 0 < k < 2" — 1.
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Let us divide the interval [tg,b] into N equal subintervals. The size of
each subinterval is called the step size of the method and is denoted by
h = (b —tg)/N. This step size defines the nodes to,t1,ta,...,tn, where
t; = to + jh. Euler’s method approximates z’(t) by (x(t + h) — z(t))/h.
Substituting this value into (1.4.1) gives
xz(t + h) = z(t) + hg(t,z(t)),
and for t =ty + nh, we obtain

l’[to + (TL + ].)h] = l'(to + ’ﬂh) + hg[to + nh, x(to + nh)] (142)

forn=0,1,2,...,N — 1.
Adapting the difference equation notation and replacing z(tg + nh) by
z(n) gives

z(n+1) = xz(n) + hgn, z(n)). (1.4.3)

Equation (1.4.3) defines Euler’s algorithm, which approximates the solu-
tions of the differential equation (1.4.1) at the node points.

Note that a* is an equilibrium point of (1.4.3) if and only if g(z*) = 0.
Thus the differential equation (1.4.1) and the difference equation (1.4.3)
have the same equilibrium points.

Example 1.11. Let us now apply Euler’s method to the differential
equation:

o' (t) = 0.722(t)+0.7, z(0) =1, te[0,1] (DE) (see footnote 3).

Using the separation of variable method, we obtain
1 dz
— [ —— = [ dt.
0.7 / 22 +1 /

tan"!(2(t)) = 0.7t + c.

Hence

Letting #(0) = 1, we get ¢ = §. Thus, the exact solution of this equation
is given by z(t) = tan (0.7t + Z).

The corresponding difference equation using Euler’s method is
z(n+1) = z(n) + 0.7h(z*(n) + 1), z(0) =1 (AE) (see footnote 4)

Table 1.3 shows the Euler approximations for h = 0.2 and 0.1, as well as
the exact values. Figure 1.12 depicts the (n,z(n)) diagram. Notice that the
smaller the step size we use, the better the approximation we have.

3pE = differential equation.
4AFE = difference equation.
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TABLE 1.3.
(AFE) Euler | (AFE) Euler
(h=0.2) (h=0.1) | Exact (DE)

n t z(n) z(n) z(t)
0 1 1 1

1 (01 1.14 1.150
2 102 1.28 1.301 1.328
3103 1.489 1.542
4 104 1.649 1.715 1.807
5 105 1.991 2.150
6 | 0.6 2.170 2.338 2.614
7 |07 2.791 3.286
8 | 0.8 2.969 3.406 4.361
9 109 4.288 6.383
10 1 4.343 5.645 11.681

Exact

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.0 t
>

FIGURE 1.12. The (n,z(n)) diagram.

Example 1.12. Consider the logistic differential equation
2'(t) = ax(t)(1 — z(t)), z(0) = xo.

The equilibrium points (or constant solutions) are obtained by letting
2'(t) = 0. Hence ax(l —x) = 0 and we then have two equilibrium points
27 = 0 and 25 = 1. The exact solution of the equation is obtained by
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separation of variables,

dz
z(1—x)

dx dzx
—+ = [ adt,
x 1—=2x
T
In =at + ¢,
1—2x

=a dt,

T eMtre = bt ph=¢C.
1—z
Hence
beat
t) = ——.
z(t) 1 4+ beat

Now z(0) = zg = ﬁ gives b = T¥2-. Substituting in z(t) yields

2o 6at ZU()Bat

- 1— 20+ moe®® 1+ xp(est —1)

x(t)

Ifa >0, tli}m z(t) = 1, and thus all solutions converge to the equilibrium
point 23 = 1. On the other hand, if a < 0, tlim z(t) = 0, and thus all
— 00

solutions converge to the equilibrium point z7 = 0.
Let us now apply Euler’s method to the logistic differential equation.
The corresponding difference equation is given by

z(n+1)=z(n)+ hax(n)(l —xz(n)), z(0)=x.

This equation has two equilibrium points 27 = 0, z5 = 1 as in the
differential equation case.
Let y(n) = 2% x(n). Then we have

1+ha
y(n+1) = (1 + ha)y(n)(1 —y(n))

x(®)

Xo

XO’

FIGURE 1.13. If a > 0, all solutions with zo > 0 converge to x5 = 1.
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FIGURE 1.14. If a < 0, all solutions with o < 1 converge to 7 = 0.

or
ha
y(n+1) =py(n)(1 —y(n)), y(0)= 2(0), and p=1+ ha.
1+ ha
The corresponding equilibrium points are y¥ = 0 and y3 = £~ = T Z‘;m

which correspond to z7 = 0 and z5 = 1, respectively. Using the Cobweb
diagram, we observe that for 1 < p < 3 (0 < ha < 2), all solutions
whose initial point yg in the interval (0, 1) converge to the equilibrium point
ys = % (Figure 1.15) and for 0 < ¢ < 1 (=1 < ha < 0), all solutions
whose initial point yo in the interval (0,1) converge to the equilibrium
point y; 0 (Figure 1.16). However, for p > 3 (ha > 2), almost all
solutions where initial points are in the interval (0,1) do not converge to
either equilibrium point y7 or y;. In fact, we will see in later sections that
for p > 3.57 (ha > 2.57), solutions of the difference equation behave in a
“chaotic” manner (Figure 1.17). In the next section we will explore another
numerical scheme that has been proven effective in a lot of cases [100].

1.4.2 A Nonstandard Scheme

Consider again the logistic differential equation. Now if we replace z%(n)
in Euler’s method by x(n)z(n + 1) we obtain

z(n+1) = z(n) + hax(n) — hax(n)xz(n + 1).
Simplifying we obtain the rational difference equation
(14 ha)x(n)

n+1) = 1+ haz(n)
or
_ax(n)
x(n+1)= m

with a =1+ ha, 8 =a —1= ha.
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A
x(n+1)

0.5

Y

» X(n)

T >

FIGURE 1.15. 0 < ha < 2.

4 x(n+1)

0.5 |

X 0.5 1

FIGURE 1.16. —1 < ha < 0.

This equation has two equilibrium points 27 = 0 and 23 = 1. From the
Cobweb diagram (Figure 1.18) we conclude that hm z(n)=1if a > 1.
Since h > 0, « > 1 if and only if a > 0. Thus all solutlons converge to

the equilibrium point x5 = 1 if @ > 0 as in the differential equation case
regardless of the size of h.
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A

x(n+1)
1
A " AA v
A
05 _| A !
A <
: > x(n)
% 0.5 1
FIGURE 1.17. ha > 2.57.
‘x(n+1)
1]
0.5 |
‘ : x(n)
/ % 0.5 1

FIGURE 1.18. a =1+ ha, B=oa—1= ha.

Exercises 1.4

In Problems 1-5
(a) Find the associated difference equation.
(b) Draw an (n,y(n)) diagram.

(¢) Find, if possible, the exact solution of the differential equation and
draw its graph on the same plot as that drawn in part in (b).



10.

11.

R
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~

= —12, y(0) =1, 0<t<1, h=0.2,0.1.
f=—y+1, y(0) = 2, 0<t<1, h =0.25.

/

v =y(l—y), y(0) =0.1, 0<t<1, h =0.25.

~

SRS
|

Yy =yr+2, y0)=1 0<t<1,  h=0.25

=71

. Use a nonstandard numerical method to find the associated difference

equation of the differential equation in Problem 1.

. Do Problem 4 using a nonstandard numerical method and compare

your results with Euler’s method.

. Do Problem 5 using a nonstandard numerical method and compare

your result with Euler’s method.

. Use both Euler’s method and a nonstandard method to discretize the

differential equation
yt)=vy*+t,  y(0) =1, 0<t<l1, h=0.2.

Draw the n — y(n) diagram for both methods. Guess which method
gives a better approximation to the differential equation.

(a) Use the Euler method with h = 0.25 on [0, 1] to find the value of y

corresponding to ¢t = 0.5 for the differential equation

dy
— =2t + 0)=1.
It Y, y(0)

(b) Compare the result obtained in (a) with the exact value.

Given the differential equation of Problem 10, show that a better
approximation is given by the difference equation

y(n 1) = y(n) + Zhiy/ () +/(n + 1))

This method is sometimes called the modified FEuler method.

1.5 Criterion for the Asymptotic Stability

of Equilibrium Points

In this section we give a simple but powerful criterion for the asymptotic
stability of equilibrium points. The following theorem is our main tool in
this section.

Theorem 1.13. Let x* be an equilibrium point of the difference equation

z(n+1) = f(z(n)), (1.5.1)
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where [ is continuously differentiable at x*. The following statements then
hold true:

(i) If | f'(z*)] < 1, then x* is asymptotically stable.
(ii) If | f' (%) > 1, then x* is unstable.
PROOF.

(i) Suppose that |f/(z*)] < M < 1. Then there is an interval J = (x*—~,
x*+) containing z* such that |f/(z)] < M < 1 for all € J. For if
not, then for each open interval I,, = (z* — =, 2* + 1) (for large n) there
is a point x,, € I, such that |f'(z,)| > M. As n — oo, x,, — x*. Since
f' is a continuous function, it follows that

. 7 gt *
Consequently,
M < lim |f'(zn)| = [ f'(@")] < M,

which is a contradiction. This proves our statement. For z(0) € J, we
have

lz(1) — 2% = [f(2(0)) — f(«¥)].

By the Mean Value Theorem, there exists & between x(0) and x* such
that

|f(2(0)) = f(a*)] = [f'(&)] |2(0) — z*].
Thus
|f(2(0)) — z*| < M|z(0) — 2.
Hence
|x(1) — 2*| < M|z(0) — z*|. (1.5.2)

Since M < 1, inequality (1.5.2) shows that x(1) is closer to z* than
x(0). Consequently, z(1) € J.

By induction we conclude that
|z(n) — 2*[ < M"|2(0) — 2*|.
For € > 0 we let 6 = 557. Thus |z(0) — 2*| < § implies that |z(n) —

oM
x*| < e for all n > 0. This conclusion suggests stability. Furthermore,
lim,, oo |z(n) — 2*| = 0, and thus lim, . z(n) = z*; we conclude

asymptotic stability. O
The proof of part (ii) is left as Exercises 1.5, Problem 11.

Remark: In the literature of dynamical systems, the equilibrium point z*
is said to be hyperbolic if | f'(x*)| # 1.
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FIGURE 1.19. Newton’s method.

Example 1.14. The Newton—Raphson Method

The Newton—Raphson method is one of the most famous numerical meth-
ods for finding the roots of the equation g(z) = 0, where g(z) is continually
differentiable (i.e., its derivative exists and is continuous).

Newton’s algorithm for finding a zero * of g(x) is given by the difference
equation

g(z(n))

z(n+1) ==x(n) — 7))’

(1.5.3)

where 2(0) = ¢ is your initial guess of the root z*. Here f(z) =z — gg,((g_ﬁ)).

Note first that the zero z* of g(x) is also an equilibrium point of (1.5.3).
To determine whether Newton’s algorithm provides a sequence {x(n)} that
converges to x* we use Theorem 1.13:

lg'(@*)]? — g(z*)g" (=)
g’ (z*)]?

since g(z*) = 0. By Theorem 1.13, lim,,_,o, z(n) = z* if 2(0) = zo is close

enough to z* and ¢'(z*) # 0.

@)= |- =0,

Observe that Theorem 1.13 does not address the nonhyperbolic case
where |f/(z*)| = 1. Further analysis is needed here to determine the sta-
bility of the equilibrium point z*. Our first discussion will address the case
where f/(z*) = 1.

Theorem 1.15. Suppose that for an equilibrium point z* of (1.5.1),
f'(x*) = 1. The following statements then hold:

(1) If f"(x*) # 0, then x* is unstable.
If f"(x*) =0 and f"(x*) > 0, then x* is unstable.

(ii
i) If f(z*) =0 and f"'(z*) <0, then x* is asymptotically stable.

(iii

)
)
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x(n+1)

A
/ , X(n)

’ (0) x* x(0)

FIGURE 1.20. Unstable. f”(z*) > 0 (semistable from the left).

x(n+1)

~

» X(n)

»

7 x(0) x* Xg

FIGURE 1.21. Unstable. f”(z*) < 0 (semistable from the right).

PROOF.

(i) If f"(x*) # 0, then the curve y = f(z) is either concave upward if
F"(x*) > 0 or concave downward if f”(z*) < 0, as shown in Figures 1.20,
1.21, 1.22, 1.23. If f”(z*) > 0, then f’(z) > 1 for all x in a small interval
I = (z*,2*+¢). Using the same proof as in Theorem 1.13, it is easy to show
that 2* is unstable. On the other hand, if f”(z*) < 0, then f/'(z) > 1 for
all z in a small interval I = (2* — ¢, 2*). Hence z* is again unstable. O
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A
x(n+1)

i » x(n)
X(0) X* x(0)

FIGURE 1.22. Unstable. f'(z*) = 1, f’(z*) = 0, and f"'(z*) > 0.

Y
x(n+1)

» X(n)

x(0) X* x(0)

FIGURE 1.23. Asymptotically stable. f'(z*) =1, f”(z*) =0, and f"'(z*) < 0.

Proofs of parts (ii) and (iii) remain for the student’s pleasure as Exercises
1.5, Problem 14.

We now use the preceding result to investigate the case f'(z*) = —1.

But before doing so, we need to introduce the notion of the Schwarzian
derivative of a function f:

Sf(x)

-1l
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Note that if f/(z*) = —1, then

ST = — ")~ 5 (@)

Theorem 1.16. Suppose that for the equilibrium point x* of (1.1.1),
f'(x*) = —1. The following statements then hold:

(i) If Sf(z*) <0, then x* is asymptotically stable.
(ii) If Sf(z*) > 0, then x* is unstable.
Proor. Contemplate the equation
y(n+1) = g(y(n)), where g(y) = f*(y). (1.5.4)

We will make two observations about (1.5.4). First, the equilibrium point
z* of (1.1.1) is also an equilibrium point of (1.5.4). Second, if * is asymp-
totically stable (unstable) with respect to (1.5.4), then it is so with respect
to (1.1.1). (Why?) (Exercises 1.5, Problem 12.) Now,

4 o) = d%f(f(y)) = P W).

dyg
d
Thus d—g(x*) = [f'(#*)]? = 1. Hence Theorem 1.15 applies to this
Y

2
situation. We need to evaluate Fg(x*) :
Y

j—ngw) - C%Qf(f(y)) — @) W)
=[P (FW) + F ) ()
Hence
j;g<x*> 0

Now, Theorem 1.15 [parts (ii) and (iii)] tells us that the asymptotic stability
of z* is determined by the sign of [g(z*)]"”’. Using the chain rule again, one
may show that

[g(a®)]" = =2f"" (%) = 3[f" (*)]*. (1.5.5)

(The explicit proof with the chain rule remains as Exercises 1.5, Problem
13.) This step rewards us with parts (i) and (ii), and the proof of the
theorem is now complete. O

Example 1.17. Consider the difference equation z(n+1) = 2%(n)+3z(n).
Find the equilibrium points and determine their stability.

Solution The equilibrium points are 0 and —2. Now, f'(z) = 2z + 3.
Since f/(0) = 3, it follows from Theorem 1.13 that 0 is unstable. Now,
f'(—2) = —1, so Theorem 1.16 applies. Using (1.5.5) we obtain —2f"(—2)—
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Xg=2.9

FIGURE 1.24. Stair step diagram for z(n + 1) = z*(n) + 3z(n).

3[f"(—2)]> = —12 < 0. Theorem 1.16 then declares that the equilibrium
point —2 is asymptotically stable. Figure 1.24 illustrates the stair step
diagram of the equation.

Remark: One may generalize the result in the preceding example to a gen-
eral quadratic map Q(z) = ax? + bx + ¢,a # 0. Let 2* be an equilibrium
point of Q(x), i.e., Q(z*) = z*. Then the following statements hold true.

(i) If @' (z*) = —1, then by Theorem 1.16, the equilibrium point z* is
asymptotically stable. In fact, there are two equilibrium points for Q(x);

i =[(1=0) —/(b—1)2 — 4ac]/2a;

: _
x5 =[(1=0)+ +/(b—1)%2 — dac]/2a.

It is easy to see that Q'(z%) = —1, if (b—1)? = dac+4 and Q' (x3) # —1.
Thus =7 is asymptotically stable if (b — 1)? = 4ac + 4 (Exercises 1.5,
Problem 8).

(ii) If Q'(z*) = 1, then by Theorem 1.15, z* is unstable. In this case, we
have only one equilibrium point #* = (1 — b)/2a. Thus, x* is unstable
if (b— 1) = dac.

Remark:

(i) Theorem 1.15 fails if for a fixed point z*, f'(z*) = 1, f"’(z*) =
1" (z*) = 0. For example, for the map f(x) = z + (x — 1)* and its fixed
point z* = 1, f'(z*) = 1, f"(z*) = f"(2*) = 0, and ¥ (z*) = 24 > 0.

(ii) Theorem 1.16 fails if f'(z*) = —1, and Sf(z*) = 0. This may be
illustrated by the function f(x) = —z+ 222 —423. For the fixed 2* = 0,
f'(xz*) =—1, and Sf(z*) = 0.
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In Appendix A, we present the general theory developed by Dannan,
Elaydi, and Ponomarenko in 2003 [30]. The stability of the fixed points in
the above examples will be determined.

Exercises 1.5

In Problems 1 through 7, find the equilibrium points and determine their
stability using Theorems 1.13, 1.15, and 1.16.

10.
11.

12.

13.
14.
15.

A

z(n+1) = 3[z*(n) + z(n)].
x(n+1)=2%(n )—|—f

x(n+1) =tan~! z(n).

r(n+1) =2%(n).

z(n+ 1) = 23(n) + z(n).
x(n-i—l):%, a>1and 3> 0.
x(n+1) = —23(n) — z(n).

. Let Q(x) = ax®? +bx +c, a # 0, and let 2* be a fixed point of Q. Prove

the following statements:

(i) If Q' («*) = —1, then z* is asymptotically stable. Then prove the
rest of Remark (i).

(ii) If @' (z*) =1, then x* is unstable. Then prove the rest of Remark

(i)

. Suppose that in (1.5.3), g(z*) = ¢'(z*) = 0 and ¢’ (z*) # 0. Prove

that z* is an equilibrium point of (1.5.3).
Prove Theorem 1.13, part (ii).

Prove that if 2* is an equilibrium point of (1.5.1), then it is an equi-
librium point of (1.5.1). Show also that the converse is false in general.
For what class of maps f(z) does the converse hold?

Prove that if an equilibrium point z* of (1.5.1) is asymptotically stable
with respect to (1.5.4) (or unstable, as the case may be), it is also so
with respect to (1.1.1).

Verify formula (1.5.5).
Prove Theorem 1.15, parts (ii) and (iii).

Definition of Semistability. An equilibrium point z* of z(n + 1) =
f(x(n)) is semistable (from the right) if given £ > 0 there exists § > 0
such that if z(0) > z*, z(0) — 2* < ¢, then z(n) — z* < e. Semistabil-
ity from the left is defined similarly. If in addition, lim, . z(n) = z*



1.6 Periodic Points and Cycles 35

whenever z(0) — z* < n{z* — z(0) < n}, then z* is said to be semi-
asymptotically stable from the right {or from the left, whatever the
case may be}.

Suppose that if f/(«*) =1, then f”(z*) # 0. Prove that z* is:

(i) semiasymptotically stable from the right from the right if f”(z*) <
0;
(ii) semiasymptotically stable from the left from the left if f”/(x*) > 0.

16. Determine whether the equilibrium point z* = 0 is semiasymptotically
stable from the left or from the right.

(a) x(n+1) =23(n) + 2%(n) + x(n).
(b) z(n+1) = 23(n) — 22(n) + z(n).

1.6 Periodic Points and Cycles

The second most important notion in the study of dynamical systems is the
notion of periodicity. For example, the motion of a pendulum is periodic.
We have seen in Example 1.10 that if the sensitivity m of the suppliers to
price is equal to the sensitivity of consumers to price, then prices oscillate
between two values only.

Definition 1.18. Let b be in the domain of f. Then:

(i) bis called a periodic point of f (or of (1.5.1)) if for some positive integer
k, f¥(b) = b. Hence a point is k-periodic if it is a fixed point of f*, that
is, if it is an equilibrium point of the difference equation

z(n+1) =g(xz(n)), (1.6.1)
where g = f¥.

The periodic orbit of b, O(b) = {b, f(b), f2(b),..., fF=1(b)}, is often
called a k-cycle.

(ii) b is called eventually k-periodic if for some positive integer m, f™(b) is
a k-periodic point. In other words, b is eventually k-periodic if

FrER®) = 7 (0).

Graphically, a k-periodic point is the z-coordinate of the point where the
graph of f¥ meets the diagonal line y = x. Figure 1.25 depicts the graph of
f2, where f is the logistic map, which shows that there are four fixed points
of f2, of which two are fixed points of f as shown in Figure 1.26. Hence
the other two fixed points of f2? form a 2-cycle. Notice also that the point
2o = 0.3 (in Figure 1.26) goes into a 2-cycle, and thus it is an eventually
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x(n+2)

‘ > x(n)

FIGURE 1.25. Graph of f2 with four fixed points. f(x) = 3.43z(1 — ).

x(n+1)

Y

x(n)

\=
*
7 Xg X

FIGURE 1.26. 2o goes into a 2-cycle. f(x) = 3.43z(1 — x).

2-periodic point. Moreover, the point z* = 0.445 is asymptotically stable
relative to f2 (Figure 1.27).

Observe also that if A = —1 in (1.3.7), then f2(py) = —(—po+ B)+ B =
po. Therefore, every point is 2-periodic (see Figure 1.10). This means that
in this case, if the initial price per unit of a certain commodity is pgy, then
the price oscillates between pg and B — pyg.

Example 1.19. Consider again the difference equation generated by the
tent function

1
2x forOSmgi,

T(x): 1
2(1 —2) for§<z§1.
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x(n+2)

| x(n)
X=0.35

FIGURE 1.27. z* ~ 0.445 is asymptotically stable relative to f2.

This may also be written in the compact form

T(x)=1-2

We first observe that the periodic points of period 2 are the fixed points of
T2. It is easy to verify that T2 is given by

1
4x for0§517<17
1 1
21—-2z) for—-<ax< -,
) 4 2
() = 1 1 3
4<x2) for§§x<z,
3
4(1 —z) forzgxgl

There are four equilibrium points (Figure 1.28): 0, 0.4, %, and 0.8, two of
which, 0 and %, are equilibrium points of 7. Hence {0.4, 0.8} is the only
2-cycle of T'. Notice from Figure 1.29 that 2* = 0.8 is not stable relative to
T2,

Figure 1.30 depicts the graph of T3. It is easy to verify that {2, 2,8} is
a 3-cycle. Now,

Q-5 (-3 ()

Using a computer or hand-held calculator, one may show (using the stair
step diagram) that the tent map T has periodic points of all periods. This
is a phenomenon shared by all equations that possess a 3-cycle. It was
discovered by Li and Yorke [92] in their celebrated paper “Period Three
Implies Chaos.”
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x(n=2)
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3

» Xx(n)
1\
FIGURE 1.28. Fixed points of T2.
x(n+2)
A
4 |
A:
< : » X(n)
x*=0.8 \

FIGURE 1.29. z* = 0.8 is unstable relative to 72.

x(n+3)

FIGURE 1.30. Fixed points of T2.
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We now turn our attention to explore the stability of periodic points.
Definition 1.20. Let b be a k-period point of f. Then b is:
(i) stable if it is a stable fixed point of f*,
(ii) asymptotically stable if it is an asymptotically stable fixed point of f¥,
(iii) unstable if it is an unstable fixed point of f*.

Notice that if b possesses a stability property, then so does every point
in its k-cycle {x(0) = b,z(1) = f(b),z(2) = f2(b),...,z(k—1) = f*~1(b)}.
Hence we often speak of the stability of a k-cycle or a periodic orbit. Figure
1.29 shows that the 2-cycle in the tent map is not stable, since z* = 0.8
is not stable as a fixed point of T2, while the 2-cycle in the logistic map is
asymptotically stable (see Figure 1.27).

Since the stability of a k-periodic point b of (1.1.1) reduces to the study
of the stability of the point as an equilibrium point of (1.6.1), one can
use all the theorems in the previous section applied to f*. For example,
Theorem 1.13 may be modified as follows.

Theorem 1.21. Let O(b) = {b = z(0),2(1),...,z(k — 1)} be a k-cycle
of a continuously differentiable function f. Then the following statements
hold:

(i) The k-cycle O(b) is asymptotically stable if

|f'(@(0) f"(z(1)), ..., f'(x(k - 1)) < L.
(ii) The k-cycle O(b) is unstable if

|f'(@(0)f'(x(1)),..., f'(x(k = 1)) > 1.

PROOF. We apply Theorem 1.13 to (1.6.1). Notice that by using the chain
rule one may show that

(o)) = f(@0)f (x(1)), ..., f/(=(k - 1)).
(See Exercises 1.6, Problem 12.) O
The conclusion of the theorem now follows.

Example 1.22. Consider the map Q(z) = 2% —0.85 defined on the interval
[—2,2]. Find the 2-cycles and determine their stability.

Solution Observe that Q?(z) = (22 — 0.85)? — 0.85. The 2-periodic points
are obtained by solving the equation

Q*(x) =, or 2* — 1.72% — 2 — 0.1275 = 0. (1.6.2)

This equation has four roots, two of which are fixed points of the map Q(z).
These two fixed points are the roots of the equation

2?2 — 2 —0.85=0. (1.6.3)
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To eliminate these fixed points of Q(z) from (1.6.2) we divide the left-hand
side of (1.6.2) by the left-hand side of (1.6.3) to obtain the second-degree
equation

2 +2+0.15=0. (1.6.4)

The 2-periodic points are now obtained by solving (1.6.4). They are given
by

L_—levod o —1- V04
B 2 B 2
To check the stability of the cycle {a,b} we apply Theorem 1.21. Now,

1Q"(a)Q'(b)] = (=1 +V0.4) (-1 — V0.4)| = 0.6 < 1.

Hence by Theorem 1.21, part (i), the 2-cycle is asymptotically stable.

Exercises 1.6

1. Suppose that the difference equation z(n + 1) = f(x(n)) has a 2-cycle
whose orbit is {a, b}. Prove that:

(i) the 2-cycle is asymptotically stable if |f'(a)f’(b)| < 1,
(ii) the 2-cycle is unstable if |f'(a)f'(b)| > 1.

2. Let T be the tent map in Example 1.17. Show that {%, %, %} is an
unstable 3-cycle for T

3. Let f(z) = —%xz —x 4+ % Show that 1 is an asymptotically stable
2-periodic point of f.

In Problems 4 through 6 find the 2-cycle and then determine its stability.
4. z(n+1) = 3.5z(n)[1 — z(n)].
5. x(n+1)=1— 22
6. z(n+1) =5—(6/z(n)).
7. Let f(z) = ax® — bz + 1, where a,b € R. Find the values of a and b for
which {0,1} is an attracting 2-cycle.

Consider Baker’s function defined as follows:

1

2x for0<z < -,

B(z) = . 2
2r —1 for§<x§1.

Problems 8, 9, and 10 are concerned with Baker’s function B(z) on [0, 1].

*8. (Hard). Draw Baker’s function B(z). Then find the number of
n-periodic points of B.
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9. Sketch the graph of B? and then find the 2-cycles of Baker’s function
B.

10. (Hard). Show that if m is an odd positive integer, then Z = k/m is
periodic, for k=1,2,...,m — 1.

11. Consider the quadratic map
Q(x) =ax® +br +¢, a#0.

(a) If {d,e} is a 2-cycle such that Q'(d)Q’(e) = —1, prove that it is
asymptotically stable.

(b) If {d,e} is a 2-cycle with Q'(d)Q’(e) = 1, what can you say about
the stability of the cycle?

12. (This exercise generalizes the result in Problem 1.) Let {«(0), (1), ...,
xz(k —1)} be a k-cycle of (1.2.1). Prove that:

(1) if |f(x(0))f (x(1)),..., f'(x(k — 1))] < 1, then the k-cycle is
asymptotically stable,

(i) if |f(=(0)f (x(1)),..., f(x(k — 1))] > 1, then the k-cycle is
unstable.

13. Give an example of a decreasing function that has a fixed point and a
2-cycle.

14. (i) Can a decreasing map have a k-cycle for k > 17

(ii) Can an increasing map have a k-cycle for k > 17

Carvalho’s Lemma. In [18] Carvalho gave a method to find periodic
points of a given function. The method is based on the following lemma.

Lemma 1.23. If k is a positive integer and x(n) is a periodic sequence
of period k, then the following hold true:

i) If k> 1 is odd and m = %=L then
2

“ 2inm . (2jnm
J:(n):co—&—Z{cj cos( 3 )—i—dj sm< 3 )},

foralln > 1.
(ii) If k is even and k = 2m, then

m—1 i ]
2 2
I(?’L) =co+ (_l)ncm + Z |:Cj [¢0)] <]ka> + dj sin < ]:77>:| ’

j=1

for alln > 1.
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Example 1.24 [23]. Consider the equation
z(n+1) =x(n)exp(r(l —z(n)), (1.6.5)

which describes a population with a propensity to simple exponential
growth at low densities and a tendency to decrease at high densities.
The quantity A = exp(r(1 — x(n))) could be considered the density-
dependent reproductive rate of the population. This model is plausible
for a single-species population that is regulated by an epidemic disease at
high density.

The nontrivial fixed point of this equation is given by z* = 1. Now,
f'(1) =1 —r. Hence z* = 1 is asymptotically stable if 0 < r < 2 (check
r=2). At r = 2,2* = 1 loses its stability and gives rise to an asymptotically
stable 2-cycle. Carvalho’s lemma implies

xz(n) =a+ (=1)"b.
Plugging this into equation (1.6.5) yields
a—(-1)"b=(a+ (—1)"b) expr(l —a— (—1)"b).
The shift n — n + 1 gives
a+(—1)"=(a— (—1)"b) expr(l —a+ (—1)"b).
Hence
a? —b? = (a®* = b*) exp2r(l —a).

Thus either a® = b2, which gives the trivial solution 0, or a = 1. Hence a
2-periodic solution has the form z(n) = 1 4+ (—1)"b. Plugging this again
into equation (1.6.5) yields

1—(=1)" = (14 (=1)"b) exp((—1)"T'rb).
Let y = (—1)"*1p.Then

I1+y=(1-y)e",

1 1+y)
r=—-In{—=] = .
Y (1 Y 9(y)

The function g has its minimum at 0, where ¢g(0) = 2. Thus, for r <
2,9(y) = r has no solution, and we have no periodic points, as predicted
earlier. However, each r > 2 determines values +y, and the corresponding
coefficient (—1)"b. Further analysis may show that this map undergoes
bifurcation similar to that of the logistic map.

Exercises 1.6 (continued).

In Problems 15 through 20, use Carvalho’s lemma (Lemma 1.23).
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15. Consider Ricker’s equation
2(n +1) = 2(n) exp(r(1 — z(n))).
Find the 2-period solution when r > 2.

16. The population of a certain species is modeled by the difference equa-
tion z(n + 1) = pz(n)e ™, x(n) > 0, u > 0. For what values of u
does the equation have a 2-cycle?

17. Use Carvalho’s lemma to find the values of ¢ for which the map
Qc(z) =22 +¢, c€[-2,0],
has a 3-cycle and then determine its stability.

18*. (Term Project). Find the values of ;1 where the logistic equation z(n+
1) = pz(n)[1 — z(n)] has a 3-periodic solution.

19. Use Carvalho’s lemma to find the values of p where the logistic
equation z(n + 1) = px(n)[1 — 2(n)] has a 2-periodic solution.

20. Find the 3-periodic solutions of the equation z(n + 1) = ax(n), a # 1.

1.7 The Logistic Equation and Bifurcation

Let us now return to the most important example in this chapter: the
logistic difference equation

z(n+1) = pz(n)[1 — z(n)], (1.7.1)
which arises from iterating the function
Fu(z) = px(l — ), x €10,1], > 0. (1.7.2)

1.7.1  Equilibrium Points

To find the equilibrium points (fixed points of F},) of (1.7.1) we solve the
equation

Hence the fixed points are 0,2% = (u — 1)/u. Next we investigate the
stability of each equilibrium point separately.

(a) The equilibrium point 0. (See Figures 1.31, 1.32.) Since F},(0) = p, it
follows from Theorems 1.13 and 1.15 that:

(i) 01is an asymptotically stable fixed point for 0 < p < 1,

(ii) 0 is an unstable fixed point for p > 1.
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A X(n+1)

A
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Xo

< » x(n)

FIGURE 1.31. 0 < p < 1 : 0 is an asymptotically stable fixed point.

*

/
N
B-%
2

4 Xo X

FIGURE 1.32. > 1 : 0 is an unstable fixed point, * is an asymptotically fixed
point.

The case where p = 1 needs special attention, for we have F](0) = 1
and F(0) = —2 # 0. By applying Theorem 1.15 we may conclude that
0 is unstable. This is certainly true if we consider negative as well as
positive initial points in the neighborhood of 0. Since negative initial
points are not in the domain of F),, we may discard them and consider
only positive initial points. Exercises 1.5, Problem 16 tells us that 0 is
semiasymptotically stable from the right, i.e., x* = 0 is asymptotically
stable in the domain [0, 1].

(b) The equilibrium point «* = (u — 1)/, pu # 1. (See Figures 1.32, 1.33.)

In order to have z* € (0, 1] we require that > 1. Now, F),((n—1)/p) = 2—
. Thus using Theorems 1.13 and 1.16 we obtain the following conclusions:
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‘x(n+1)

» X(n)

X x
o

FIGURE 1.33. ;4 > 3: z* is an unstable fixed point.

(i) «* is an asymptotically stable fixed point for 1 < pu < 3 (Figure 1.32).
(ii) z* is an unstable fixed point for x> 3 (Figure 1.33).

1.7.2  2-Cycles

To find the 2-cycles we solve the equation F;(x) = z (or we solve zg =
par (1 — 1), 21 = pas(l — 22)),

prr(l—2)[1 — pz(l —z)] —z = 0. (1.7.3)
* — p—l1

Discarding the equilibrium points 0 and = , one may then divide

(1.7.3) by the factor z(x — (u —1)/u) to obtain the quadratic equation
plr? —p(p+ D4+ p+1=0.

Solving this equation produces the 2-cycle

2(0) = [(1+ w) = V= 3)u+1)] /2,

2(1) = [(1 )+ (e —3)(u+ 1)} /2. (1.7.4)
Clearly, there are no periodic points of period 2 for 0 < p < 3, and there
is a 2-cycle for p > 3. For our reference we let o = 3.
1.7.2.1 Stability of the 2-Cycle {z(0), z(1)} for p >3
From Theorem 1.21, this 2-cycle is asymptotically stable if

(L (@(0)F (a(D)] < 1.
or
—1 < (1 —22(0))(1 — 22(1)) < 1. (1.7.5)
Substituting from (1.7.4) the values of (0) and (1) into (1.7.5), we obtain
3< < 1+V6~3.44949.



46 1. Dynamics of First-Order Difference Equations

Conclusion This 2-cycle is attracting if 3 < p < 3.44949....

Question What happens when = 1+ /67
In this case,

[F2(2(0))] = Fl(x(0))F,(x(1)) = 1. (1.7.6)

(Verify in Exercises 1.7, Problem 7.)

Hence we may use Theorem 1.16, part (i), to conclude that the 2-cycle is
also attracting. For later reference, let 11 = 1 + /6. Moreover, the 2-cycle
becomes unstable when g > p; = 1 + /6.

1.7.3 2%-Cycles

To find the 4-cycles we solve Fj}(x) = x. The computation now becomes
unbearable, and one should resort to a computer to do the work. It turns
out that there is a 22-cycle when g > 1 + /6, which is attracting for
146 < p < 3.544090. ... This 22-cycle becomes unstable at p > p9 =
3.544090. ...

When p = po, the 22-cycle bifurcates into a 23 cycle. The new 23 cycle
is attracting for pus < p < py for some number 4. This process of double
bifurcation continues indefinitely. Thus we have a sequence {py, }5%, where
at p, there is a bifurcation from a 2" !-cycle to a 2"-cycle. (See Figures
1.34, 1.35.) Table 1.4 provides some astonishing patterns.

From Table 1.4 we bring forward the following observations:

(i) The sequence {u,} seems to converge to a number fioo = 3.57... .

(ii) The quotient (n — fn—1)/(n+1 — f4n) seems to tend to a number § =
4.6692016 . ... This number is called the Feigenbaum number after its
discoverer, the physicist Mitchell Feigenbaum [56]. In fact, Feigenbaum
made a much more remarkable discovery: The number § is universal
and is independent of the form of the family of maps f,,. However, the
number pi~, depends on the family of functions under consideration.

1 1

1 3 1+'\J6

FIGURE 1.34. Partial bifurcation diagram for {F},}.

v
=
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FIGURE 1.35. The bifurcation diagram of F},.

TABLE 1.4. Feigenbaum table.

Hn — Hn—1
n Mn Mn MHn—1 Lint1 — fin
0 3 — —
1 3.449499 ... 0.449499 ... —
2 3.544090 ... 0.094591 ... 4.752027 ...
3 3.564407 ... 0.020313 ... 4.656673 ...
4 3.568759 ... 0.004352 ... 4.667509 ...
5  3.569692 ... 0.00093219 ... 4.668576 ...
6 3.569891 ... 0.00019964 ... 4.669354 ...

Theorem 1.25 (Feigenbaum [56] (1978)).
ilies of maps (such as F),) of an interval into itself, the number § =
4.6692016 does not in general depend on the family of maps.

1.7.4  The Bifurcation Diagram

Here the horizontal axis represents the p values, and the vertical axis repre-
sents higher iterates F}(x). For a fixed z¢, the diagram shows the eventual
behavior of F}}(zo). The bifurcation diagram was obtained with the aid of

For sufficiently smooth fam-
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1

=05 for p1 € [0,4] and plotting

a computer for xqg = %, taking increments of
all points (u, Fy (%)) for 200 < n < 500.

Question What happens when g > o7

Answer From Figure 1.35 we see that for us < u < 4 we have a large
number of small windows where the attracting set is an asymptotically sta-
ble cycle. The largest window appears at approximately p = 3.828427.. .,
where we have an attracting 3-cycle. Indeed, there are attracting k-cycles
for all positive integers k, but their windows are so small that they may
not be mnoticed without sufficient zooming. As in the situation where
I < pso, these k-cycles lose stability and then double bifurcate into at-
tracting 2"k-cycles. We observe that outside these windows the picture
looks chaotic!

Remarks: Our analysis of the logistic map F,, may be repeated for any
quadratic map Q(z) = ax? + bx + c. Indeed, the iteration of the quadratic
map @ (with suitably chosen parameters) is equivalent to the iteration of
the logistic map F),. In other words, the maps @) and F), possess the same
type of qualitative behavior. The reader is asked, in Exercises 1.7, Problem
11, to verify that one can transform the difference equation

y(n+1) =9*(n) +c (1.7.7)
to
z(n+1) = px(n)[l — z(n)] (1.7.8)
by letting
2
y(n) = —px(n) + g, c= g - % (1.7.9)

Note here that 1 = 2 corresponds to ¢ = 0, 4 = 3 corresponds to ¢ = %3,

and pu = 4 corresponds to ¢ = —2. Naturally, we expect to have the same
behavior of the iteration of (1.7.7) and (1.7.8) at these corresponding values
of u and c.

Comments: We are still plagued by numerous unanswered questions in
connection with periodic orbits (cycles) of the difference equation

z(n+1) = f(z(n)). (1.7.10)

Question A. Do all points converge to some asymptotically stable periodic
orbit of (1.7.8)7?
The answer is definitely no.

If f(x) =1 —22% in (1.7.10), then there are no asymptotically stable
(attractor) periodic orbits. Can you verify this statement? If you have some
difficulty here, it is not your fault. Obviously, we need some tools to help
us in verifying that there are no periodic attractors.
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Question B. If there is a periodic attractor of (1.7.10), how many points
converge to it?
Once again, we need more machinery to answer this question.

Question C. Can there be several distinct periodic attractors for (1.7.10)?

This question leads us to the Li—Yorke famous result “Period Three Implies
Chaos” [92]. To explain this and more general results requires the intro-
duction of the so-called Schwarzian derivative of f(x). We will come back
to these questions in Chapter 6.

Exercises 1.7

Unless otherwise stated, all the problems here refer to the logistic difference
equation (1.7.1).

1. Use the stair step diagram for Ff on [0,1], k=1, 2, 3, ..., to demon-
strate that Fy has at least 2F periodic points of period k (including
periodic points of periods that are divisors of k).

2. Find the exact solution of z(n + 1) = 4z(n)[1 — z(n)].

3. Let * = (1 — 1)/p be the equilibrium point of (1.7.1). Show that:
(i) For 1 < u <3, z* is an attracting fixed point.
(ii) For u > 3, 2* is a repelling fixed point.

4. Prove that lim, o F5'(z) = % ifo<x<1.

5 Let 1 < p < 2 and let z* = (p — 1)/p be the equilibrium point of
(1.7.1). Show that if 2* < < 3, then lim, o F}}(z) = z*.

6. Prove that the 2-cycle given by (1.7.4) is attracting if 3 < p < 1+ /6.

7. Verify formula (1.7.6). Then show that the 2-cycle in (1.7.4) is
attracting when p = 1+ /6.

8. Verify that po ~ 3.54 using a calculator or a computer.

*9. (Project). Show that the map H,,(z) = sin ux leads to the same value
for the Feigenbaum number §.

10. Show that if |u — p1| < &, then |Fu(z) — Fui(z)] < € for all z € [0,1].
11. Show that (1.7.7) can be transformed to the logistic equation (1.7.8),

2
i — K _ B
Wlthc—2 T

12. (a) Find the equilibrium points yik, y;k of (1.7.7).
(b) Find the values of ¢ where y;k is attracting or unstable.

(c¢) Find the values of ¢ where y;k is attracting or unstable.
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13. Find the value of ¢o where (1.7.7) double bifurcates for ¢ > ¢y. Check
your answer using (1.7.9).

*14. (Project). Use a calculator or a computer to develop a bifurcation
diagram, as in Figures 1.34, 1.35, for (1.7.6).

*15. (Project). Develop a bifurcation diagram for the quadratic map
Qx(z) =1 — A\z? on the interval [-1,1], X € (0,2].

In Problems 16-19 determine the stability of the fixed points of the
difference equation.

16. z(n+ 1) = z(n) + 1 sin(27z(n)).

17. z(n+ 1) = 0.5sin(wz(n)).

18. xz(n+ 1) = 2z(n) exp(—z(n)).

19. A population of birds is modeled by the difference equation
3.2x(n) for 0 <z(n) <1,
0.5z(n) for z(n) > 1,

x(n—i—l):{

where x(n) is the number of birds in year n. Find the equilibrium points
and then determine their stability.

1.8 Basin of Attraction and Global Stability
(Optional)

It is customary to call an asymptotically stable fixed point or a cycle an
attractor. This name makes sense since in this case all nearby points tend
to the attractor. The maximal set that is attracted to an attractor M is
called the basin of attraction of M. Our analysis applies to cycles of any
period.

Definition 1.26. Let x* be a fixed point of map f. Then the basin of
attraction (or the stable set) W*(z*) of 2* is defined as

We(z*) ={x: lim f*(z)=2a"}.
n—oo
In other words, W?*(z*) consists of all points that are forward asymptotic
to z*.

Observe that if * is an attracting fixed point, W*(z*) contains an open
interval around z*. The maximal interval in W#(x*) that contains z* is
called the immediate basin of attraction and is denoted by B*®(z*).

Example 1.27. The map f(z) = 22 has one attracting fixed point 2* = 0.
Its basin of attraction W?*(0) = (—1,1). Note that 1 is an unstable fixed
point and —1 is an eventually fixed point that goes to 1 after one iteration.
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o

FIGURE 1.36. The basin of attraction W*(0) = (—1,1) and W°(4) = [-2,—1) U
(1,4]. The immediate basin of attraction B(4) = (1,4].

Example 1.28. Let us now modify the map f. Consider the map g :
[—2,4] — [—2,4] defined as

z? if 2<x<1,
g(z) = ,
3Vr—2 ifl<a<4

The map ¢ has three fixed points 27 = 0, 5 = 1, 5 = 4. The basin
of attraction of z7 = 0, W*(0) = (—1,1), while the basin of attraction
of 5 = 4, W*(4) = [-2,—-1) U (1,4]. Moreover, the immediate basin of
attractions of z7 = 0 is B(0) = W*(0) = (-1, 1), while B(4) = (1,4].

Remark: Observe that in the preceding example, the basins of attraction

of the two fixed points 7 = 0 and x5 = 4 are disjoint. This is no accident

and is, in fact, generally true. This is due to the uniqueness of a limit of

a sequence. In other words, if the lim f"(x) = L; and lim f™(z) = Lo,
n—oo n—oo

then certainly Ly = Lo.

It is worth noting here that finding the basin of attraction of a fixed point
is in general a difficult task. But even more difficult is providing a rigorous
proof. The most efficient method to determining the basin of attraction
is the method of Liapunov functions, which will be developed in Chapter
4. In this section, we will develop some of the basic topological properties
of the basin of attractions. Henceforth, all our maps are assumed to be
continuous. We begin our exposition by defining the important notion of
invariance.

Definition 1.29. A set M is positively invariant under a map f if
f(M) C M. In other words, for every x € M, O(z) C M. Since we are only
considering forward iterations of f, the prefix “positively” will henceforth
be dropped.
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Clearly an orbit of a point is invariant.
Next we show that the basin of attraction of an attracting fixed point is
invariant and open.

Theorem 1.30. Let f : I — I, I = [a,b], be a continuous map and let
x* € [a,b] be a fized point of f. Then the following statements hold true:

(i) The immediate basin of attraction B(z*) is an interval containing

x*, which is either an open interval (c,d) or of the form [a,c)(c,b].
Moreover, B(x*) is invariant.

(il) W (z*) is invariant. Furthermore, W*(x*) is the union (maybe an
infinite union) of intervals that are either open intervals or of the form
[a,c) or (d,b].

PROOF.

(i) We know that B(z*) is a maximal interval in W#(z*) containing z*.
Assume that B(z*) = [¢,d), ¢ # a. Now for a given small € > 0 there
exists m € Z% such that f™(c) € (z* —e,2* +¢) C (c¢,d). Since
f™ is continuous, there exists § > 0 such that if zp € (¢ — d,¢ +
), then f™(xzg) € (z* —¢e,2* +¢) C B(z*). Then zy € B(z*) and
hence (¢ — 0,d) C W#(x*) which violates the maximality of B(z*).
Hence B(z*) # [¢,a), a contradiction. Analogously, one may show that
W (2*) # (c,d] if d # b.

To prove the invariance of B(z*), assume that there exists y € B(x*)
such that f"(y) ¢ B(z*) for some r € Z*. Since B(z*) is an interval,
it follows by the Intermediate Value Theorem that f"(B(x*)) is also
an interval. Moreover, this interval f"(B(z*)) must contain z* since
fr(x*) = x*. Thus f"(B(z*))NB(z*) # 0, and hence B(z*)U " (B(x*))
is an interval in W#(z*), which violates the maximality of B(z*).

(ii) The proof of this part is analogous to the proof of part (a) and will be
left to the reader to verify. O

There are several (popular) maps such as the logistic map and Ricker’s
map in which the basin of attraction, for the attractive fixed point, is the
entire space with the exception of one or two points (fixed or eventually
fixed). For the logistic map F),(z) = px(l —x) and 1 < p < 3, the basin of
attraction W#(x*) = (0,1) for the fixed point z* = "Tfl And for Ricker’s
map R,(z) = zeP~", 0 < p < 2, the basin of attraction W*(z*) = (0, c0),
for z* = p. Here we will consider only the logistic map and leave it to the
reader to prove the statement concerning Ricker’s map.

Notice that |F), ()| = |4 —2pz| < 1if and only if —1 < p—2pz < 1. This
implies that "2—_#1 <x< "2—": Hence |F(z)| < 1 for all z € (%,%)

Observe that z* = ”771 € (“2—;1,“2—11) if and only if 1 < p < 3. Now
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F, ("2—121) =F, (“2—;1) = % [%} Notice that since 1 < p < 3,

pl 1. 7(“712)(”“) < “2—21 Hence [”—71 ”“} C We(x*).

2u 2 w 2u 7 2p

If z € (O, MT_HI)v then Fj(z) > 1. By the Mean Value Theorem,

w = F},(7), for some v with 0 < v < z. Hence
Fu(2) - Fu(0) = Fu(2) > 2

for some 3 > 1. Then for some r € Z*, F/;(2) > 72 > ”2—;1 and F; 7' (2) <
“2—;1. Moreover, since F is increasing on [0, “2—;1}, Fi(z) < F, (“2—11) =
i (“2—;1) (1 — “2—;1) = #771 (“TH) < x*. Thus z € W#(z*). On the other
hand, F), (%,1) C (0,2*) and hence (%,1) C W#(z*). This shows
that W*(z*) = (0,1).

To summarize

Lemma 1.31. For the logistic map F,(x) = pr(l —z), 1 < p < 3,
Ws(z*) = (0,1) for a* = £=—.

14

We now turn our attention to periodic points. If Z is a periodic point
of period k under the map f, then its basin of attraction W*(Z) is its
basin of attraction as a fixed point under the map f*. Hence W*(z) =
{z : nl;ngo(fk)"(x) = lim fin(x) = z}. Let {Z1,%2,...,71} be a k-cycle
of a map f. Then clearly for i # j, W*(z;) N W*(Z;) = 0. (Why?) More
generally, if = is a periodic point of period r and y # x is a periodic point
of period s, then W#(x) N W*(y) = () (Exercises 1.8, Problem 6).

Example 1.32. Consider the function f(z) = —x. Then z* = 0 is the
only fixed point. There is a 2-cycle {—1,1} with f(—1) =1, f3(-1) = —1.
The cobweb diagram (Figure 1.37) shows that W?*(1) = (0,00), W*(—1) =
(—00,0).

FIGURE 1.37.
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Exercises 1.8
1. Investigate the basin of attraction of the fixed points of the map
x? if —3<x<1,
fz) = ,
4z -3 ifl<x<9.
2. Let f(z) = |z —1|. Find W*(3).

3. Suppose that f : I — [ is a continuous and onto map on an interval I.
Let Z be an asymptotically stable periodic point of period k& > 2. Show
that W*(f(z)) = f(W*(z)).

4. Describe the basin of attraction of all fixed and periodic points of the

maps:
(i) f(z) =22,

(i) g(x) = °

(iii) h(x) =2ze™*

(iv) g(z) = =2 arctanz.

5. Investigate the basin of attraction of the origin for the map
x

3 if0<z<0.2,

=<3 ! if 0.2 < <1

flx) =<3z 5 f02<z<g,
o1

2 —2x 1f§<x§1.

6. Let f be a continuous map that has two periodic points « and y, x # y,
with periods r and ¢, r # t, respectively. Prove that W (z)NW*(y) = 0.

7*. Suppose that a set M is invariant under a one-to-one continuous map
f. A point x € M is said to be an interior point if (x — 0,z + ) C M
for some & > 0. Prove that the set of all interior points of M, denoted
by int(M), is invariant.

8. Let z* be an attracting fixed point under a continuous map f. If the
immediate basin of attraction B(z*) = (a,b), show that the set {a, b}
is invariant. Then conclude that there are only three scenarios in this
case: (1) both a and b are fixed points, or (2) a or b is fixed and the
other is an eventually fixed point, or (3) {a,b} is a 2-cycle.

9. Show that for Ricker’s map
Ry(z) =zeP™, 0<p<2,
W?e(z*) = (0,00), where z* = p.

10. (Term Project). Consider the logistic map F),(z) = pxz(l — x) with
3 < <1++6. Let c={Z1, 72} be the attracting 2-cycle. Show that
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We(c) = W*(Z1) UW?(Zs) is all the points in (0, 1) except the set of
eventually fixed points (including the fixed point ”’—jl)






2

Linear Difference Equations
of Higher Order

In this chapter we examine linear difference equations of high order, namely,
those involving a single dependent variable.! Such equations arise in almost
every field of scientific inquiry, from population dynamics (the study of a
single species) to economics (the study of a single commodity) to physics
(the study of the motion of a single body). We will become acquainted
with some of these applications in this chapter. We start this chapter by
introducing some rudiments of difference calculus that are essential in the
study of linear equations.

2.1 Difference Calculus

Difference calculus is the discrete analogue of the familiar differential and
integral calculus. In this section we introduce some very basic properties of
two operators that are essential in the study of difference equations. These
are the difference operator (Section 1.2)

Az(n) =z(n+1) —z(n)
and the shift operator
Ez(n) =z(n+1).

! Difference equations that involve more than one dependent variable are called
systems of difference equations; we will inspect these equations in Chapter 3.

57
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It is easy to see that
E*z(n) = z(n + k).

However, AFz(n) is not so apparent. Let I be the identity operator, i.e.,
Iz = z. Then, one may write A=FE — 1 and E = A+ 1.
Hence,

k
Akz(n) = Z(—l)iCz)x(n—&-kz—i). (2.1.1)

Similarly, one may show that

E*z(n) = Ek: (f) AF=ig(n). (2.1.2)

=0

We should point out here that the operator A is the counterpart of the
derivative operator D in calculus. Both operators F and A share one of
the helpful features of the derivative operator D, namely, the property of
linearity.

“Linearity” simply means that Alaz(n)+by(n)] = aAz(n)+bAy(n) and
Elaz(n) + by(n)] = aEx(n) + bEy(n), for all a and b € R. In Exercises
2.1, Problem 1, the reader is allowed to show that both A and E are linear
operators.

Another interesting difference, parallel to differential calculus, is the
discrete analogue of the fundamental theorem of calculus. 2

Lemma 2.1. The following statements hold:

(i)

n—1

Z Az(k) = z(n) — z(ng), (2.1.3)

k‘:’no

2The fundamental theorem of calculus states that:
(@) [, df(z) = f(b) = f(a),
(i) d ([ f(t) dt) = f(z).
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(i)

A <z_: x(k)) = z(n). (2.1.4)

k‘:no

PrROOF. The proof remains as Exercises 2.1, Problem 3. O

We would now like to introduce a third property that the operator A
has in common with the derivative operator D.
Let

p(n) = apn® +ayn* 1+ +ay
be a polynomial of degree k. Then
Ap(n) = [ao(n + l)k +ay(n+ I)k*1 4ot ak}

- [aonk +amnFt 4 ak]

= apkn*~! + terms of degree lower than (k — 1).
Similarly, one may show that
A?p(n) = apk(k — 1)n*~2 + terms of degree lower than (k — 2).
Carrying out this process k times, one obtains
AFp(n) = agk!. (2.1.5)
Thus,
AFTip(n) = 0 for i > 1. (2.1.6)

2.1.1 The Power Shift

We now discuss the action of a polynomial of degree k in the shift operator
FE on the term b", for any constant b.
Let

p(E) = agE* + a1 EF 1 - ap T (2.1.7)

be a polynomial of degree k in E.
Then

p(E)bn — a0b7t+k +a1bn+k—1 N +akb"
= (agh® + a1b* 71 + -+ 4 ap)b"
= p(b)b™. (2.1.8)

A generalization of formula (2.1.8) now follows.
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Lemma 2.2. Let p(E) be the polynomial in (2.1.7) and let g(n) be any
discrete function. Then

P(B)(b"g(n)) = b"p(bE)g(n). | (2.1.9)

PROOF. This is left to the reader as Exercises 2.1, Problem 4. O

2.1.2  Factorial Polynomials

One of the most interesting functions in difference calculus is the factorial
polynomial %) defined as follows. Let & € R. Then the kth factorial of
is given by

e =gz—1)-(x—k+1), keZ".

Thus if x =n € ZT and n > k, then

|
(k) — ™
A P A

and
n™ = nl.

The function z(*) plays the same role here as that played by the poly-
nomial z* in differential calculus. The following Lemma 2.3 demonstrates
this fact.

So far, we have defined the operators A and E on sequences f(n). One
may extend the definitions of A and E to continuous functions f(t), t € R,
by simply letting Af(t) = f(t +1) — f(t) and Ef(t) = f(¢t + 1). This
extension enables us to define Af(x) and Ef(z) where f(z) = 2(®) by

Az®) = (z4+1)® —2®  and  Ez® = (x4+1)®,
Using this definition one may establish the following result.

Lemma 2.3. For fized k € Z" and x € R, the following statements hold:

] Az®) = fzk-1), \ (2.1.10)

Az ™) = k(k=1),..., (k —n+ Dz (2.1.11)

Ak — k1, (2.1.12)
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ProOF. (i)

Az = (z +1)®) — z®
=@+ Dzxz-1) - (x—k+2)—z(x—-1)
ez —k+2)(x—k+1)
=z(z—-1)--(x—k+2)k
= k(D).

The proofs of parts (ii) and (iii) are left to the reader as Exercises 2.1,
Problem 5. O

If we define, for k € Z™,

1

2R —
z(z+1)---(x+k—1)

(2.1.13)

and £(°) = 1, then one may extend Lemma 2.3 to hold for all k € Z. In other
words, parts (i), (ii), and (iii) of Lemma 2.3 hold for all k£ € Z (Exercises
2.1, Problem 6).

The reader may wonder whether the product and quotient rules of the
differential calculus have discrete counterparts. The answer is affirmative,
as may be shown by the following two formulas, where proofs are left to
the reader as Exercises 2.1, Problem 7.

Product Rule:

’ Alz(n)y(n)] = Ex(n)Ay(n) + y(n)Az(n). ‘ (2.1.14)

Quotient Rule:

N [x(n)} _ y(m)Az(n) — 2(n)Ay(n) (2.1.15)

y(n)Ey(n)

2.1.8 The Antidifference Operator

The discrete analogue of the indefinite integral in calculus is the antidif-
ference operator A~1, defined as follows. If AF(n) = 0, then A~1(0) =
F(n) = c for some arbitrary constant c. Moreover, if AF(n) = f(n), then
A~1f(n) = F(n) + ¢, for some arbitrary constant c. Hence

AAT f(n) = f(n),
AT'AF(n) = F(n) + ¢,

and

AAT =T but ATA#I].
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Using formula (2.1.4) one may readily obtain

A~ f(n) = Z f@@) +e. (2.1.16)

Formula (2.1.16) is very useful in proving that the operator A=! is linear.
Theorem 2.4. The operator A™1 is linear.

PROOF. We need to show that for a,b € R, A7'az(n) + by(n)] =
aA~tz(n) + bA~ty(n). Now, from formula (2.1.16) we have

A~ az(n) + by(n)] = Z ax(i) + by(i)
n—1 -
aZx + be
=0 =0
= aA Ya(n) + A y(n). O

Next we derive the antidifference of some basic functions.

Lemma 2.5. The following statements hold:

(i)
ATRO = e eonf T2 g (2.1.17)
(i1)
TLk
Ak = F+cln Ypeon 24t (2.1.18)
(iii)
(k+1)
A~lp® =L k# -1 2.1.1
n F +c, # ( 9)

PROOF. The proofs of parts (i) and (ii) follow by applying AF to the
right-hand side of formulas (2.1.17) and (2.1.18) and then applying formulas
(2.1.6) and (2.1.5), respectively. The proof of part (iii) follows from formula
(2.1.10).

Finally, we give the discrete analogue of the integration by parts formula,
namely, the summation by parts formula:

S b0 Aa(h) = a(n)u(n) — 3o+ DAGE) + (2.1.20)
k=0

To prove formula (2.1.20) we use formula (2.1.14) to obtain

y(n)Az(n) = A(z(n)y(n)) — z(n +1)Ay(n).
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Applying A~! to both sides and using formula (2.1.16), we get

1 n—1

y(k)Ax(k) = z(n)y(n) — Z z(k +1)Ay(k) + c.

0 k=0

n

>
Il

Exercises 2.1

1

®© N oo W

10.

11.

12.

13.

14.

. Show that the operators A and E are linear.
Ny
Show that E* = AF=ig(n).
ow tha z(n) ; (z) z(n)

Verify formulas (2.1.3) and (2.1.4).

Verify formula (2.1.9).

Verify formulas (2.1.11) and (2.1.12).

Show that Lemma 2.3 holds for k € Z.

Verify the product and quotient rules (2.1.14) and (2.1.15).

(Abel’s Summation Formula). Prove that

n

k=1 k=1 k=1

n n k
S ak)y(k) = 2(n+1) > yk) = > (Aa«k) Zym) .

n

(1) (2) (k)
F(n) = £(0) + - AF(0) + A F(0) + -+ = AP £(0).

(The Discrete Taylor Formula). Verify that
= /n L m—s—1
_ i o k
s =3 () a3 (7,7 s
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(Newton’s Theorem). If f(n) is a polynomial of degree k, show that

(The Stirling Numbers). The Stirling numbers of the second kind s; (k)

are defined by the difference equation s;(m + 1) = s;_1(m) + is;(m)
with s;(7) = s1(¢) =1 and 1 <4 <m,s1(k) =0 for 1 > k. Prove that

™ = Z si(m)z®@. (2.1.21)
i=1

for 1 <i,k<T.

the factorial polynomials z*) (e.g., 22 = (1) 4 z().

Use Problem 13 to find

Use (2.1.21) to verify Table 2.1 which gives the Stirling numbers s; (k)

Use Table 2.1 and formula (2.1.21) to write 23, 2%, and 2° in terms of
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TABLE 2.1. Stirling numbers s; (k).

Ne 1 2 3 4 5 6 7

1 1 1 1 1 1 1 1

2 1 3 7 15 31 63
3 1 6 25 90 301
4 1 10 65 350
5 1 15 140
6 1 21
7 1

(i) A=1(n3 +1).

5
i) A7 ——— .
(i) (n(n + 3))
15. Use Problem 13 to solve the difference equation y(n + 1) = y(n) + n3.

16. Use Problem 13 to solve the difference equation y(n+1) = y(n) —5n?.
17. Consider the difference equation®
y(n+1) =a(n)y(n) + g(n). (2.1.22)
(a) Put y(n) = (m;ola(i)) u(n) in (2.1.22). Then show that
Au(n) = g(n)/ Ty ali).
(b) Prove that
n—1 n—1 n—1
y(n) = <Ha(i)> Yo+ Y ( 11 a(i)> 9(r),  yo=1y(0).
i=0 r=0 \i=r+1

(Compare with Section 1.2.)

2.2 General Theory of Linear Difference Equations

The normal form of a kth-order nonhomogeneous linear difference equation
is given by
Y+ k) +pr(m) y(n+k—1) 4o+ py(n) y(n) = g(n),  (22.1)

where p;(n) and g(n) are real-valued functions defined for n > ng and
pr(n) # 0 for all n > ng. If g(n) is identically zero, then (2.2.1) is said to
be a homogeneous equation. Equation (2.2.1) may be written in the form

y(n+k)=-—p(n)y(n+k—1) - —pe(n)y(n) +gn). (222

3This method of solving a nonhomogeneous equation is called the method of
variation of constants.
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By letting n = 0 in (2.2.2), we obtain y(k) in terms of y(k — 1),y(k —
2),---,y(0). Explicitly, we have
y(k) = =p1(0)y(k — 1) = p2(0)y(k = 2) — -~ = pr(0)y(0) + 9(0).

Once y(k) is computed, we can go to the next step and evaluate y(k + 1)
by letting n = 1 in (2.2.2). This yields

y(k+1) = —p1(L)y(k) — pa(Dy(k — 1) — - = pre(Dy(1) + g(1).

By repeating the above process, it is possible to evaluate all y(n) for n > k.
Let us now illustrate the above procedure by an example.

Example 2.6. Consider the third-order difference equation

y(n+3) — HL_Hy(n +2)+ny(n+1) —3y(n) =n, (2.2.3)

where y(1) = 0,y(2) = —1, and y(3) = 1. Find the values of y(4), y(5),
y(6), and y(7).

Solution First we rewrite (2.2.3) in the convenient form

y(n+3) = nLHy(”“L?) —ny(n+1) + 3y(n) +n. (2.2.4)
Letting n =1 in (2.2.4), we have
y(4) = %y(i’)) —y(2) +3y(1) +1= g

For n = 2,

y@)=§M®—2m$+3mm+2:_g_
For n = 3,

y@)=2ﬂ®—$ﬂ®+3ma+3:_g_
For n = 4,

Mﬂz%ﬂ&—@@ﬂ%ﬂ®+4:%&

Now let us go back to (2.2.1) and formally define its solution. A sequence
{y(n)}ye or simply y(n) is said to be a solution of (2.2.1) if it satisfies the
equation. Observe that if we specify the initial data of the equation, we are
led to the corresponding initial value problem

y(k+n) +pi(n)y(n+k—1)+ -+ pr(n)y(n) = g(n), (2.2.5)
y(no) = a0, y(no+1)=a,...,y(no+k—1) =ap_1, (2.2.6)

where the a;’s are real numbers. In view of the above discussion, we
conclude with the following result.
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Theorem 2.7. The initial value problems (2.2.5) and (2.2.6) have a
unique solution y(n).

PRrROOF. The proof follows by using (2.2.5) for n = ng,no + 1,n0+2,....
Notice that any n > ng + k may be written in the form n = ng + k +
(n — ng — k). By uniqueness of the solution y(n) we mean that if there is
another solution g(n) of the initial value problems (2.2.5) and (2.2.6), then
g(n) must be identical to y(n). This is again easy to see from (2.2.5). O

The question still remains whether we can find a closed-form solution
for (2.2.1) or (2.2.5) and (2.2.6). Unlike our amiable first-order equations,
obtaining a closed-form solution of (2.2.1) is a formidable task. However, if
the coefficients p; in (2.2.1) are constants, then a solution of the equation
may be easily obtained, as we see in the next section.

In this section we are going to develop the general theory of kth-order
linear homogeneous difference equations of the form

z(n+k)+pi(n)z(n+k—1)+-- +pr(n)z(n) =0. (2.2.7)
We start our exposition by introducing three important definitions.

Definition 2.8. The functions fi(n), fa(n),..., fr(n) are said to be lin-
early dependent for n > ng if there are constants aq, as, ..., a,, not all zero,
such that

a1 f1(n) +azfo(n) + -+ ar fr(n) =0, n 2> no.

If a; # 0, then we may divide (2.2.7) by a; to obtain
@ _ % .. &
i) = =2 i) = 2 o) = 21, ()
Q;
== — fi(n). (2.2.8)

it Y

Equation (2.2.8) simply says that each f; with nonzero coefficient is a
linear combination of the other f;’s. Thus two functions fi(n) and fa(n)
are linearly dependent if one is a multiple of the other, i.e., fi(n) = afa(n),
for some constant a.

The negation of linear dependence is linear independence. Explicitly put,
the functions f1(n), fa(n),..., fr(n) are said to be linearly independent for
n > ng if whenever

alfl(n) + CLQfQ(TL) +-- Cl7-f7~(n) =0
for all n > ng, then we must have a; = a =--- = a, = 0.
Let us illustrate this new concept by an example.

Example 2.9. Show that the functions 3", n3", and n23" are linearly
independent on n > 1.
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Solution Suppose that for constants a1, as, and az we have
a13" 4+ asn3™ + asn?3" =0, for all n > 1.
Then by dividing by 3" we get
ai + asgn + agn?® = 0, for all n > 1.

This is impossible unless a3 = 0, since a second-degree equation in n pos-
sesses at most two solutions n > 1. Hence a; = as = az = 0. Similarly,
as = 0, whence a; = 0, which establishes the linear independence of our
functions.

Definition 2.10. A set of k linearly independent solutions of (2.2.7) is
called a fundamental set of solutions.

As you may have noticed from Example 2.9, it is not practical to check the
linear independence of a set of solutions using the definition. Fortunately,
there is a simple method to check the linear independence of solutions using
the so-called Casoratian W (n), which we now define for the eager reader.

Definition 2.11. The Casoratian* W (n) of the solutions z(n), z2(n), .. .,
z,(n) is given by

z1(n) xa(n) zr(n)
z1(n+1) zo(n+1) oo xp(n4 1)
W(n) = det
ziin+r—1) x(n+r—-1) ... z.(n+r—-1)

(2.2.9)
Example 2.12. Consider the difference equation
z(n+3)—Tz(n+ 1)+ 6z(n) = 0.
(a) Show that the sequences 1, (—3)™, and 2™ are solutions of the equation.
(b) Find the Casoratian of the sequences in part (a).
Solution

(a) Note that z(n) = 1 is a solution, since 1 — 7 4+ 6 = 0. Furthermore,
z(n) = (—3)™ is a solution, since

(=3)"T3 —7(=3)"T 4+ 6(—3)" = (=3)"[-27 + 21 + 6] = 0.
Finally, x(n) = 2™ is a solution, since

(2)"3 —7(2)" T +6(2)" = 2"[8 — 14 + 6] = 0.

4This is the discrete analogue of the Wronskian in differential equations.
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(b) Now,

B L TP L
(_3)n+2 (2)n+2 1 (2)n+2

. 1 ( 3)n+1

+(2) 1 ( 3)n+2

= (2)"F2(=3)" = (2" (=3)" = (=3 = (2"

+(2)"((=3)""2 = (=3)"")
= —12(2)"(=3)" - 18(2)"(=3)" — 4(2)"(=3)"
+2(2)" (= ) 9(2)"(=3)" +3(2)"(=3)"

Next we give a formula, called Abel’s formula, to compute the Caso-
ratian W (n). The significance of Abel’s formula is its effectiveness in the
verification of the linear independence of solutions.

Lemma 2.13 (Abel’s Lemma).  Let z1(n),x2(n),...,xx(n) be so-
lutions of (2.2.7) and let W(n) be their Casoratian. Then, for n >
no,

W (n) = (—1)k(n=no) (Hpk ) ng). (2.2.10)

1=n0

PrOOF. We will prove the lemma for k& = 3, since the general case may
be established in a similar fashion. So let x1(n), x2(n), and x3(n) be three
independent solutions of (2.2.7). Then from formula (2.2.9) we have

z1(n+1) xzo(n+1) z3(n+1)
Wn+1)=det | z1(n+2) 22(n+2) 2a23(n+2)|. (2.2.11)
x1(n+3) x2(n+3) x3(n+3)

From (2.2.7) we have, for 1 <i < 3,

zi(n+3) = —p3(n)x;(n) — [pr(n)x;(n + 2) + p2(n)z;(n+1)].  (2.2.12)
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Now, if we use formula (2.2.12) to substitute for x1(n + 3), z2(n + 3),
and z3(n + 3) in the last row of formula (2.2.11), we obtain

z1(n+1) xa(n+1) z3(n+1)
x1(n+2) xa(n + 2) xz3(n + 2)
W(n+1) = det —p3z1(n) —p3za(n) —p3x3(n)

*(ple(n+ 1) *(PzIQ(nJF 1) *(p2$3(n+ 1)
+p1z1(n+2)) +praa(n+2)) +pizs(n+2))
(2.2.13)
Using the properties of determinants, it follows from (2.2.13) that
z1(n+1) xza(n+1) xz3(n+1)
Wn+1)=det| zi(n+2) z2(n+2) z3(n + 2)
—ps(n)zi(n) —ps(n)za(n) —ps(n)zs(n)
z1(n+1) zo(n+1) z3(n+1)
= —ps(n)det | z1(n+2) z2(n+2) x3(n2)
z1(n) z2(n) z3(n)
z1(n) z2(n) z3(n)
= —p3(n)(=1)%det | z1(n +2) a2(n+2) x3
z1(n+1) xo(n+1) x3

(2.2.14)

Thus
Wi(n+1) = (=1)3ps(n)W(n). (2.2.15)
Using formula (1.2.3), the solution of (2.2.15) is given by

W(n) = [1:[ (—1)3p3(i)] W (ng) = (=1)*=m0) 1:[ p3())W (no)-

i=ng i=ng

O

This completes the proof of the lemma for & = 3. The general case is left
to the reader as Exercises 2.2, Problem 6.

We now examine and treat one of the special cases that arises as we try
to apply this Casoratian. For example, if (2.2.7) has constant coefficients
P1,P2, - - -, Dk, then we have

W(n) = (71)k(n7"°)p§€n_"0)W(no). (2.2.16)

Formula (2.2.10) has the following important correspondence.

Corollary 2.14. Suppose that prp(n) # 0 for all n > ng. Then the
Casoratian W (n) # 0 for all n > ng if and only if W(ng) # 0.

PrOOF. This corollary follows immediately from formula (2.2.10) (Exer-
cises 2.2, Problem 7). O
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Let us have a close look at Corollary 2.14 and examine what it really says.
The main point in the corollary is that either the Casoratian is identically
zero (i.e., zero for all n > ng, for some ng) or never zero for any n > nyg.
Thus to check whether W(n) # 0 for all n € Z*, we need only to check
whether W(0) # 0. Note that we can always choose the most suitable ng
and compute W(ng) there.

Next we examine the relationship between the linear independence of
solutions and their Casoratian. Basically, we will show that a set of k so-
lutions is a fundamental set (i.e., linearly independent) if their Casoratian
W (n) is never zero.

To determine the preceding statement we contemplate k& solutions

z1(n),z2(n),...,zx(n) of (2.2.7). Suppose that for some constants aj,
as,...,ar and ng € Z7T,
a1z1(n) + agze(n) + -+ - + ag(n) zr(n) =0, for all n > ng.

Then we can generate the following k£ — 1 equations:

arzi(n+1) + agze(n + 1) + - + agxp(n + 1) = 0,

axi(n+k—1)+asxa(n+k—1)4+ - +arzxg(n+k—1)=0.

This assemblage may be transcribed as

X(n)€ =0, (2.2.17)
where
x1(n) x2(n) zg(n)
z1(n+1) zo(n+1) zp(n+1)
X(TL) = ’

zri(n+k—-1) zo(n+k—-1) ... zrn+k-—1)
a1

‘= 2
ar

Observe that W(n) = det X (n).

Linear algebra tells us that the vector (2.2.17) has only the trivial (or
zero) solution (i.e., a; = ag = -+ = a = 0) if and only if the matrix X (n)
is nonsingular (invertible) (i.e., det X (n) = W(n) # 0 for all n > ng). This
deduction leads us to the following conclusion.
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Theorem 2.15. The set of solutions x1(n),z2(n),...,zr(n) of (2.2.7)
is a fundamental set if and only if for some ng € Z%t, the Casoratian

W(TL()) 75 0.
ProoOF. Exercises 2.2, Problem 8. O

Example 2.16. Verify that {n,2"} is a fundamental set of solutions of
the equation
3n —2 2n

1
n—1$(n+ )+n—1

z(n+2)— z(n) =0.

Solution We leave it to the reader to verify that n and 2" are solutions of
the equation. Now, the Casoratian of the solutions n, 2™ is given by

n 2n
W(n) = det ni1 ontl)

Thus
W(0) = det 01 1#0
= de = — .
1 2
Hence by Theorem 2.15, the solutions n, 2" are linearly independent and
thus form a fundamental set.
Example 2.17. Consider the third-order difference equation
x(n+3)+3z(n+2) —4z(n+1) — 12z(n) = 0.

Show that the functions 2", (—2)", and (—3)" form a fundamental set of
solutions of the equation.

Solution

(i) Let us verify that 2™ is a legitimate solution by substituting z(n) = 2™
into the equation:

273 1 (3)(27 ) — (4)(27FY) — (12)(2") = 2"[8 + 12 — 8 — 12] = 0.

We leave it to the reader to verify that (—2)™ and (—3)™ are solutions
of the equation.

(ii) To affirm the linear independence of these solutions we construct the
Casoratian

W(n) =det | 2"t (-2
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Thus
1 1 1
W(O0)=det |2 -2 3| =-20=+#0.
4 4 9

By Theorem 2.15, the solutions 2", (—2)", and 3™ are linearly independent,
and thus form a fundamental set.

We are now ready to discuss the fundamental theorem of homogeneous
linear difference equations.

Theorem 2.18 (The Fundamental Theorem). If pi(n) # 0 for all
n > ng, then (2.2.7) has a fundamental set of solutions for n > ng.

PROOF. By Theorem 2.7, there are solutions x1(n), x2(n), ..., xg(n) such
that z;(ng+i—1) =1, z;(no) = z;(no+1) = --- = z;(no+i—2) = z;(no+
i)=-+=zi(ng+k—1)=0,1 <i<k. Hence z1(ng) = 1,22(no+1) =

1,z3(no+2) =1,...,xk(no+k—1) = 1. It follows that W(ng) = det I = 1.
This implies by Theorem 2.15 that the set {z1(n),xz2(n),...,zx(n)} is a
fundamental set of solutions of (2.2.7). O

We remark that there are infinitely many fundamental sets of solutions
of (2.2.7). The next result presents a method of generating fundamental
sets starting from a known set.

Lemma 2.19. Let z1(n) and x2(n) be two solutions of (2.2.7). Then the
following statements hold:

(i) z(n) = z1(n) + z2(n) is a solution of (2.2.7).
(ii) Z(n) = ax1(n) is a solution of (2.2.7) for any constant a.
Proor. (Exercises 2.2, Problem 9.) O
From the preceding lemma we conclude the following principle.
Superposition Principle. If zi(n),z2(n),...,z.(n) are solutions of
(2.2.7), then
x(n) = a1x1(n) + agx2(n) + - - - + a,pw.(n)

is also a solution of (2.2.7) (Exercises 2.2, Problem 12).
Now let {z1(n),z2(n),...,zx(n)} be a fundamental set of solutions of
(2.2.7) and let 2(n) be any given solution of (2.2.7). Then there are con-

stants ai,as,...,a; such that z(n) = Zle a;zi(n). To show this we use
the notation (2.2.17) to write X (n)¢ = Z(n), where
z(n)
x(n+1)
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Since X (n) is invertible (Why?), it follows that
¢ = X" (n)i(n),
and, for n = ng,
& = X" (no)i(no).
The above discussion leads us to define the general solution of (2.2.7).

Definition 2.20. Let {z1(n),z2(n),...,zx(n)} be a fundamental set of
solutions of (2.2.7). Then the general solution of (2.2.7) is given by x(n) =

Zle a;xz;(n), for arbitrary constants a;.

It is worth noting that any solution of (2.2.7) may be obtained from the
general solution by a suitable choice of the constants a;.

The preceding results may be restated using the elegant language of
linear algebra as follows: Let S be the set of all solutions of (2.2.7) with
the operations +, - defined as follows:

(i) (z+y)(n) =z(n)+y(n), forz,ye S, neZt,
(ii) (az)(n) = az(n), for x € S, a constant.

Equipped with linear algebra we now summarize the results of this section
in a compact form.

Theorem 2.21. The space (S,+, ) is a linear (vector) space of dimension
k.

ProoOF. Use Lemma 2.19. To construct a basis of S we can use the
fundamental set in Theorem 2.18 (Exercises 2.2, Problem 11). O
Exercises 2.2

1. Find the Casoratian of the following functions and determine whether
they are linearly dependent or independent:

(a) 57,3 5712 en.
(b) 5", n5", n?5m.
(c) (—=2)™,2™,3.
(d) 0,3™,7".

2. Find the Casoratian W (n) of the solutions of the difference equations:
(a) z(n+3) —10z(n +2) + 3lz(n + 1) — 30z(n) = 0, if W(0) = 6.
(b) z(n+3) —3z(n+2) +4x(n+ 1) — 122(n) = 0, if W(0) = 26.

3. For the following difference equations and their accompanied solutions:

(i) determine whether these solutions are linearly independent, and
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10.

11.
12.

*13.

14.

15.
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(ii) find, if possible, using only the given solutions, the general
solution:
(a) z(n+3) —3z(n+2) +3z(n+1) —x(n) =0; 1,n,n?
(b) x(n+2)+x(n) =0; cos (%) ,sin (n—;) ,
(c) x(n+3)+x(n+2)—8x(n+1)—12x(n) = 0; 3", (=2)",(=2)" "3,
(d) z(n +4) — 16x(n) = 0; 2", n2", n22".

Verify formula (2.2.10) for the general case.

Show that the Casoratian W (n) in formula (2.2.9) may be given by
the formula

z1(n) x2(n) e xp(n)
Azq(n) Azy(n) ... Azg(n)
W(n) = det
ARl (n) AR lay(n) ... AFTlag(n)

Verify formula (2.2.16).
Prove Corollary 2.14.
Prove Theorem 2.15.
Prove Lemma 2.19.

Prove the superposition principle: If z1(n), z2(n), ..., z, are solutions
of (2.2.7), then any linear combination of them is also a solution of
(2.2.7).

Prove Theorem 2.21.

Suppose that for some integer m > ng, pp(m) = 0 in (2.2.1).
(a) What is the value of the Casoratian for n > m?

(b) Does Corollary 2.14 still hold? (Why?)

Show that the equation A%y(n) = p(n)y(n + 1) has a fundamental set
of solutions whose Casoratian W (n) = —1.

Contemplate the second-order difference equation u(n+2)-+p1(n)u(n+
1) + p2(n)u(n) = 0. If u;(n) and uz(n) are solutions of the equation
and W (n) is their Casoratian, prove that

n—1
uz(n) = up(n) [ Y W(r)/ui(rjus(r+1)| . (2.2.18)
r=0
Contemplate the second-order difference equation u(n+2)— EZI;; u(n+

1) + (n2T2)u(n) =0.
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(a) Verify that uq(n) = %ﬂ, is a solution of the equation.

(b) Use formula (2.2.18) to find another solution wug(n) of the
equation.

16. Show that u(n) = (n+1) is a solution of the equation u(n+2) —u(n+
1) —1/(n+1)u(n) = 0 and then find a second solution of the equation
by using the method of Exercises 2.2, Problem 15.

2.3 Linear Homogeneous Equations
with Constant Coeflicients

Consider the kth-order difference equation
z(n+k)+piz(n+k—1)+px(n+k—2)+--+prz(n) =0, (2.3.1)

where the p;’s are constants and pr # 0. Our objective now is to find
a fundamental set of solutions and, consequently, the general solution of
(2.3.1). The procedure is rather simple. We suppose that solutions of (2.3.1)
are in the form A", where )\ is a complex number. Substituting this value
into (2.3.1), we obtain

AN p At =0, (2.3.2)

This is called the characteristic equation of (2.3.1), and its roots A are called
the characteristic roots. Notice that since py # 0, none of the characteristic
roots is equal to zero. (Why?) (Exercises 2.3, Problem 19.)

We have two situations to contemplate:

Case (a). Suppose that the characteristic roots A1, g, ..., A\; are distinct.
We are now going to show that the set {A7,A5,..., AL} is a fundamental
set of solutions. To prove this, by virtue of Theorem 2.15 it suffices to show
that W(0) # 0, where W (n) is the Casoratian of the solutions. That is,

1 1 .1
/\1 )\2 Ce >\k
2 2 2
WO)=det| A A2 o A | (2.3.3)
)\]f71 )\1571 Ak71

This determinant is called the Vandermonde determinant.
It may be shown by mathematical induction that

wo) = J[ -2 (2.3.4)

1<i<j<k

The reader will prove this conclusion in Exercises 2.3, Problem 20.
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Since all the \;’s are distinct, it follows from (2.3.4) that W(0) # 0.
This fact proves that {7, A5, ..., A7} is a fundamental set of solutions of
(2.3.1). Consequently, the general solution of (2.3.1) is

k
z(n) = Zai)\?, a; a complex number. (2.3.5)
i=1

Case (b). Suppose that the distinct characteristic roots are A1, Aa, ..., A,
with multiplicities mq,mo, ..., m, with 22:1 m; = k, respectively. In this
case, (2.3.1) may be written as

(E=X)™(E—=X)™ - (E=X\)"2(n) =0. (2.3.6)
A vital observation here is that if 11 (n),¥2(n), ..., ¥m,(n) are solutions of
(E—=X)™zx(n) =0, (2.3.7)

then they are also solutions of (2.3.6). For if U,(n) is a solution of (2.3.7),
then (F — A;)™WU,(n) = 0. Now
(BE=X)™ - (E=X)™ - (E=X\)""¥gs(n)
=(E—=X)™ - (BE—=X_1)™ (B — Xiyq) ™ -
(E=X\)"(E = X\)™WUgs(n)=0.
Suppose we are able to find a fundamental set of solutions for each (2.3.7),
1 <4 < r. It is not unreasonable to expect, then, that the union of these

r fundamental sets would be a fundamental set of solutions of (2.3.6). In
the following lemma we will show that this is indeed the case.

Lemma 2.22. The set Gy = { A, ()A! ™, (A5 72 o (7 A7~
is a fundamental set of solutions of (2.3.7) where (}) = n,(3) =

ol () = Hastizfemeen)

Proor. To show that G; is a fundamental set of solutions of (2.3.7), it
suffices, by virtue of Corollary 2.14, to show that W(0) # 0. But

1 0 0

i 1 0

A 2\ 0

W(0) = ,

_ i— 1) 1
il (mliyn 2 S
v 1! v 2131+ (my; — 2)!

Hence
1
wW(0) = # 0.

2131, (m; — 2)]
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It remains to show that (7)A?™" is a solution of (2.3.7). From equation
(2.1.9) it follows that

n n
— )\ ) =T AT\ E — )\ )™
(E—=N\) <T))\2 AT (N i) (r)
— \PFT () (”)

:
o ()
:

=0 wusing (2.1.6). O
Now we are finally able to find a fundamental set of solutions.

Theorem 2.23. The set G = |J;_, G; is a fundamental set of solutions
of (2.3.6).

PrROOF. By Lemma 2.22, the functions in G are solutions of (2.3.6). Now

1 0 1 0
At 1 A 1
2 2
W(0) = det Al 2\1 o A 2\,
SV RS DDV D W (RS §D Y

(2.3.8)
This determinant is called the generalized Vandermonde determinant. (See
Appendix B.) It may be shown [76] that

w) = J[ ;—x)mm. (2.3.9)

1<i<j<k

As \; # Xj, W(0) # 0. Hence by Corollary 2.14 the Casoratian W (n) #
0 for all n > 0. Thus by Theorem 2.15, G is a fundamental set of
solutions. O

Corollary 2.24. The general solution of (2.3.6) is given by

z(n) = Z)\? (aio + ann + apn® + -+ + g 0™ ). (2.3.10)
i=1

Proor. Use Lemma 2.22 and Theorem 2.23. O
Example 2.25. Solve the equation
x(n+3) —Tx(n+2)+ 16z(n+ 1) — 122(n) = 0,
z(0)=0, z(1)=1, z(2)=1.
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Solution The characteristic equation is
r —7r? +16r — 12 = 0.

Thus, the characteristic roots are A\ =2 = Ay, A3 = 3.
The characteristic roots give us the general solution

x(n) = aOQ” + a1n2" + b13n
To find the constants ag, a1, and by, we use the initial data

LU(O) =ag+b =0,
$(1) = 2(10 —+ 2&1 —+ 3b1 = 1,
x(2) = 4ap + 8a1 + 9b; = 1.

Finally, after solving the above system of equations, we obtain

ap=3, a =2, b =-3.
Hence the solution of the equation is given by x(n) = 3(2")+2n(2") —3"+1.
Example 2.26. Complex Characteristic Roots

Suppose that the equation xz(n + 2) + p1z(n 4+ 1) 4+ pax(n) = 0 has the
complex roots A\ = a+ 103, Ao = o — 3. Its general solution would then be

z(n) =c1(a+iB)" + co(a —if)".

Recall that the point (a, ) in the complex plane corresponds to the
complex number « + i83. In polar coordinates,

a =r1cosb, 8 =rsind, r=+/a?+ (32, 0 = tan~! <§>

Hence,?

x(n) = c1(rcos +irsinf)” + co(r cos — irsinf)"
=1r"[(¢1 + ¢2) cos(nd) +i(c1 — ¢2) sin(nd)]

= r"[ay cos(nb) + ag sin(nh)], (2.3.11)
where a1 = ¢1 + ¢ and as = i(c1 — ¢2).
Let
Cosw = B sinw = - w=tan ! (a2>
\/a%—ka%’ \/a%—ka%’ a1

®We used De Moivre’s Theorem: [r(cos @ + isin 0)]™ = r™(cos nf + isin nf).
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Then (2.3.11) becomes

x(n) = r"y/a? + a3[cosw cos(nf) + sin w sin(nd)]
= ’[“n

)
\/a? + a2 cos(nf — w),

xz(n) = Ar™ cos(nf — w). (2.3.12)
Example 2.27. The Fibonacci Sequence (The Rabbit Problem)

This problem first appeared in 1202, in Liber abaci, a book about the
abacus, written by the famous Italian mathematician Leonardo di Pisa,
better known as Fibonacci. The problem may be stated as follows: How
many pairs of rabbits will there be after one year if starting with one
pair of mature rabbits, if each pair of rabbits gives birth to a new pair
each month starting when it reaches its maturity age of two months? (See
Figure 2.1.)

Table 2.2 shows the number of pairs of rabbits at the end of each month.
The first pair has offspring at the end of the first month, and thus we have
two pairs. At the end of the second month only the first pair has offspring,
and thus we have three pairs. At the end of the third month, the first and
second pairs will have offspring, and hence we have five pairs. Continuing
this procedure, we arrive at Table 2.2. If F'(n) is the number of pairs of
rabbits at the end of n months, then the recurrence relation that represents
this model is given by the second-order linear difference equation

F(n+2)=F(n+1)+ F(n), F(0)=1, F(1) =2, 0<n<10.
This example is a special case of the Fibonacci sequence, given by

Fin+2)=F(n+1)+ F(n), F(0)=0, F(1)=1, n > 0.
(2.3.13)
The first 14 terms are given by 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233,
and 377, as already noted in the rabbit problem.

g. @

ae
~ \dh \dh

Month O Month 1 Month2

FIGURE 2.1.

TABLE 2.2. Rabbits’ population size.

Month [0 |1 |2]|3|4] 5 6 7 8 9 10 11 12
Pairs 1123|5813 (21|34 | 55| 89| 144 | 233 | 377
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The characteristic equation of (2.3.13) is
A —A-1=0.

Hence the characteristic roots are a = 1*'2—\/5 and 8 = 1_2‘/5.

The general solution of (2.3.13) is

F(n):a1<1+‘/5> +a2<1_\/5> ., n>1 (2.3.14)

2 2

Using the initial values F/(1) = 1 and F'(2) = 1, one obtains

Sl-
Sl-

Consequently,
IR AN A A Y I
F(n) = 7 ( 5 ) — ( 5 ) ] = %(a —-0™). (2.3.15)

It is interesting to note that lim,, ng:)l) = o =~ 1.618 (Exercises 2.3,

Problem 15). This number is called the golden mean, which supposedly
represents the ratio of the sides of a rectangle that is most pleasing to the
eye. This Fibonacci sequence is very interesting to mathematicians; in fact,
an entire publication, The Fibonacci Quarterly, dwells on the intricacies of
this fascinating sequence.

Exercises 2.3
1. Find homogeneous difference equations whose solutions are:

(a) 2n—1 _ 5n+1.

(b) 3cos (%) — sin (%)
(¢) (n+2)5"sin (%”)
(d) (e1 + can + czn?) 7™
(e) 1+ 3n — 5n? + 6n3.

2. Find a second-order linear homogeneous difference equation that gen-
erates the sequence 1, 2, 5, 12, 29, ...; then write the solution of the
obtained equation.

In each of Problems 3 through 8, write the general solution of the difference
equation.

3. z(n+2) — 16z(n) = 0.
4. z(n+2)+ 16z(n) = 0.
5. (B —3)%(E%*+4)x(n) = 0.
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10.

11.

12.

13.
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A3z(n) = 0.
(E? +2)%x(n) = 0.
z(n+2) —6x(n+1)+ 14z(n) = 0.

Consider Example 2.26. Verify that x;(n) = r™cosnf and z3(n) =
" sinnf are two linearly independent solutions of the given equation.

Consider the integral defined by

Iu(g) = / cos(kf) — cos(ky) 46, k=012, ¢ckR.
0 cosf — cosp

(a) Show that Iy () satisfies the difference equation
Inya(p)=2cos plnp1(0)+n(p) =0, Io(p) =0,  L(p)=m.
(b) Solve the difference equation in part (a) to find I,(¢p).

The Chebyshev polynomials of the first and second kinds are defined,
respectively, as follows:

T, (z) = cos(ncos™!(x)), Up(z) = ﬁ sin[(n + 1) cos™ ! ()],

for |z| < 1.
(a) Show that T, (x) obeys the difference equation
Tht2(x) — 22T 41(z) + Tn(x) =0, To(z) =1, T)(x) = x.
(b) Solve the difference equation in part (a) to find T, (z).
(¢) Show that U, (x) satisfies the difference equation
Upio(x)—22U,41(2)+Up(z) =0, Up(z) =1, Ui(z) = 2.
(d) Write down the first three terms of T;,(x) and U, (z).
(e) Show that T, (cos @) = cosnf and that
Un(cos ) = (sin[(n + 1)6])/sin 6.
Show that the general solution of
z(n+2)—2sz(n+1)+z(n) =0, ls] <1,
is given by
x(n) = a1Th(s) + c2Upn(s).

Show that the general solution of xz(n + 2) + p1z(n + 1) + pex(n) =
0, pa > 0, p? < 4ps, is given by z(n) = r"[c1 Ty (8) +c2U, _1(s)], where

r=/pz2 and s = P1/(2,/p2).
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14.

15.
16.

17.

*18.

19.

20.

21.

22.
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The Lucas numbers L,, are defined by the difference equation
Lpvo=Lpy1+ Ly, n>0, Log=2 L;=1.

Solve the difference equation to find L,,.

Show that lim,, .. (F(n +1))/F(n) = a, where a = (1 ++/5)/2.

Prove that consecutive Fibonacci numbers F(n) and F(n + 1) are
relatively prime.

(a) Prove that F(n) is the nearest integer to 1/v/5((1 +/5)/2)".
(b) Find F(17), F(18), and F'(19), applying part (a).

Define £ = a mod p if £ = mp + a. Let p be a prime number with
p > 5.

(a) Show that F(p) = 5?®~1/2 mod p.
(b) Show that F(p) = +1 mod p.

Show that if py # 0 in (2.3.1), then none of its characteristic roots is
equal to zero.

Show that the Vandermonde determinant (2.3.3) is equal to
II &=
1<i<j<k

Find the value of the n x n tridiagonal determinant

b a 0 ... 0 0

a b a ... 00

0O a b ... 00
D(n) =

0o 0 0 ...

00 0 ... a b

Find the value of the n x n tridiagonal determinant

a b 0 ... 00
a b 0 0
c a 0 0
D(n) = .
0 0 O a
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2.4 Linear Nonhomogeneous Equations: Method
of Undetermined Coefficients

In the last two sections we developed the theory of linear homogeneous
difference equations. Moreover, in the case of equations with constant co-
efficients we have shown how to construct their solutions. In this section
we focus our attention on solving the kth-order linear nonhomogeneous
equation

y(n+k)+pi(n)y(n+k—1)+ -+ p(n)y(n) = g(n), (24.1)

where pr(n) # 0 for all n > ng. The sequence g(n) is called the forcing
term, the external force, the control, or the input of the system. As we will
discuss later in Chapter 6, equation (2.4.1) represents a physical system in
which g(n) is the input and y(n) is the output (Figure 2.2). Thus solving
(2.4.1) amounts to determining the output y(n) given the input g(n). We
may look at g(n) as a control term that the designing engineer uses to force
the system to behave in a specified way.

Before proceeding to present general results concerning (2.4.1) we would
like to raise the following question: Do solutions of (2.4.1) form a vector
space? In other words, is the sum of two solutions of (2.4.1) a solution of
(2.4.1)?7 And is a multiple of a solution of (2.4.1) a solution of (2.4.1)7 Let
us answer these questions through the following example.

Example 2.28. Contemplate the equation
y(n+2)—y(n+1) —6y(n) =5(3").

(a) Show that y1(n) = n(3"!) and y2(n) = (1 +n)3" ! are solutions of
the equation.

(b) Show that y(n) = y2(n) — y1(n) is not a solution of the equation.

(c) Show that ¢(n) = cn(3"71) is not a solution of the equation, where ¢
is a constant.

Solution

(a) The verification that y; and ys are solutions is left to the reader.

(b) y(n) = y2(n) —y1(n) = 3"~ L. Substituting this into the equation yields
3l _3n 63" =3"[3-1-2]=0#5(3").

(c) By substituting for ¢(n) into the equation we see easily that ¢(n) is
not a solution.

input g(n)—> system —>output y(n)

FIGURE 2.2. Input—output system.
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Conclusion

(i) From the above example we conclude that in contrast to the situation
for homogeneous equations, solutions of the nonhomogeneous equa-
tion (2.4.1) do not form a vector space. In particular, neither the sum
(difference) of two solutions nor a multiple of a solution is a solution.

(ii) From part (b) in Example 2.28 we found that the difference of the
solutions y2(n) and y1(n) of the nonhomogeneous equation is actually
a solution of the associated homogeneous equation. This is indeed true
for the general nth-order equation, as demonstrated by the following
result.

Theorem 2.29. If y1(n) and y2(n) are solutions of (2.4.1), then x(n) =
y1(n) — ya(n) is a solution of the corresponding homogeneous equation

z(n+k)+pi(n)x(n+k—1)+-- +pr(n)z(n) =0. (2.4.2)

Proor. The reader will undertake the justification of this theorem in
Exercises 2.4, Problem 12. O

It is customary to refer to the general solution of the homogeneous equa-
tion (2.4.2) as the complementary solution of the nonhomogeneous equation
(2.4.1), and it will be denoted by y.(n). A solution of the nonhomoge-
neous equation (2.4.1) is called a particular solution and will be denoted
by y,(n). The next result gives us an algorithm to generate all solutions of
the nonhomogeneous equation (2.4.1).

Theorem 2.30. Any solution y(n) of (2.4.1) may be written as

A
y(n) = yp(n) + Z a;zi(n),

where {x1(n),x2(n),...,xx(n)} is a fundamental set of solutions of the
homogeneous equation (2.4.2).

PROOF. Observe that according to Theorem 2.29, y(n) — yp(n) is a
solution of the homogeneous equation (2.4.2). Thus y(n) — y,(n) =
Zle a;xi(n), for some constants a;.

The preceding theorem leads to the definition of the general solution of
the nonhomogeneous equation (2.4.1) as

y(n) = ye(n) + yp(n). (2.4.3)
O

We now turn our attention to finding a particular solution y, of
nonhomogeneous equations with constant coefficients such as

y(n+k)+pyn+k—1)+- - +pry(n) = g(n). (2.4.4)
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Because of its simplicity, we use the method of undetermined coefficients
to compute y,,.

Basically, the method consists in making an intelligent guess as to the
form of the particular solution and then substituting this function into the
difference equation. For a completely arbitrary nonhomogeneous term g(n),
this method is not effective. However, definite rules can be established for
the determination of a particular solution by this method if g(n) is a linear
combination of terms, each having one of the forms

a”, sin(bn), cos(bn), or n*, (2.4.5)
or products of these forms such as
a” sin(bn), ank, a"nk cos(bn), ... . (2.4.6)

Definition 2.31. A polynomial operator N(E), where F is the shift
operator, is said to be an annihilator of g(n) if

N(E)g(n) =0. (2.4.7)

In other words, N(E) is an annihilator of g(n) if g(n) is a solution of
(2.4.7). For example, an annihilator of g(n) = 3™ is N(F) = E — 3, since
(E —3)y(n) = 0 has a solution y(n) = 3". An annihilator of g(n) = cos &F
is N(E) = E? + 1, since (E% + 1)y(n) = 0 has a solution y(n) = cos %".

2
Let us now rewrite (2.4.4) using the shift operator F as

p(E)y(n) = g(n), (2.4.8)

where p(E) = E¥ 4+ pi EF "L 4+ po EF =2 ... 4, L.
Assume now that N(F) is an annihilator of g(n) in (2.4.8). Applying
N(E) on both sides of (2.4.8) yields

N(E)p(E)y(n) =0. (2.4.9)
Let A1, A2, ..., Ak be the characteristic roots of the homogeneous equation
p(E)y(n) =0, (2.4.10)

and let pq, po, ..., pug be the characteristic roots of
N(E)y(n) = 0. (2.4.11)

We must consider two separate cases.

Case 1. None of the A;’s equals any of the y;’s. In this case, write y,(n) as
the general solution of (2.4.11) with undetermined constants. Substituting
back this “guesstimated” particular solution into (2.4.4), we find the values
of the constants. Table 2.3 contains several types of functions g(n) and their
corresponding particular solutions.

Case 2. \; = p; for some ¢, 7. In this case, the set of characteristic roots
of (2.4.9) is equal to the union of the sets {\;}, {¢;} and, consequently,
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TABLE 2.3. Particular solutions y,(n).

g(n) Yp(n)
a” cia”
nk co+cln+~~~+cknk

nFa™ coa™ + cina™ + -+ - + cpnFa®

sin bn, cos bn c1 sin bn + co cosbn
a” sinbn, a™ cos bn (1 sinbn + c2 cosbn)a™
a"n® sinbn, a"n” cosbn | (co +c1n + - - + cxn®)a™ sin(bn)
+ (do 4+ din + - - - din®)a™ cos(bn)

contains roots of higher multiplicity than the two individual sets of char-
acteristic roots. To determine a particular solution y,(n), we first find the
general solution of (2.4.9) and then drop all the terms that appear in y.(n).
Then proceed as in Case 1 to evaluate the constants.

Example 2.32. Solve the difference equation

yn+2)+y(n+1) —12y(n) = n2". (2.4.12)
Solution The characteristic roots of the homogeneous equation are A\ = 3
and )\2 = —4.
Hence,

Ye(n) = 13" + co(—4)™.

Since the annihilator of g(n) = n2" is given by N(E) = (E — 2)? (Why?),
we know that p1 = ps = 2. This equation falls in the realm of Case 1, since
Ai # pj, for any 7, j. So we let

yp(n) = a12" + aan2”.
Substituting this relation into equation (2.4.12) gives
@122 +as(n +2)2"2 4+ a,2" T 4 ag(n + 1)2"T — 120,2™ — 12a9n2"™ = n2",
(10ag — 6a1)2"™ — 6agn2™ = n2™.

Hence
10as —6a; =0 and —6ay =1,
or
) -1
a; = — ag = —.
1 18 } 2 6
The particular solution is
-5 1
— 72n _ = 2n
vln) = 352" —gn2"

and the general solution is

5 1
— 13" 4+ ep(—4)" — 22m — —pan,
y(n) = 13" + ca(—4) 13 5"
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Example 2.33. Solve the difference equation

(E—3)(E+2)y(n) =5(3"). (2.4.13)
Solution The annihilator of 5(3") is N(E) = (E — 3). Hence, 11 = 3. The
characteristic roots of the homogeneous equation are A\; = 3 and Ay = —2.
Since A\; = u1, we apply the procedure for Case 2.
Thus,
(E —3)%(E +2)y(n) = 0. (2.4.14)

Now yc(n) = ¢13™ + ca(—2)".
We now know that the general solution of (2.4.14) is given by

g(n) = (a1 + a2n)3™ 4+ asz(—2)".

Omitting from g(n) the terms 3" and (—2)™ that appeared in y.(n), we set
yp(n) = aan3™. Substituting this y,(n) into (2.4.13) gives
)

as(n +2)3" 2 — ag(n + 1)3" ! + 6ayn3™ = 5.3",

or

az = 3.
Thus y,(n) = n3"~!, and the general solution of (2.4.13) is
y(n) = 13" 4 co(—2)" +n3" L

Example 2.34. Solve the difference equation

y(n+2) + 4y(n) = 8(2") cos (%) . (2.4.15)
Solution The characteristic equation of the homogeneous equation is

A +4=0.
The characteristic roots are
A = 24, Ay = —2i.

Thus r = 2,0 = 7/2, and

Ye(n) =27 (cl cos (%r) + co sin (%)) .

Notice that g(n) = 2™ cos ("”) appears in y.(n). Using Table 2.3, we set
yp(n) =2" (cm cos (n2 ) + bnsin (71277)) . (2.4.16)
Substituting (2.4.16) into (2.4.15) gives
ont2 {a(n + 2) cos (n—; + 7r) + b(n + 2) sin (% + 7T):|

+ (4)2" [an cos (n2 ) + bnsin (n;-)} = 8(2") cos (%) .
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Replacing cos((nm)/2 + w) by —cos((nm)/2), and sin((nw)/2 + 7) by
—sin((n7)/2) and then comparing the coefficients of the cosine terms leads
us to a = —1. Then by comparing the coefficients of the sine terms, we
realize that b = 0.

By substituting these values back into (2.4.16), we know that

yp(n) = —2"n cos (71277) ,

and the general solution of (2.4.15), arrived at by adding y.(n) and y,(n),

is
(n) = 2 ( nmw n . (mr) (mr))
= — in(— ) — —).
y(n €1 Cos 5 Co2S 5 7 CoS >

Exercises 2.4.

For Problems 1 through 6, find a particular solution of the difference
equation.

1. y(n+2) —5y(n+1)+6y(n) =1+n.
2. y(n+2)+8y(n+1)+12y(n) =™

3. y(n+2) —by(n+1) +4y(n) = 4™ —
4. y(n+2) 4+ 8y(n+1) + Ty(n) = ne™.
5. y(n+2) —y(n) = ncos (%)

nm

6. (E? +9)%y(n) = sin (%) — cos (7)

For Problems 7 through 9 find the solution of the difference equation.

7. A%(n) =16,  y(0)=2,  y(1)=3.

5 . (nm

8. A%y(n) + Ty(n) = 2sin <Z> , y(0) =0, y(l) =1.

9. (BE=3)(E*+y(n)=3",  y(0)=0, y(1)=1,  y(2)=3.
For Problems 10 and 11 find the general solution of the difference equation.
10. y(n+2) — y(n) = n2"sin (%)

11. y(n+2) + 8y(n+ 1) + Ty(n) = n2™.
12. Prove Theorem 2.29.

13. Consider the difference equation y(n+2)+p1y(n+1)+py(n) = g(n),
where p? < 4py and 0 < po < 1. Show that if y; and y» are two
solutions of the equation, then y;(n) — y2(n) — 0 as n — oo.

14. Determine the general solution of y(n+2)+\2y(n) = 22:1 A, sin(mmn),
where A > 0 and A #Zmm,m=1,2,..., N.
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15. Solve the difference equation
1 if0<n<2,
y(n+2)+yn) =

—1 ifn>2,

with y(0) =0 and y(1) = 1.

2.4.1 The Method of Variation of Constants (Parameters)

Contemplate the second-order nonhomogeneous difference equation

y(n +2) + pr(n)y(n+1) + p2(n)y(n) = g(n) (2.4.17)
and the corresponding homogeneous difference equation
y(n+2) + p1(n)y(n + 1) + p2(n)y(n) = 0. (2.4.18)

The method of variation of constants is commonly used to find a particular
solution y,(n) of (2.4.17) when the coefficients p1(n) and p2(n) are not
constants. The method assumes that a particular solution of (2.4.17) may
be written in the form

y(n) = ur(n)y1(n) + ua(n)yz(n), (2.4.19)

where y;(n) and y2(n) are two linearly independent solutions of the homo-
geneous equation (2.4.18), and ui(n), us(n) are sequences to be determined
later.

16. (a) Show that
y(n+1) =wu(n)yi(n +1) + uz(n)y2(n + 1)
+ Aui(n)y1(n+ 1) + Auz(n)yz(n + 1). (2.4.20)
(b) The method stipulates that
Aug(n)yi(n+ 1) + Aug(n)ya(n + 1) = 0. (2.4.21)
Use (2.4.20) and (2.4.21) to show that
y(n+2) = ur(n)yr(n +2) + ua(n)yz2(n + 2)
+ Aui(n)y1(n + 2) + Auz(n)y2(n + 2).

(c) By substituting the above expressions for y(n), y(n+1), and y(n+
2) into (2.4.17), show that

Aug(n)yi(n+2) + Auz(n)y2(n + 2) = g(n). (2.4.22)
(d) Using expressions (2.4.21) and (2.4.22), show that

_ —g(n)ya(n +1) s —g(r)ye(r 1)
Al = ooy = Sy

(2.4.23)
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)

gy (n +1) g(r y1 r+1)
A = SWURT )
uz(n) Wn+1) Z Wi(r+1)
(2.4.24)
where W(n) is the Casoratian of y;(n) and ya(n).

17. Use formulas (2.4.23) and (2.4.24) to solve the equation
y(n+2)—Ty(n+ 1)+ 6y(n) =
18. Use the variation of constants method to solve the initial value problem
y(n+2) =5y(n+1) +6y(n) = 2", y(1) =y(2) = 0.

19. Use Problem 16(d) to show that the unique solution of (2.4.17) with
y(0) = y(1) = 0 is given by

n) = ni:l yi(r + Dya(n) — ya(r + 1)3/1(71).

W(r+1)
20. Consider the equation
z(n+1) =azx(n) + f(n). (2.4.25)
(a) Show that
2(n) = a” |2(0) + %0) N fé;) . f("an V| (2.420)

is a solution of (2.4.25).

(b) Show that if |a] < 1 and {f(n)} is a bounded sequence, i.e.,
|f(n)] < M, for some M > 0, n € Z", then all solutions of
(2.4.25) are bounded.

(c) Suppose that a > 1 and {f(n)} is bounded on Z*. Show that if

we choose
0 1 n = f(
x(o):_<ffl)_|_fa(2)+..._|_££+2+...) :_Z afi(-y—i’
i=0
(2.4.27)

then the solution z(n) given by (2.4.26) is bounded on Z*. Give
an explicit expression for z(n) in this case.

(d) Under the assumptions of part (c), show that for any choice
of z(0), excepting that value given by (2.4.27), the solution of
(2.4.25) is unbounded.
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2.5 Limiting Behavior of Solutions

To simplify our exposition we restrict our discussion to the second-order
difference equation

y(n+2) + pry(n + 1) + pay(n) = 0. (2.5.1)

Suppose that A; and Ay are the characteristic roots of the equation. Then
we have the following three cases:

(a) A1 and Ay are distinct real roots. Then y1(n) = A} and y2(n) = A} are
two linearly independent solutions of (2.5.1). If |A1| > |A2|, then we
call y1(n) the dominant solution, and Ay the dominant characteristic
root. Otherwise, yo(n) is the dominant solution, and Ag is the dominant
characteristic root. We will now show that the limiting behavior of the
general solution y(n) = a1 A} + a2y is determined by the behavior
of the dominant solution. So assume, without loss of generality, that

|/\1| > |>\2| Then
A n
y(n) = AT [al + as (;) ] .
1

A2
A1

Since

<1,

it follows that

)\ n
<2> —0 asn — oo.
A1

Consequently, lim, ;o y(n) = lim, o a1 A}. There are six different
situations that may arise here depending on the value of A; (see Figure
2.3).

1. A1 > 1: The sequence {a; A\}} diverges to co (unstable system).
2. A1 = 1: The sequence {a1A]} is a constant sequence.

3. 0 < A1 < 1: The sequence {a; AT} is monotonically decreasing to
zero (stable system).

4. —1 < A1 < 0: The sequence {aj A7} is oscillating around zero (i.e.,
alternating in sign) and converging to zero (stable system).

5. A1 = —1: The sequence {a;A}} is oscillating between two values
a1 and —ajq.

6. A1 < —1: The sequence {a1A}} is oscillating but increasing in
magnitude (unstable system).
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(b) A\ = do = A.
The general solution of (2.5.1) is given by y(n) = (a; +aan)A\™. Clearly,
if [A| > 1, the solution y(n) diverges either monotonically if A > 1 or by
oscillating if A < —1. However, if |\| < 1, then the solution converges
to zero, since lim, oo nA" = 0 (Why?).

(c¢) Complex roots: Ay = a+if and Ag = o — i3, where 3 # 0.
As we have seen in Section 2.3, formula (2.3.12), the solution of (2.5.1)
is given by y(n) = ar™ cos(nf — w), where

r=+/a2+ 32, 6 = tan~* <§> )

The solution y(n) clearly oscillates, since the cosine function oscillates.
However, y(n) oscillates in three different ways depending on the lo-
cation of the conjugate characteristic roots, as may be seen in Figure
2.4.

1. r > 1: Here A\; and Ay = \; are outside the unit circle. Hence y(n)
is oscillating but increasing in magnitude (unstable system).

2. 7 = 1: Here A\; and Ay = ); lie on the unit circle. In this case y(n)
is oscillating but constant in magnitude.

3. 7 < 1: Here A\; and Ay = A lie inside the unit disk. The solution
y(n) oscillates but converges to zero as n — oo (stable system).

Finally, we summarize the above discussion in the following theorem.
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Theorem 2.35. The following statements hold:

(i) All solutions of (2.5.1) oscillate (about zero) if and only if the
characteristic equation has no positive real roots.

(ii) All solutions of (2.5.1) converge to zero (i.e., the zero solution is
asymptotically stable) if and only if max{|A\1],|A2|} < 1.

Next we consider nonhomogeneous difference equations in which the
input is constant, that is, equations of the form

y(n+2) +pry(n+ 1) + pay(n) = M, (2.5.2)

where M is a nonzero constant input or forcing term. Unlike (2.5.1), the
zero sequence y(n) = 0 for all n € Z7 is not a solution of (2.5.2). Instead,
we have the equilibrium point or solution y(n) = y*. From (2.5.2) we have

y* 4 py* + pay* = M,

or
M

e — 2.5.
Y 1+p1+p2 (25.3)

Thus y,(n) = y* is a particular solution of (2.5.2). Consequently, the
general solution of (2.5.2) is given by

y(n) = y* + ye(n). (2.5.4)

*

It is clear that y(n) — y* if and only if y.(n) — 0 as n — oo. Furthermore,
y(n) oscillates® about y* if and only if y.(n) oscillates about zero. These
observations are summarized in the following theorem.

Theorem 2.36. The following statements hold:

(i) All solutions of the nonhomogeneous equation (2.5.2) oscillate about
the equilibrium solution y* if and only if mone of the characteristic
roots of the homogeneous equation (2.5.1) is a positive real number.

(ii) All solutions of (2.5.2) converge to y* as n — oo if and only if
max{|A1], |A2|} < 1, where A1 and Ao are the characteristic roots of
the homogeneous equation (2.5.1).

Theorems 2.35 and 2.36 give necessary and sufficient conditions under
which a second-order difference equation is asymptotically stable. In many
applications, however, one needs to have explicit criteria for stability based
on the values of the coefficients p; and ps of (2.5.2) or (2.5.1). The following
result provides us with such needed criteria.

SWe say y(n) oscillates about y* if y(n) — y* alternates sign, i.e., if y(n) > y*,
then y(n + 1) < y*.
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Theorem 2.37. The conditions
14+p1+p2 >0, 1—p1+p2>0, 1—p2>0 (2.5.5)

are necessary and sufficient for the equilibrium point (solution) of equations
(2.5.1) and (2.5.2) to be asymptotically stable (i.e., all solutions converge

to y*).

PRrROOF. Assume that the equilibrium point of (2.5.1) or (2.5.2) is asymp-
totically stable. In virtue of Theorems 2.35 and 2.36, the roots A, Ay of
the characteristic equation A% + p1 A 4+ pa = 0 lie inside the unit disk, i.e.,
[A\1] <1 and |A2| < 1. By the quadratic formula, we have

—p1+ /P-4 —p1— /pE— 4
A o=t A and p, = BV (256)

2

Then we have two cases to consider.

Case 1. A1, \y are real roots, i.e., p? — 4ps > 0. From formula (2.5.6) we

have
—2< —p1 +4/p? —4p2 < 2,
—24+p < \/p% —4dpy <2+ py. (257)

Similarly, one obtains

—2+p1 < —\/pf —4pa < 2+p1. (2.5.8)

Squaring the second inequality in expression (2.5.7) yields

or

1+p1+p2>0. (2.5.9)
Similarly, if we square the first inequality in expression (2.5.8) we obtain
1—py+p2>0. (2.5.10)

Now from the second inequality of (2.5.7) and the first inequality of (2.5.8)
we obtain

24p; >0 and 2—p; >0 or |p1| <2

since p? — 4ps > 0, py < p?/4 < 1. This completes the proof of (2.5.5) in
this case.

Case 2. \1 and )y are complex conjugates, i.e., p3 — 4py < 0. In this case

we have
-p1 , & /
A2 = Ti§ 4]92—19%-

Moreover, since p? < 4ps, it follows that —2,/ps < p1 < 2,/p2. Now |\ ]2 =
2 2
a4 % — ZL = py. Since [A| < 1, it follows that 0 < pp < 1.
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Hence to show that the first two inequalities of (2.5.5) hold we need to
show that the function f(z) = 1+ x — 2y/z > 0 for z € (0,1). Observe
that f(0) =1, and f'(z) =1— % Thus z = 1 is a local minimum as f(z)
decreases for z € (0,1). Hence f(x) > 0 for all x € (0,1).

This completes the proof of the necessary conditions. The converse is left
to the reader as Exercises 2.5, Problem 8. O

Example 2.38. Find conditions under which the solutions of the equation
yn+2) —a(l+Byn+1)+afy(n) =1, a,3>0,

(a) converge to the equilibrium point y*, and

(b) oscillate about y*.

%

Solution Let us first find the equilibrium point y*. Be letting y(n) = y* in

the equation, we obtain
1
y*F=—) a# 1.
1—«
(a) Applying condition (2.5.5) to our equation yields
a <1, 1+ a+2a8 >0, aff < 1.
Clearly, the second inequality 14« +2a5 > 0 is always satisfied, since
«, 3 are both positive numbers.

(b) The solutions are oscillatory about y* if either A1, Ay are negative real
numbers or complex conjugates. In the first case we have

4p
a2(1 + ,6)2 > 40éﬁ, or o> m,

and
a(l+p8) <0,

which is impossible. Thus if a > 43/(1 + 3)?, we have no oscillatory
solutions.

Now, A1 and Ay are complex conjugates if

46
2 2
o(1+ <4daf or a< - ——5.
Hence all solutions are oscillatory if
46
o< —.
(1+p)?

For the treatment of the general kth-order scalar difference equations, the
reader is referred to Chapter 4, on stability, and Chapter 8, on oscillation.
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Exercises 2.5.

In Problems 1 through 4:

(a) Determine the stability of the equilibrium point by using Theorem 2.35
or Theorem 2.36.

(b) Determine the oscillatory behavior of the solutions of the equation.

1.
2.

10.

11.

*12.

y(n+2) —2y(n+1) +2y(n) = 0.
y(n+2) +Jy(n) = 5.

y(n+2) +y(n+1)+ Zy(n) = -5

y(n+2) —5y(n+ 1)+ 6y(n) =0.

Determine the stability of the equilibrium point of the equations
in Problems 1 through 4 by using Theorem 2.37.

Show that the stability conditions (2.5.5) for the equation y(n +
2) —ay(n + 1) + By(n) = 0, where o, 3 are constants, may be
written as

-1-fg<a<l+p, 8 <1

Contemplate the equation y(n+2) —p1y(n+1)—pay(n) = 0. Show
that if |p1] 4 |p2| < 1, then all solutions of the equation converge
to zero.

Prove that conditions (2.5.5) imply that all solutions of (2.5.2)
converge to the equilibrium point y*.

Determine conditions under which all solutions of the difference
equation in Problem 7 oscillate.

Determine conditions under which all solutions of the difference
equation in Problem 6 oscillate.

Suppose that p is a real number. Prove that every solution of the
difference equation y(n + 2) — y(n + 1) + py(n) = 0 oscillates if
and only if p > i.

Prove that a necessary and sufficient condition for the asymptotic
stability of the zero solution of the equation

y(n+2) + pry(n +1) + pay(n) =0
is

[p1] < 1+ p2 < 2.
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13. Determine the limiting behavior of solutions of the equation

y(n+2) =ac+ap(y(n+1) —y(n))

if:

i) aB=1,
(i) af =2,
(i) afi = 5

provided that «, 3, and ¢ are positive constants.
14. If p;y > 0 and po > 0, show that all solutions of the equation
y(n+2)+pry(n+1) +poy(n) =0
are oscillatory.

15. Determine the limiting behavior of solutions of the equation

yn+2) = Zyn 1)+ Zyimy =0

where o and 3 are constants, if:
(i) 8> 4o,
(ii) g < 4da.

2.6 Nonlinear Equations Transformable
to Linear Equations

In general, most nonlinear difference equations cannot be solved explic-
itly. However, a few types of nonlinear equations can be solved, usually by
transforming them into linear equations. In this section we discuss some
tricks of the trade.

Type 1. Equations of Riccati type:

z(n+ Dz(n) + p(n)x(n + 1) + g(n)z(n) = 0. (2.6.1)
To solve the Riccati equation, we let
1

in (2.6.1) to give us
g(n)z(n+1)+p(n)z(n) +1=0. (2.6.2)
The nonhomogeneous equation requires a different transformation

y(n+ Ly(n) +p(n)y(n +1) + q(n)y(n) = g(n). (2.6.3)
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If we let y(n) = (2(n+1)/z(n)) — p(n) in (2.6.3) we obtain

z(n+2) + (q(n) = p(n+ 1))z(n + 1) = (9(n) + p(n)q(n))z(n) = 0.

Example 2.39. The Pielou Logistic Equation

The most popular continuous model of the growth of a population is the
well-known Verhulst—Pearl equation given by

2/ (t) = z(t)[a — bz (t)], a,b>0, (2.6.4)

where x(t) is the size of the population at time ¢; a is the rate of the growth
of the population if the resources were unlimited and the individuals did
not affect one another, and —bx?(t) represents the negative effect on the
growth due to crowdedness and limited resources. The solution of (2.6.4)
is given by
b
o) = — M0
1+ (e=at/cd)
Now,
a/b

1+ (e=(t+1) /cb)
_ e*(a/b)
1+ (emat/ch) + (er — 1)

Dividing by [1 + (e~ /cb)], we obtain

z(t+1) =

_ ex(t)
= [1+ 2(e* = Da(t)]’
_ax(n)
r(n+1) = 5 Az (2.6.5)

where a = e and 8 = 2(e® —1).
This equation is titled the Pielou logistic equation.

Equation (2.6.5) is of Riccati type and may be solved by letting z(n) =
1/z(n). This gives us the equation

1 p

1 = — —

z(n+1) az(n) +o

whose solution is given by
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x(n+1)

r s

> x(n)
0.5

FIGURE 2.5. Asymptotically stable equilibrium points.

Thus
a"(a—1)/[Ba" +cla—1)—f] fa#l,
z(n) = 1 P
e ifa=1.
Hence
s o) — {(a— /8 ifa#1,
n—00 0 ifa=1.

This conclusion shows that the equilibrium point (o — 1)/8 is globally
asymptotically stable if o # 1. Figure 2.5 illustrates this for o« = 3, f =1,
and z(0) = 0.5.

Type II. Equations of general Riccati type:
a(n)z(n) +b(n)

z(n+1)= cm)a(n) +dn) (2.6.6)
such that ¢(n) # 0,a(n)d(n) — b(n)e(n) # 0 for all n > 0.
To solve this equation we let
_yn+1)
e(n)x(n) +d(n) = o (2.6.7)

Then by substituting
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into (2.6.6) we obtain
y(n+1) d(n)

yn+2)  dn+1) " |ty " em) T
cn+1Dyn+1) c(n+1) y(n+1)
y(n)
This equation simplifies to
y(n+2) +pr(n)y(n + 1) + pa(n)y(n) =0,
y(0) =1, y(1) = c(0)x(0) 4 d(0), (2.6.8)
where
pi(n) = _c(n)d(n + l)c(—;)a(n)c(n +1) 7
palin) = (an)d(n) ~ blen) 2.
Example 2.40. Solve the difference equation
_ 2x(n)+3
z(n+1)= 3o 12

Solution Here a = 2,b=3,c =3, and d = 2. Hence ad — bc # 0. Using the
transformation

se(n)+2 = YD (2.6.9)

we obtain, as in (2.6.8),
y(n+2) —dy(n+1) =5y(n) =0,  y(0)=1,  y(1)=3z(0)+2,

with characteristic roots Ay = 5, \g = —1.
Hence

y(n) = 15" + ea(—1)". (2.6.10)
From formula (2.6.9) we have

(n) 2 1" fep(—1)n Tt 2
x = - — = = — _ =
3 y(n) 3 3 b Hce(-1)n 3

where

Type III. Homogeneous difference equations of the type

(2ot o

z(n)
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z(n+1)
z(n)

Use the transformation z(n) = to convert such an equation to a

linear equation in z(n), thus allowing it to be solved.

Example 2.41. Solve the difference equation

z2(n 4+ 1) — 3z(n + 1)z(n) + 22%(n) = 0. (2.6.11)
Solution Dividing by z2(n), equation (2.6.11) becomes
z(n+1)]° x(n+1) B
{x(n)} 3 [m(n) +2=0, (2.6.12)

which is of Type III.
Letting 2(n) = % in (2.6.12) creates
22(n) — 3z(n) +2 =0.
We can factor this down to
[2(n) = 2][z(n) — 1] =0,

and thus either z(n) =2 or z(n) = 1.
This leads to

z(n+1)=2x(n) or z(n+1)=ax(n).

Starting with 2(0) = x, there are infinitely many solutions z(n) of (2.6.11)
of the form

. .92 2. . 7
1‘0,...,3}‘0,2.’,1?0,...,2330,2 33‘0,...,2 TOye---

Type IV. Counsider the difference equation of the form
(yn+k)™ (y(n+k—1))"=--(y(n))™** = g(n). (2.6.13)

Let z(n) = Iny(n), and rearrange to obtain

rizin+k)+razin+k—1)+ - +rgrz(n) =Ingn). (2.6.14)
Example 2.42. Solve the difference equation
22 (n+1)
2) = ——— 2.6.1
oo +2) = 5k (26.15)

Solution Let z(n) =Inz(n) in (2.6.15). Then as in (2.6.12) we obtain
z(n+2) —2z(n+1) 4+ 2z(n) = 0.

The characteristic roots are Ay =1+, Ay =1 — 1.
Thus,

z(n) = (2)"/? [cl Ccos (%) + co 8in (%)} .

"This solution was given by Sebastian Pancratz of the Technical University of
Munich.
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Therefore,

z(n) = exp [(2)”/2 {cl cos (%) + co8in (%) H .

Exercises 2.6

1.

10.

11.

12.

13.

14.

15.
16.

Find the general solution of the difference equation

y*(n+1) = 2y(n + 1)y(n) — 3y*(n) = 0.

. Solve the difference equation

y*(n+1) = (2 +n)y(n+1)y(n) + 2ny*(n) = 0.

Solve y(n + 1)y(n) — y(n + 1) + y(n) = 0.
- Solve y(n -+ Dy(n) — 2y(n+1)+ zy(n) = o=
Solve y(n +1) = 5 — %
Solve z(n + 1) = WJ £a>0.

Solve z(n + 1) = 22(n).
Solve the logistic difference equation

z(n+1) =2z(n)(1 —z(n)).
Solve the logistic equation

z(n+ 1) = 4z(n)[1 — z(n)].

Solve a(n + 1) = % (w(n) _ x("n)> a>0.

Solve y(n +2) = y3(n + 1) /y*(n).

Solve z(n+1) = 2;((:))_—’_;1
Solve y(n+1) = m
Solve z(n+ 1) = m

Solve y(n + 1) = 2y(n)\/1 — y2(n).

103

The “regular falsi” method for finding the roots of f(x) = 0 is given

by

z(n = 1) f(z(n)) - 2(n)f(x(n = 1))
f(z(n)) = f(z(n—1)) '

z(n+1) =
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(a) Show that for f(x) = z?, this difference equation becomes
z(n —1)z(n)
z(n—1)+x(n)’
(b) Let 2(1) = 1,2(2) = 1 for the equation in part (a). Show that the

solution of the equation is z(n) = 1/F(n), where F(n) is the nth
Fibonacci number.

z(n+1) =

2.7 Applications

2.7.1 Propagation of Annual Plants

The material of this section comes from Edelstein—Keshet [37] of plant
propagation. Our objective here is to develop a mathematical model that
describes the number of plants in any desired generation. It is known that
plants produce seeds at the end of their growth season (say August), after
which they die. Furthermore, only a fraction of these seeds survive the
winter, and those that survive germinate at the beginning of the season
(say May), giving rise to a new generation of plants.
Let

v = number of seeds produced per plant in August,

«a = fraction of one-year-old seeds that germinate in May,

0 = fraction of two-year-old seeds that germinate in May,

o = fraction of seeds that survive a given winter.

If p(n) denotes the number of plants in generation n, then

plants from plants from
p(n) = + ;
one-year-old seeds two-year-old seeds
p(n) = asi(n) + Bs2(n), (2.7.1)

where s1(n) (respectively, s2(n)) is the number of one-year-old (two-year-
old) seeds in April (before germination). Observe that the number of seeds
left after germination may be written as

fraction original number
seeds left = X .

not germinated of seeds in April

This gives rise to two equations:

S51(n) = (1 — a)s1(n), (2.7.2)

82(n) = (1 = B)sa(n), (2.7.3)
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Year k=n Year k=n+1 Year k=n+2

r \/ N\ N\
April-May August  Winter Apri-May August Winter April-May  August

—
%ﬂ 1Y

1
1
1
I
I
o L s,(n+1) 5,(n+1)
B o e
So(n) 1 l(x 1
I I é@/g
1 @%a 1
I T 1
1 | o
I :%8 b %o S(n+2)
(=]
I = l(x 5,(n+1)
: So(n+1) : 1
. - w
o
p(n) p(n+1) p(n+2) so(n+2)

FIGURE 2.6. Propogation of annual plants.

where §1(n) (respectively, 32(n)) is the number of one-year (two-year-old)
seeds left in May after some have germinated. New seeds sg(n) (0-year-old)
are produced in August (Figure 2.6) at the rate of v per plant,

so(n) = yp(n). (2.7.4)

After winter, seeds so(n) that were new in generation n will be one year
old in the next generation n+1, and a fraction oso(n) of them will survive.
Hence

s1(n+1) = aso(n),
or, by using formula (2.7.4), we have
s1(n+1) = oyp(n). (2.7.5)
Similarly,
sa(n+1) =08 (n),
which yields, by formula (2.7.2),
sa(n+1)=0(1—a)si(n),
sa(n+1) = o%y(1 — a)p(n — 1). (2.7.6)
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Substituting for s1(n + 1), sa(n + 1) in expressions (2.7.5) and (2.7.6) into

formula (2.7.1) gives
p(n+1) = ayop(n) + fyo*(1 - a)p(n - 1),
or
p(n+2) = ayop(n +1) + fy0*(1 - a)p(n).
The characteristic equation (2.7.7) is given by
N —ayol — fyo*(l —a) =0
with characteristic roots

M=%y mﬁ

Yo

45
Azo‘gal1,/1+wg(1a)].

(2.7.7)

Observe that Ay and Ao are real roots, since 1 — a > 0. Furthermore,
A1 > 0 and Ag < 0. To ensure propagation (i.e., p(n) increases indefinitely
as n — 00) we need to have A\; > 1. We are not going to do the same with
A2, since it is negative and leads to undesired fluctuation (oscillation) in

the size of the plant population. Hence
ayo 443
— |1 1+ —(1- > 1,
> [ + + 7042( «) ]

oyo [ 40 —0) o
2 ~ya? 2

or

Squaring both sides and simplifying yields
1
ao + Bo2(1 —a)’

v >

(2.7.8)

If g = 0, that is, if no two-year-old seeds germinate in May, then condition

(2.7.8) becomes

1
y>—.
[e7e)

(2.7.9)

Condition (2.7.9) says that plant propagation occurs if the product of the
fraction of seeds produced per plant in August, the fraction of one-year-old
seeds that germinate in May, and the fraction of seeds that survive a given

winter exceeds 1.
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2.7.2 Gambler’s Ruin

A gambler plays a sequence of games against an adversary in which the
probability that the gambler wins $1.00 in any given game is a known
value ¢, and the probability of his losing $1.00 is 1 — ¢, where 0 < ¢ < 1.
He quits gambling if he either loses all his money or reaches his goal of
acquiring N dollars. If the gambler runs out of money first, we say that the
gambler has been ruined. Let p(n) denote the probability that the gambler
will be ruined if he possesses n dollars. He may be ruined in two ways. First,
winning the next game; the probability of this event is g; then his fortune
will be n + 1, and the probability of being ruined will become p(n + 1).
Second, losing the next game; the probability of this event is 1 — ¢, and
the probability of being ruined is p(n — 1). Hence applying the theorem of
total probabilities, we have

p(n) =qp(n+1)+ (1 - qg)p(n —1).

Replacing n by n + 1, we get
1 -q . _ _
p(n+2)— gp(n +1)+ Tp(n) =0, n=0,1,...,N, (2.7.10)
with p(0) = 1 and p(NN) = 0. The characteristic equation is given by

1 1-
A —1 o
q q
and the characteristic roots are given by

1 1-2¢ 1-—g¢

0,

A= — —_,
2q 2q q
1 1-2
No=— — Ay
2q 2q

Hence the general solution may be written as
1—¢\" 1
= — if —.
p(n) 01+C2( 7 ) . IQ#Z
Now using the initial conditions p(0) = 1, P(N) = 0 we obtain
1—gq N
c1+cy=1, c1+co| — =0,
q

which gives



108 2. Linear Difference Equations of Higher Order

1-¢\" [1-¢\"
G R
q

The special case ¢ = 5 must be treated separately, since in this case we
have repeated roots A\; = Ay = 1. This is certainly the case when we have
a fair game. The general solution in this case may be given by

Thus

p(n) =a + asmn,

which with the initial conditions yields
n N-—n
= 1 —_— = .

p(n) N N

For example, suppose you start with $4, the probability that you win a
dollar is 0.3, and you will quit if you run out of money or have a total of
$10. Then n = 4, ¢ = 0.3, and N = 10, and the probability of being ruined

is given by
) -G)
% = 0.994.
7
1- (2L
(5)
On the other hand, if ¢ = 0.5, N = $100.00, and n = 20, then from formula
(2.7.12) we have

(2.7.12)

p4) =

20
20)=1- - =0.8.

Observe that if ¢ < 0.5 and N — oo, p(n) tends to 1 in both formulas
(2.7.11) and (2.7.12), and the gambler’s ruin is certain.
The probability that the gambler wins is given by

1 _ n
()
N9 T i g405,

pn) =1—p(n) =< |_ <1‘1)N’ (2.7.13)
q

e if ¢ =0.5.

2.7.8 National Income

In a capitalist country the national income Y (n) in a given period n may
be written as

Y(n) =C(n)+I(n) + G(n), (2.7.14)
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where

C(n) = consumer expenditure for purchase of consumer goods,
I(n) = induced private investment for buying capital equipment, and
G(n) = government expenditure,

where n is usually measured in years.

We now make some assumptions that are widely accepted by economists
(see, for example, Samuelson [129]).

(a) Consumer expenditure C(n) is proportional to the national income
Y (n — 1) in the preceding year n — 1, that is,

C(n) =aY(n—1), (2.7.15)
where a > 0 is commonly called the marginal propensity to consume.

(b) Induced private investment I(n) is proportional to the increase in
consumption C'(n) — C(n — 1), that is,

I(n) = B[C(n) — C(n—1)], (2.7.16)
where 8 > 0 is called the relation.

¢) Finally, the government expenditure G(n) is constant over the years,
Finally, th t diture G(n) i tant th
and we may choose our units such that

G(n) = 1. (2.7.17)

Employing formulas (2.7.15), (2.7.16), and (2.7.17) in formula (2.7.14)
produces the second-order difference equation

Y(n+2)—a(l+5)Y(n+1)+afY(n) =1, neZt. (2.7.18)

Observe that this is the same equation we have already studied, in
detail, in Example 2.38. As we have seen there, the equilibrium state
of the national income Y* = 1/(1 — «) is asymptotically stable (or just
stable in the theory of economics) if and only if the following conditions
hold:

a<l, 14+ a+2a8 >0, af < 1. (2.7.19)

Furthermore, the national income Y'(n) fluctuates (oscillates) around

the equilibrium state Y* if and only if

46
a< —=. 2.7.20
(o (27:20)
Now consider a concrete example where o« = %, B=1.Then Y* =2, ie.,
Y* = twice the government expenditure. Then clearly, conditions (2.7.19)
and (2.7.12) are satisfied. Hence the national income Y (n) always converges
in an oscillatory fashion to Y* = 2, regardless of what the initial national

income Y'(0) and Y (1) are. (See Figure 2.7.)
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Y(n) 4

1

—t—
5 6 7

PN

}
3

N =+

FIGURE 2.7. Solution of Y(n+2) =Y (n+1)+Y(n) =1,Y(0) =1,Y(1) = 2.

The actual solution may be given by

Y(n)= A <\}§>ncos (%” —w)+2

Figure 2.7 depicts the solution Y'(n) if Y(0) = 1 and Y (1) = 2. Here we
find that A = —v/2 and w = 7/4 and, consequently, the solution is

o= - (25) e [0 2

Finally, Figure 2.8 depicts the parameter diagram (8 — «), which shows
regions of stability and regions of instability.

2.7.4 The Transmission of Information

Suppose that a signaling system has two signals s; and s3 such as dots and
dashes in telegraphy. Messages are transmitted by first encoding them into
a string, or sequence, of these two signals. Suppose that s; requires exactly
n1 units of time, and sy exactly ng units of time, to be transmitted. Let
M (n) be the number of possible message sequences of duration n. Now, a
signal of duration time n either ends with an s; signal or with an s, signal.

o A

Real roots
unstable

Imaginary roots
unstable

Imaginary
roots
stable

Il » B
1

FIGURE 2.8. Parametric diagram (8 — «).



2.7 Applications 111

— e —o — —000 — ®: M(n—n,) possible message

—_——— — — 00 — — | —; M(n—n,) possible message

FIGURE 2.9. Two signals, one ends with s; and the other with s2.

If the message ends with sp, the last signal must start at n — n; (since
s1 takes np units of time). Hence there are M (n —ny) possible messages to
which the last s; may be appended. Hence there are M(n — n1) messages
of duration n that end with s;. By a similar argument, one may conclude
that there are M (n — ng) messages of duration n that end with so. (See
Figure 2.9.) Consequently, the total number of messages x(n) of duration
n may be given by

M(n) = M(n—mny)+ M(n —na).

If n1 > no, then the above equation may be written in the familiar form

of an nyth-order equation

M(n+mn1) — M(n+ny —ng) — M(n) =0. (2.7.21)
On the other hand, if n; < ng, then we obtain the noth-order equation
M(n+mng) — M(n+mny —ny) — M(n)=0. (2.7.22)

An interesting special case is that in which n; = 1 and ny = 2. In this case
we have

Mn+2)-Mn+1)—M(n)=0,
Mmn+2)=Mn+1)+ M(n),

which is nothing but our Fibonacci sequence {0, 1,1,2,3,5,8, ...}, which we
encountered in Example 2.27. The general solution (see formula (2.3.14))
is given by

M(n)=a1<1+¢5> +a2<1_\/5> ., n=0,1,2,.... (2.7.23)

2 2

To find a; and ag we need to specify M (0) and M(1). Here a sensible
assumption is to let M(0) = 0 and M (1) = 1. Using these initial data in
(2.7.23) yields

1 1
—, o = ——
N 2

V5
and the solution of our problem now becomes

1 (1+vB) 1 [1-vB)
wor- 5 () ()

a1 =
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In information theory, the capacity C' of the channel is defined as

C = lim 222MM) (2.7.25)

n—oo n

where logs denotes the logarithm base 2.

From (2.7.24) we have
145 1-v5\"
2 ]\ 2 '

(2.7.26)

n
Since (1_7‘/5) ~ 0.6 < 1, it follows that (1_2‘/5> — 0 asn — oo.

Observe also that the first term on the right-hand side of (2.7.26) goes
to zero as n — oo.

log 1
082
1
C = lim 7\/54— lim — log,

n—00 n n—o00 N,

Thus
1 n
C = lim —log, (1 +\/5> ,
n—oo n 2
1 5
C = log, < +2\[> ~0.7. (2.7.27)

Exercises 2.7
1. The model for annual plants was given by (2.7.7) in terms of the plant
population p(n).
(a) Write the model in terms of s1(n).

(b) Let a = =0.01 and o = 1. How big should ~ be to ensure that
the plant population increases in size?

2. An alternative formulation for the annual plant model is that in which
we define the beginning of a generation as the time when seeds are
produced. Figure 2.10 shows the new method.

Write the difference equation in p(n) that represents this model. Then
find conditions on 7 under which plant propagation occurs.

3. A planted seed produces a flower with one seed at the end of the first
year and a flower with two seeds at the end of two years and each year
thereafter. Suppose that each seed is planted as soon as it is produced.

(a) Write the difference equation that describes the number of flowers
F(n) at the end of the nth year.

(b) Compute the number of flowers at the end of 3, 4, and 5 years.

4. Suppose that the probability of winning any particular bet is 0.49.
If you start with $50 and will quit when you have $100, what is the
probability of ruin (i.e., losing all your money):
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(i) if you make $1 bets?
(ii) if you make $10 bets?
(iii) if you make $50 bets?

5. John has m chips and Robert has (N — m) chips. Suppose that John
has a probability p of winning each game, where one chip is bet on in
each play. If G(m) is the expected value of the number of games that
will be played before either John or Robert is ruined:

(a) Show that G(m) satisfies the second-order equation
Gm+2)+pG(m+1)+ (1 —p)G(m) =0. (2.7.28)
(b) What are the values of G(0) and G(N)?

(¢) Solve the difference equation (2.7.28) with the boundary condi-
tions in part (b).

6. Suppose that in a game we have the following situation: On each play,
the probability that you will win $2 is 0.1, the probability that you
will win $1 is 0.3, and the probability that you will lose $1 is 0.6.
Suppose you quit when either you are broke or when you have at least
N dollars. Write a third-order difference equation that describes the
probability p(n) of eventually going broke if you have n dollars. Then
find the solution of the equation.

7. Suppose that Becky plays a roulette wheel that has 37 divisions: 18
are red, 18 are black, and one is green. Becky can bet on either the
red or black, and she wins a sum equal to her bet if the outcome is a
division of that color; otherwise, she loses the bet. If the bank has one

I I
580 - o : B :
So(N) ! !

| |

1
1
1
oo
| S8 — :
| o |
1 Se(n+1) 1 |
—_—
p(n+1)

FIGURE 2.10. Annual plant model.
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million dollars and she has $5000, what is the probability that Becky
can break the bank, assuming that she bets $100 on either red or black
for each spin of the wheel?

In the national income model (2.7.14), assume that the government
expenditure G(n) is proportional to the national income Y (n — 2) two
periods past, i.e., G(n) =Y (n —2), 0 < v < 1. Derive the difference
equation for the national income Y (n). Find the conditions for stability
and oscillations of solutions.

Determine the behavior (stability, oscillations) of solutions of (2.7.18)
for the cases:

__ 4
(a) a= azae
46

Modify the national income model such that instead of the government
having fixed expenditures, it increases its expenditures by 5% each time
period, that is, G(n) = (1.05)".

(a) Write down the second-order difference equation that describes
this model.

(b) Find the equilibrium value.

(¢) If « =10.5,8 =1, find the general solution of the equation.
Suppose that in the national income we make the following assump-
tions:

(i) Y(n) = C(n) + I(n), i.e., there is no government expenditure.
(ii) C(n) = a1Y(n — 1) + a2Y(n — 2) + K, i.e., consumption in any

period is a linear combination of the incomes of the two preceding

periods, where a1, a2, and K are constants.

(iii) I(n+ 1) = I(n) + h, i.e., investment increases by a fixed amount
h > 0 each period.

(a) Write down a third-order difference equation that models the
national income Y'(n).

1 1
(b) Find the general solution if a; = 2002 =7

(¢) Show that Y'(n) is asymptotic to the equilibrium Y* = a+gn.

(Inventory Analysis). Let S(n) be the number of units of consumer
goods produced for sale in period n, and let T'(n) be the number of
units of consumer goods produced for inventories in period n. Assume
that there is a constant noninduced net investment V[ in each period.
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Then the total income Y'(n) produced in time n is given by Y(n) =
T(n)+ S(n)+ V.

(a) Develop a difference equation that models the total income Y'(n),
under the assumptions:

(i) S(n) = BY(n - 1),
(i) T(n) = BY (n— 1) — BY (n — 2).
(b) Obtain conditions under which:
(i) solutions converge to the equilibrium,
(ii) solutions are oscillatory.
(c¢) Interpret your results in part (b).
13. Let I(n) denote the level of inventories at the close of period n.

(a) Show that I(n) = I(n — 1) + S(n) + T(n) — Y (n) where
S(n),T(n),Y (n) are as in Problem 12.

(b) Assuming that S(n) = 0 (passive inventory adjustment), show
that

I(n) — I(n—1) = (1= AY () — Vi
where Vj is as in Problem 12.
(¢) Suppose as in part (b) that s(n) = 0. Show that
In+2)—(8+1)I(n+1)+ pI(n)=0.
(d) With g # 1, show that

1) = (10) = 55 ) s 155

where (E — 8)I(n) = c.

14. Consider (2.7.21) with n; = ny = 2 (i.e., both signals s; and sy take
two units of time for transmission).

(a) Solve the obtained difference equation with the initial conditions
M2)=M(3)=2.

(b) Find the channel capacity c.

15. Consider (2.7.21) with n; = ng =1 (i.e., both signals take one unit of
time for transmission).

(a) Solve the obtained difference equation.

(b) Find the channel capacity c.
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(Euler’s method for solving a second-order differential equation.) Re-
call from Section 1.4.1 that one may approximate z'(¢) by (xz(n +
1) — x(n))/h, where h is the step size of the approximation and
x(n) = z(to + nh).

(a) Show that x”(t) may be approximated by
z(n+2)—2z(n+1)+xz(n)
2
(b) Write down the corresponding difference equation of the differen-
tial equation

2(t) = f(x(t), 2'(1)).

Use Euler’s method described in Problem 16 to write the corresponding
difference equation of

2 (t) —4x(t) =0, z(0)=0, 2'(0)=1.

Solve both differential and difference equations and compare the
results.

(The Midpoint Method). The midpoint method stipulates that one
may approximate z’(t) by (x(n+1) —xz(n —1))/h, where h is the step
size of the approximation and t =ty + nh.

(a) Use the method to write the corresponding difference equation of
the differential equation a'(t) = g(t, z(t)).

(b) Use the method to write the corresponding difference equation of
2'(t) = 0.72% + 0.7,2(0) = 1,¢ € [0,1]. Then solve the obtained
difference equation.

(¢) Compare your findings in part (b) with the results in Section 1.4.1.
Determine which of the two methods, Euler or midpoint, is more
accurate.
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Systems of Linear Difference Equations

In the last chapter we concerned ourselves with linear difference equations,
namely, those equations with only one independent and one dependent
variable. Since not every situation that we will encounter will be this simple,
we must be prepared to deal with systems of more than one dependent
variable.

Thus, in this chapter we deal with those equations of two or more depen-
dent variables known as first-order difference equations. These equations
naturally apply to various fields of scientific endeavor, like biology (the
study of competitive species in population dynamics), physics (the study
of the motions of interacting bodies), the study of control systems, neurol-
ogy, and electricity. Furthermore, we will also transform those high-order
linear difference equations that we investigated in Chapter 2 into systems
of first-order equations. This transformation will probably prove to be of
little practical use in the realm of boundary value problems and oscilla-
tions, but will be substantiated as an immensely helpful tool in the study
of stability theory later on, see [3], [79], [87].

3.1 Autonomous (Time-Invariant) Systems

In this section we are interested in finding solutions of the following system
of k linear equations:
xl(n + 1) = (1111’1(71) + (llgxg(n) + -+ alkxk(n),
zo(n+1) = as1z1(n) + ageza(n) + - - - + agpar(n),
117
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zp(n+1) = apa1(n) + agaza(n) + - - + aprzr(n).
This system may be written in the vector form
z(n+1) = Az(n), (3.1.1)

where z(n) = (z1(n), x2(n),...,2x(n))T € R¥, and A = (a;j) isa k x k
real nonsingular matrix. Here T indicates the transpose of a vector. Sys-
tem (3.1.1) is considered autonomous, or time-invariant, since the values
of A are all constants. Nonautonomous, or time-variant, systems will be
considered later in Section 3.3.

If for some ng > 0,z(ng) = x is specified, then system (3.1.1) is called
an initial value problem. Furthermore, by simple iteration (or by direct
substitution into the equation), one may show that the solution is given by

’x(n, no, o) = A" "0, (3.1.2)

where AY = I, the k x k identity matrix. Notice that z(ng,ng, o) = zo. If
ng = 0, then the solution in formula (3.1.2) may be written as x(n, xo), or
simply z(n). We now show that we may assume that ny = 0 without loss
of generality.
Let y(n — ng) = x(n). Then (3.1.1) becomes
y(n+1) = Ay(n), (3.1.3)
with y(0) = 2(ng) and
y(n) = A%y(0). (3.1.4)
A parallel theory exists for systems of linear differential equations. The
solution of the initial value problem
d
== Ax(t), a(to) = o,
where A is a k x k matrix, x € R¥, is given by

z(t) = eAlt0) g,

3.1.1 The Discrete Analogue of the Putzer Algorithm

In differential equations the Putzer algorithm is used to compute e“*. Here,
we introduce an analogous algorithm to compute A". First, let us review
the rudiments of matrix theory that are vital in the development of this
algorithm. In what follows C denotes the set of complex numbers.

Recall that for a real k x k matrix A = (a;;), an eigenvalue of A4 is a
real or complex number A such that A6 = A¢ for some nonzero ¢ € CF.
Equivalently, this relation may be written as

(A— M€ = 0. (3.1.5)
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Equation (3.1.5) has a nonzero solution if and only if
det(A — \I) =0,
or
N a N a2 g A+ ap = 0. (3.1.6)

Equation (3.1.6) is called the characteristic equation of A, whose roots A
are called the eigenvalues of A. If A1, Ag,..., A\r are the eigenvalues of A
(some of them may be repeated), then one may write (3.1.6) as

k

P =[] =N). (3.1.7)

j=1

We are now ready to state the Cayley—Hamilton theorem, one of the
fundamental results of matrix theory.

Theorem 3.1. Every matriz satisfies its characteristic equation. That is,

k
=[J(a-x1) =0, (3.1.8)
Jj=1
or
AR pag AR pap AR T = 0. (3.1.9)

3.1.2  The Development of the Algorithm for A"

Let A be a k x k real matrix. We look for a representation of A™ in the
form

A" = Zuj(n)M(j —-1), (3.1.10)

where the u;(n)’s are scalar functions to be determined later, and
M@G)=A-NI)M(—-1), M(0) =1, (3.1.11)
or
M@ +1) = (A= N )MG), M(0) = 1.
By iteration, one may show that
Mn)=A- \DA-rpaI)--- (A=),

or, in compact form,

= ﬁ(A — ). (3.1.12)
j=1
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Notice that by the Cayley-Hamilton theorem we have

k
HA A

Consequently, M (n) = 0 for all n > k. In light of this observation, we may
rewrite formula (3.1.10) as

k
A" = Zuj(n)M(j —1). (3.1.13)

If we let n = 0 in formula (3.1.13) we obtain
A® =T =y (0)T 4+ ug(0)M(1) + - + ug(0) M (k — 1). (3.1.14)
Equation (3.1.14) is satisfied if
u1(0) =1 and w2(0) =uz(0) =--- =uk(0) =0. (3.1.15)

From formula (3.1.13) we have
k k
> uin+ )M —1) = AA" = A | > uj(n)M(j — 1)
j=1 =1

k
Z n)AM(j — 1).

Substituting for AM(j — 1) from (3.1.11) yields

k
> uj(n+1)M(j - 1) Zu] §)FNM(G—1)]. (3.1.16)
Comparing the coefficients of M (j),1 < j < k, in (3.1.16), and applying
condition (3.1.15), we obtain

ur(n+1) = Mui(n), u1(0)
uj(n+1) = Ajuj(n) +uj-1(n), u;(0)

b

1
0, j=2,3,....k (3.1.17)

The solutions of (3.1.17) are given by

n—1

ur(n) =AY, wi(n) =Y N (), j=2,3,... k. (3.1.18)
=0

Equations (3.1.12) and (3.1.18) together constitute an algorithm for com-
puting A", which henceforth will be called the Putzer algorithm. For more
details and other algorithms, the interested reader may consult the paper
by Elaydi and Harris [46].
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Example 3.2. Find A" if

0 1 1
A=1-2 3
-3 1

Solution The eigenvalues of A are obtained by solving the characteristic
equation

—-A 1 1
det(A—A)=det | =2 3 -\ 1 =0.
-3 1 4—- A

Hence

p(A\) = A% — 7TA% 4 16X — 12
=(A—-22\-3)=0.

The eigenvalues of A are A\ = Ay =2, \3 = 3,

-2 11
MO)=1I, M1)=A-2I=]|-2 1 1|,
-3 1
-1 01
M@2)=(A-2I), M(1)=(A-20)*=]-1 0
-2 0 2
Now
ui(n) = 4",
n—1
uz(n) = Z o(n=1=0) . 9t — pon-1,
=0

n—1
ug(n) = 3 301021y
=0

gn—1 "*1. ) @
%)

n—1 gilngnigrﬂrl 2
3 [G-D"(3)"- () +3] (from Table 1.1)
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Thus

AT =3 ()M (G 1)

2n—1 _3"n _ 7’L2n_1 n2n—1 _9m 4 3n
— Qn _ 37’L _ 7,LQ’I’Lfl (TL + 2)2’”‘71 7271 + 3n
2mth 2.3 —panl n2" ! —2"42.3"

Example 3.3. Find the solution of the difference system z(n + 1) =
Az(n), where

4 1 2
A=|(0 2 —4
01 6

Solution The eigenvalues of A may be obtained by solving the characteristic
equation det(A — AI) = 0. Now,

4—X 1 2
det| 0 2-X —4 |=(A-NA-4)?2=0.
0 I 6-2A

Hence, the eigenvalues of A are \; = Ay = A3 = 4. So

MO) =1, M(1)=A- 41( :
0
0
0

0 0
M@2)=(A—4)M@1)=[0 0 0
0 0
Now,
ui(n) = 4",
n—1
up(n) =Yy _(4"717)(4) =n(4"Y),
=0
Ug(n) _ 2471 1 z( 4% 1)
1=0 .
=472
=0
_ n(n — 1) 417—2
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Using (3.1.13), we have

A =4n

1 00 0 1 2
01 0f+na™ |0 —2 —4
0 0 1 0 1 2
000
@4”—2 00 0
000
4n n4n—t 241
0 4" —2pan! —nd™
0 n4n1 4" 4 2pqnt

The solution of the difference equation is given by

xz(n) = A"z(0)

4721 (0) + nd"1a9(0) + 204" t3(0)

=| (@ —204" 2o(0) — nd"a3(0) |,

nd" x5 (0) + (4" + 2n4™ ) a3(0)

where z(0) = (z1(0), 22(0), z3(0))7.

Exercises 3.1

123

In Problems 1 through 4, use the discrete Putzer algorithm to evaluate A™.

(11
A= .
-2 4]
-1 2
A= .
3 O]
(1 2 -1
.A=10 1
4 -4 5
2 1 0
LA=10 2 1
0 0 2
. Solve the system
z1(n+1) = —z1(n) + x22(n), x21(0) =1,
xa2(n + 1) = 2z5(n), x2(0) = 2.

. Solve the system
z1(n+1) = z2(n),
zo(n+ 1) = z3(n),

z3(n+1) = 2z1(n) — z2(n) + z3(n).
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Solve the system

1 -2 -2 1
zn+1) =0 0 =1 z(n), z(0) =
o 2 3 0
Solve the system
1 30 0
0 2 1 -1
z(n+1) = 00 2 0 z(n).
0 00 3
Verify that the matrix A = i _31 satisfies its characteristic

equation (the Cayley Hamilton Theorem).

Let p(A) = max{|A| : A is an eigenvalue of A}. Suppose that p(A) =
po < B.
(a) Show that |u;(n)| < L, i=12,.. k.
(8= po)
(b) Show that if pg < 1, then u;(n) — 0 as n — oo. Conclude that
A" — 0 asn — oo.

(¢) If @ < min{|A| : X is an eigenvalue of A}, establish a lower bound
for |u;(n)|.

If a k£ x k matrix A has distinct eigenvalues A1, Ag, ..., \;, then one
may compute A™ n > k, using the following method. Let p(\) be
the characteristic polynomial of A. Divide \™ by p(A) to obtain \"* =
p(AN)g(A\) + 7r)(A), where the remainder r(\) is a polynomial of degree
at most (k — 1). Thus one may write A" = p(A)q(A) + r(A).

(a) Show that A" = r(A) = aol + a1 A+ azA? + -+ ap_1 AFL.
(b) Show that AT =r(X1), A5 =r(A2),..., A} =r(A\g).
(¢) Use part (b) to find ag,a1,...,ak-1.

12. Extend the method of Problem 11 to the case of repeated roots.

13. Apply the method of Problem 12 to find A™ for:

, 11
(i) A= <2 4).
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y
A
0,1) 7]
P4
Ps
P4
—p X

Po P2 (1,0)
FIGURE 3.1.

14. Apply the method of Problem 12 to find A™ for

4 1 2
A=[0 2 —4
01 6

15.1 Consider the right triangle in Figure 3.1 where p(0) = (0,0), p(1) =
(3.3), and p(2) = (3,0). For p(n) = (z(n),y(n)) with n > 3, we have

x(n+3)= %(x(n) + z(n+ 1)),

y(n+3) = L (yln) + y(n + 1))

(a) Write each equation as a system z(n + 1) = Az(n).
(b) Find lim,,_, p(n).

3.2 The Basic Theory

Now contemplate the system
z(n+1) = A(n)x(n), (3.2.1)

where A(n) = (a;;(n)) is a k x k nonsingular matrix function. This is
a homogeneous linear difference system that is nonautonomous, or time-
variant.

The corresponding nonhomogeneous system is given by

y(n+1) = A(n)y(n) + g(n), (3.2.2)

where g(n) € R*.
We now establish the existence and uniqueness of solutions of (3.2.1).

'Proposed by C.V. Eynden and solved by Trinity University Problem Solving
Group (1994).
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Theorem 3.4. For each xo € R and ng € Z* there erists a unique
solution x(n,ng,xo) of (3.2.1) with x(ng,no, To) = To.
Proor. From (3.2.1),
x(ng + 1,n0,0) = A(no)z(no) = A(no)zo,
z(ng + 2,n0,x0) = A(ng + 1)z(ng + 1) = A(ng + 1) A(ng)xo.

Inductively, one may conclude that

IT A6)

x(n, ng, xg) = xo, (3.2.3)
i=ng
where
not An—1)A(n —2)---A(ng) if n > ny,
I1 46 =
imno I if n = nog.
Formula (3.2.3) gives the unique solution with the desired properties. O

We will now develop the notion of a fundamental matrix, a central
building block in the theory of linear systems.

Definition 3.5. The solutions z1(n), z2(n),...,zx(n) of (3.2.1) are said
to be linearly independent for n > ng > 0 if whenever c;z1(n) + coza(n) +
<o+ cpag(n) =0 for all n > ng, then ¢; = 0,1 <1i < k.

Let ®(n) be a k x k matrix whose columns are solutions of (3.2.1). We
write

®(n) = [z1(n), z2(n), ..., zx(n))].

Now,
D(n+1) =[A(n)x1(n), A(n)z2(n), ..., A(n)xr(n)]
= A(n)[z1(n),z2(n), ..., xx(n)]
= A(n)®(n).
Hence, ®(n) satisfies the matrix difference equation
d(n+1)=An)2(n). (3.2.4)
Furthermore, the solutions x1(n), z2(n),...,zx(n) are linearly indepen-

dent for n > nyg if and only if the matrix ®(n) is nonsingular (det ®(n) # 0)
for all n > ng. (Why?) This actually leads to the next definition.

Definition 3.6. If ®(n) is a matrix that is nonsingular for all n > ng
and satisfies (3.2.4), then it is said to be a fundamental matriz for system
equation (3.2.1).

Note that if ®(n) is a fundamental matrix and C is any nonsingular
matrix, then ®(n)C is also a fundamental matrix (Exercises 3.2, Problem
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6). Thus there are infinitely many fundamental matrices for a given system.
However, there is one fundamental matrix that we already know, namely,

B(n) = 1:[ A(i), with ®(no) = I

i:’no

(Exercises 3.2, Problem 5). In the autonomous case when A is a constant
matrix, ®(n) = A" " and if ng = 0, then ®(n) = A". Consequently, it
would be much more suitable to use the Putzer algorithm to compute the
fundamental matrix for an autonomous system.

Theorem 3.7. There is a unique solution ¥(n) of the matrix (3.2.4) with

PROOF. One may think of the matrix difference equation (3.2.4) as a
system of k2 first-order difference equations. Thus, to complete the point,
we may apply the “existence and uniqueness” Theorem 3.4 to obtain a k2-
vector solution v such that v(ng) = (1,0,...,1,0,...)7, where 1’s appear at
the first, (k+2)th, (2k+3)th, ... slots and 0’s everywhere else. The vector
v is then converted to the k x k matrix ¥(n) by grouping the components
into sets of k elements in which each set will be a column. Clearly, ¥(ng) =
1. O

We may add here that starting with any fundamental matrix ®(n), the
fundamental matrix ®(n)®~1(ng) is such a matrix. This special fundamen-
tal matrix is denoted by ®(n,ng) and is referred to as the state transition
matrix.

One may, in general, write ®(n,m) = ®(n)® *(m) for any two posi-
tive integers n, m with n > m. The fundamental matrix ®(n, m) has some
agreeable properties that we ought to list here. Observe first that ®(n, m)
is a solution of the matrix difference equation ®(n + 1,m) = A(n)®(n, m)
(Exercises 3.2, Problem 2). The reader is asked to prove the following
statements:

(i) @ 1(n,m) = ®(m,n) (Exercises 3.2, Problem 3).
(ii) ®(n,m)=®(n,r)®(r,m) (Exercises 3.2, Problem 3).
(iii) ®(n,m) =[]/ A(i) (Exercises 3.2, Problem 3).

Corollary 3.8. The wunique solution of x(n,ng,xo) of (3.2.1) with
z(n,ng, o) = T is given by

’x(nmmxo) = ®(n,no)xo. ‘ (3.2.5)

Checking the linear independence of a fundamental matrix ®(n) for n >
ng is a formidable task. We will instead show that it suffices to establish
linear independence at ng.
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Lemma 3.9 Abel’s Formula. For any n > ng > 0,

n—1

det ®(n) = <H [det A(z)]) det ®(ng). (3.2.6)

i:no

PRrROOF. Taking the determinant of both sides of (3.2.4) we obtain the
scalar difference equation

det ®(n+ 1) = det A(n) det ®(n)
whose solution is given by (3.2.6). O

Corollary 3.10. Ifin (3.2.1) A is a constant matriz, then

|det ®(n) = [det A"~ det ®(np). | (3.2.7)

PrOOF. The proof follows from formula (3.2.6). O

Corollary 3.11. The fundamental matriz ®(n) is nonsingular for all n >
ng if and only if ®(ng) is nonsingular.

PROOF. This follows from formula (3.2.6), having noted that det A(i) # 0
for i > ng. O

Corollary 3.12. The solutions x1(n),x2(n),...,xx(n) of (3.2.1) are
linearly independent for n > ng if and only if ®(ng) is nonsingular.

PrOOF. This follows immediately from Corollary 3.11. O

The following theorem establishes the existence of k linearly independent
solutions of (3.2.1).

Theorem 3.13. There are k linearly independent solutions of system
(3.2.1) for n > ng.

PROOF. For each i = 1,2,..., k, let e; = (0,0,..., 1,..., 0)T be the
standard unit vector in R¥ where all the components are zero except the
ith component, which is equal to 1. By Theorem 3.4, for each ¢;, 1 <1i < k,
there exists a solution x(n, ng, e;) of (3.2.1) with z(ng, no, ;) = e;. To prove
that the set {z(n,no,e;)|1 < i < k} is linearly independent, according to
Corollary 3.11 it suffices to show that ®(ng) is nonsingular. But this fact is
obvious, since ®(ng) = I. The proof of the theorem is now complete. O

Linearity Principle. An important feature of the solutions of system
(3.2.1) is that they are closed under addition and scalar multiplication.
That is to say, if z1(n) and xz2(n) are solutions of (3.2.1) and ¢ € R, then:

(1) x1(n) 4+ x2(n) is a solution of (3.2.1),
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(2) cz1(n) is a solution of (3.2.1).
This is called the linearity principle.

PROOF. Statement (1) can be proved as follows. Let z(n) = z1(n)+z2(n).
Then
z(n+1)=z1(n+1)+x2(n+1)
= Axq1(n) + Aza(n)
= Alz1(n) + 2(n)]
= Ax(n).
The proof of (2) is similar. O

An immediate consequence of the linearity principle is that if 1 (n), 22 (n),
...,xk(n) are also solutions of system (3.2.1), then so is any linear
combination of the form

z(n) = crz1(n) + caza(n) + - - - + cpr(n).
This leads to the following definition.

Definition 3.14. Assuming that {x;(n)|1 <1 < k} is any linearly inde-
pendent set of solutions of (3.2.1), the general solution of (3.2.1) is defined
to be

k
x(n) = chxz(n), (3.2.8)

where ¢; € R and at least one ¢; # 0.
Formula (3.2.8) may be written as
z(n) = ®(n)c, (3.2.9)

where ®(n) = (z1(n),z2(n),...,zx(n)) is a fundamental matrix, and ¢ =
(c1,c2,...,cx)T € R,

Remark: The set S of all solutions of system (3.2.1) forms a linear
(vector) space under addition and scalar multiplication. Its basis is any
fundamental set of solutions and hence its dimension is k. The basis
{z1(n),z2(n),...,zr(n)} spans all solutions of equation (3.2.1). Hence any
solution x(n) of equation (3.2.1) can be written in the form (3.2.8) or
equivalently (3.2.9). This is why we call z(n) in (3.2.8) a general solution.

Let us now focus our attention on the nonhomogeneous system (3.2.2).
We define a particular solution y,(n) of (3.2.2) as any k-vector function
that satisfies the nonhomogeneous difference system. The following result
gives us a mechanism to find the general solution of system (3.2.2).
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Theorem 3.15. Any solution y(n) of (3.2.2) can be written as
y(n) = ®(n)c+yp(n) (3.2.10)

for an appropriate choice of the constant vector ¢, and a particular solution
PRrROOF. Let y(n) be a solution of (3.2.2) and let y,(n) be any particular
solution of (3.2.2). If x(n) = y(n) — yp(n), then
s(n+1) = y(n+1) = gyln+1)

= A(m)y(n) — Aln)yy(n)

= A(n)[y(n) — yp(n)]

= A(n)z(n).
Thus z(n) is a solution of the homogeneous equation (3.2.1). Hence z(n) =
®(n)c for some vector constant ¢. Thus

y(n) —yp(n) = ®(n)c
which proves (3.2.10). O
We now give a formula to evaluate y,(n).

Lemma 3.16. A particular solution of (3.2.2) may be given by

n—1

yp(n) =Y @(n,r +1)g(r)

T=ngo
with y,(ng) = 0.

PRrOOF.

n

yp(n+1) = Z S(n+1,r+1)g(r)

r=no

ZA O(n,r+1)g(r) + ®(n+1,n+ 1)g(n)

r=nNgo
= A(n)yp(n) + g(n).
Hence, y,(n) is a solution of (3.2.2). Furthermore, y,(no) = 0. O

Theorem 3.17 (Variation of Constants Formula). The unique
solution of the initial value problem

yn+1) = An)y(n) +g(n), y(no) = yo, (3.2.11)
s given by
n—1
y(n,n0,90) = ®(n,no)yo + Y, ®(n,r+1)g(r), (3.2.12)
r=ngo
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or, more explicitly, by

n—1 n—1 n—1
y(n,mo,v0) = (H A(i)> v+ Y ( 11 A(i)> g(r). (3.2.13)

i=ng r=ng \i=r+1

ProoOF. This theorem follows immediately from Theorem 3.15 and
Lemma 3.16. O

Corollary 3.18. For autonomous systems when A is a constant matriz,
the solution of (3.2.11) is given by

n—1

y(n,no,yo) = A" "0yo + Y A" g(r). (3.2.14)

T=nN0o

Example 3.19. Solve the system y(n + 1) = Ay(n) + g(n), where

A_21 _[(n _1
(5 o) sm={1]. wo={,]-

Solution Using the Putzer algorithm, one may show that

on ponl
A" = )
0 on

Hence,

ol (o —1)27 2N ([
Z 0 2n—r—1 1
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We now revisit scalar equations of order k£ and demonstrate how to trans-
form them into a k-dimensional system of first-order equations. Consider
again the equation

y(n+ k) +p(n)y(n+k—1) +---+pr(n)y(n) = g(n). (3.2.15)

This relation may be written as a system of first-order equations of
dimension k. We let

21 y
z(n) =y
23 y

ze(n) =yn+k—1)=z_1(n+1).

Let z(n) = (z1(n), z2(n), ..., zk(n)).
Hence,

z1(n+ 1) = z3(n),

zo(n+1) = z3(n),

zp—1(n+1) = zk(n),
zp(n+1) = —pr(n)z1(n) — pr—1(n)z2(n), ...,
— p1(n)zk(n) + g(n).

In vector notation, we transcribe this system as

z(n+1) = A(n)z(n) + h(n), (3.2.16)
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where
1 0
0 1
0 0
Am)=| | | . (3.:2.17)
0 0 0 1
—pr(n) —pr-—1(n) —pr—a(n) ... —pi(n)
and
0
0
hn)y=| 0
g(n)

If g(n) = 0, we arrive at the homogeneous system
z(n+1) = A(n)z(n). (3.2.18)

The matrix A(n) is called the companion matriz of (3.2.15).
Consider now the kth-order homogeneous equation with constant
coefficients

z(n+k)+px(n+k—1)+pax(n+k—2)+---+pex(n) =0, (3.2.19)

which is equivalent to the system where A is the companion matrix defined
in formula (3.2.17) with all p;’s constant,

z(n+1) = Az(n). (3.2.20)

We first observe that the Casoratian of (3.2.19) is denoted by C(n) =
det ®(n), where ®(n) is a fundamental matrix of (3.2.20). (Why?) (Ex-

ercises 3.2, Problem 14.) The characteristic equation of A is given
by

N p NPT o N2 g A+ =0 (Exercises 3.2, Problem 13),

which correlates with (2.3.2). Hence, the eigenvalues of A are the roots of
the characteristic equation of (2.3.1).

Exercises 3.2

1. Let ®1(n) and ®3(n) be two fundamental matrices of system (3.2.1).
Prove that ®,(n)®] " (ng) = ®2(n)®; ' (ng) for any ng > 0.
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Let ®(n,m) be a fundamental matrix of (3.2.1). Show that:
(i) ®(n,m) is a solution of ®(n + 1,m) = A(n)®(n, m).
(ii) ®(n,m) is a solution of ®(n,m + 1) = ®(n,m)A~1(m).
Let ®(n,m) be a fundamental matrix of (3.2.1). Show that:
(a) ®(n,m)=A"""if A(n) = A is a constant matrix.

(b) ®(n,m) = &(n,r)®(r,m).

(c) @~ L(n,m) = ®(m,n).

(d) ®(n,m) =TT, AG).

. Let ®(n) be a fundamental matrix of (3.2.1). Show that each column

of ®(n) is a solution of (3.2.1).
Show that ®(n) =[]/~ A(i) is a fundamental matrix of (3.2.1).

i=n0
Show that if ®(n) is a fundamental matrix of (3.2.1) and C is any

nonsingular matrix, then ®(n)C is also a fundamental matrix of
(3.2.1).

Show that if ®1(n), P2(n) are two fundamental matrices of (3.2.1),
then there exists a nonsingular matrix C' such that ®5(n) = ®;(n)C.

Solve the system:

yi(n+1) =y2(n),

y2(n+1) =ys(n) +2,

ys(n+ 1) = y1(n) + 2ys(n) + n?.
Solve the system:

yi(n+1) =2y1(n) + 3y2(n) + 1,
yo(n +1) = y1(n) + 4ya2(n),
y1(0) = 0,32(0) = —1.

Solve the system y(n + 1) = Ay(n) + g(n) if

2 2 -2
A=10 3 1], g(n) =
01 3 n?

. For system equation (3.2.18) show that

det A(n) = (=1)*pp(n).
If ®(n) is a fundamental matrix of (3.2.18), prove that

n—1
det ®(n) = (—1)k(n—no) (H pk(i)> det ®(ng).

i:no
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13. Prove by induction that the characteristic equation of

0 1 0 ... 0
0 0 1 ... 0
A= s
0 0 0 1
—Pk —Pk-1 —Pk-2 ... —P1

is
N pi N 4 A2 A+ g = 0.

14. Let W(n) be the Casoratian of (3.2.15) with g(n) = 0. Prove that
there exists a fundamental matrix ®(n) of (3.2.18) such that W(n) =
det ®(n).

Use the methods of systems to solve the difference equation for Problems
15 through 19.

15. z(n+2) + 8z(n + 1) + 12x(n) = 0.
16. z(n+2) — 16z(n) = 0.

17. y(n+2) — by(n + 1) + 4y(n) = 4™.
18. A2y(n) = 16.

19. A%x(n) + Az(n) — z(n) = 0.

3.3 The Jordan Form: Autonomous
(Time-Invariant) Systems Revisited

The Jordan form of a matrix is vital for both theoretical and computational
purposes in autonomous systems. In this section we will briefly describe the
Jordan form and derive a new method for computing fundamental matrices.

3.3.1 Diagonalizable Matrices

We say that the two k x k matrices A and B are similar if there exists a
nonsingular matrix P such that P~ AP = B. It may be shown in this case
that A and B have the same eigenvalues and, in fact, the eager student
will prove this supposition in Exercises 3.3, Problem 15. If a matrix A is
similar to a diagonal matrix D = diag(A1, A2, ..., Ax), then A is said to
be diagonalizable. Notice here that the diagonal elements of D, namely,
A1, A2, ...y Ak, are the eigenvalues of A. We remark here that only special
types of matrices are diagonalizable. For those particular diagonalizable
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matrices, computing A™ is simple. For if
P7'AP = D = diag[\i, A2, . . ., M,
then
A=PDP 1,
and, consequently,
A" = (PDP YY" = pD"P~ L.
Explicitly,

A" =P _ Pt (3.3.1)

If we are interested in finding another (but simpler) fundamental matrix of
the equation

z(n+1) = Az(n), (3.3.2)
then we let
AT 0
A
o(n)=A"P=P _ . (3.3.3)
0 AL

From formula (3.3.3) we have ®(0) = P and, consequently,
A™ = o(n)d~1(0). (3.3.4)

Now, formula (3.3.3) is useful only if one can pinpoint the matrix P.
Fortunately, this is an easy task. We will now reveal how to compute P.

Let P = (&1,&,. .., &), where &; is the ith column of P. Since P~1AP =
D, then AP = PD. This implies that A¢; = \;&;,i=1,2,...,k (Exercises
3.3, Problem 15). Thus, &;,1 < ¢ < k, is the eigenvector of A corresponding
to the eigenvalue A;, and hence the ith column of P is the eigenvector
of A corresponding to the ith eigenvalue A; of A. Since P is nonsingular,
its columns (and hence the eigenvectors &1,&s,...,& of A) are linearly
independent. Reversing the above steps, one may show that the converse
of the above statement is true. Namely, if there are k linearly independent
eigenvectors of a k x k matrix A, then it is diagonalizable. The following
theorem summarizes the above discussion.

Theorem 3.20. A k x k matriz is diagonalizable if and only if it has k
linearly independent eigenvectors.
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Let us revert back to formula (3.3.3), which gives us a computational
method to find a fundamental matrix ®(n). Let A1, Aa, ..., Ax be the eigen-
values of A and let &1, &, ..., &, be the corresponding linearly independent
eigenvectors of A. Then from formula (3.3.3) we have

AT 0
Ay
(I)(’I’L): [517527"'7£k]
0 Al
= RYRSPR YIS AP WAL (3.3.5)

Notice that since columns of ®(n) are solutions of (3.3.2), it follows that
for each 4,1 <1 < k,z(n) = A¢; is a solution of (3.3.2).
Hence, the general solution of (3.3.2) may be given by

z(n) = 1 AT& + oAbl + -+ - 4+ AL (3.3.6)
The following example illustrates the above method.
Example 3.21. Find the general solution of z(n + 1) = Az (n), where
2 21
A=1]1 3 1
1 2 2
Solution  The eigenvalues of A may be obtained by solving the
characteristic equation

2—A 2 1
det(A — M) = det 1 3—-A 1 = 0.
1 2 2—A
This determinant produces (A — 1)2(A —5) = 0. Thus, \; = 5, and A\ =

A3 = 1. To find the corresponding eigenvectors, we solve the equation
(A— M)z = 0. Hence, for A\; =5,

Solving this system gives us the first eigenvector
1

=11
1
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For Ay = A3 = 1, we have

1 2 1 1 0
1 2 1 z2 | =10
1 2 1 3 0

Consequently, z1 + 2x2 + x3 = 0 is the only equation obtained from this
algebraic system. To solve the system, two of the three unknown terms
1, Z2,and x3 must be arbitrarily chosen. So if we let 1 = 1 and x5 = 0,

then z3 = —1, and we obtain the eigenvector
1
=10
-1
On the other hand, if we let £1 = 0 and x5 = 1, then z3 = —2, and we

obtain the third eigenvector
0
=11
—2

Obviously, there are infinitely many choices for &3, £3. Using formula (3.3.6),
we see that the general solution is

1 1 0
zx(n)=ecd" | 1| 4+c2| 0 | +es| 1 |,
1 -1 -2
or
c15™ + co
z(n) = 15" 4¢3 . (3.3.7)

C1 5" — Cy — 203
Suppose that in the above problem we are given an initial value

0

and must find the solution x(n) with this initial value. One way of doing this
is by letting n = 0 in the solution given by formula (3.3.7) and evaluating
the constants cq, co, and c3.
Thus
c1+co =0,
c1+c3 =1,

01762726310.
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Solving this system gives ¢; = %, co = —%, and c3 = %, leading us to the
solution
1 En 1
2 2
1 1
xr(n) = —jHn _
(n)=135"+5
1 1
Zpn
2 2

We now introduce yet another method to find the solution. Let

a(n) = ®(n)®~"(0)2(0),

where
O(n) = (A&, A5, A5E3)
5" 1 0
=15" 0 1
v —1 =2
and
1 1 0
®(0)=11 0 1
1 -1 -2
Thus,
11
4 2 4
oloy=| 3 -1 _1
4 2 4
i1
2 4
This gives
i1 1
5" 1 0 4 2 4 0
z(n)=15" 0 1 311
4 2 4
5" —1 =2 1 1 1 0
402 4
1., 1
37 73
1 1
— 7577‘ -
2 +2
i, 1
2 2
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In the next example we will examine the case where the matrix A has
complex eigenvalues. Notice that if A is a real matrix (which we are assum-
ing here) and if A\ = o + i3 is an eigenvalue of A, then A = a — if3 is also
an eigenvalue of A. Moreover, if £ is the eigenvector of A corresponding to
the eigenvalue A = a + i3, then ¢ is the eigenvector of A corresponding
to the eigenvalue A = a — i3. Taking advantage of these observations, one
may be able to simplify considerably the computation involved in finding
a fundamental matrix of the system of equations (3.3.2).

Suppose that £ = £ +i€2. A solution of system (3.3.2) may then be given

by x(n) = (a4 i6)" (& + i&2). Also, if

r= Vet B,

6 =tan~! (ﬁ) )
a

This solution may now be written as

then

z(n) = [rcosf + isin0)]" (& + i&s)
= r"(cosnf + isinnb)(&; + i&s)
= r"[(cosnB)& — (sinnb)&] + ir™[(cosnd)&a + (sinnbh)&]
=u(n) +1iv(n),
where u(n) = r"[(cosnd)&; — (sinnd)&s] and v(n) = r™[(cosnbd)éy +
(sinnd)&1]. One might show (Exercises 3.3, Problem 7) that u(n) and v(n)

are linearly independent solutions of system (3.3.2). Hence, we do not need
to consider the solution generated by A and &.

Example 3.22. Find a general solution of the system z(n + 1) = Az(n),

where
1 -5
A= .

Solution The eigenvalues of A are A\; = 2i, Ao = —24, and the corresponding
eigenvectors are

Hence,
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is a solution. Since

. ™ .. T
z:cosa—I—zsmf,

2

n nw .. N
? :cos7—|—zsm—7

2

this solution may be written as

sin (7>
Thus,
1 cos (mr) n 2 sin (mr)
u(n) =2" 5 2 n75r 2
o ()
and

1 Ccos (@) + 2sin (E)
z(n) =c12" 5 2 5 2

2 1 . [/nm
)+ (501 ’ 5“2> s (5)
nm . (nmw
c1 COS (?) + c2sin (7>
So far, we have discussed the solution of system (3.3.2) if the matrix A is

diagonalizable. We remark here that a sufficient condition for a k x k matrix
A to be diagonalizable is that it have k distinct eigenvalues (Exercises 3.3,
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Problem 20). If the matrix A has repeated roots, then it is diagonalizable if
it is normal, that is to say, if AT A = AAT. (For a proof see [111].) Examples
of normal matrices are:

(i) symmetric matrices (AT = A),
(ii) skew symmetric matrices (AT = —A),

(iii) unitary matrices (ATA = AAT =1T).

3.3.2 The Jordan Form

We now turn our attention to the general case where the matrix A is not
diagonalizable. This happens when A has repeated eigenvalues, and one is
not able to generate k linearly independent eigenvectors. For example, the
following matrices are not diagonalizable:

2.0 0
2 1

. |0 2 1],
0 2

00 2

If a k£ x k matrix A is not diagonalizable, then it is akin to the so-called
Jordan form, i.e., P"1AP = J, where

o O O N
o O w o
S =~ O O
= = O O

J = diag(Jy, Jo, ..., Jp), 1<r <k, (3.3.8)
and
Ao 1 0 0
0 N 0
Ji = ) _ - (3.3.9)
o o0 . IR
: : . 1
0 0 Ai

The matrix J; is called a Jordan block.
These remarks are formalized in the following theorem.

Theorem 3.23 (The Jordan Canonical Form). Any k x k matriz A
is similar to a Jordan form given by the formula (3.3.8), where each J; is
an s; X s; matriz of the form (3.3.9), and Y ;_, s; = k.

The number of Jordan blocks corresponding to one eigenvalue A is called
the geometric multiplicity of A, and this number, in turn, equals the number
of linearly independent eigenvectors corresponding to .
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The algebraic multiplicity of an eigenvalue A is the number of times it
is repeated. If the algebraic multiplicity of A is 1 (i.e., A is not repeated),
then we refer to A as simple. If the geometric multiplicity of A is equal to
its algebraic multiplicity (i.e., only 1 x 1 Jordan blocks correspond to ),
then it is called semisimple. For example, the matrix

O O O O W
o O O N O
S O v O O
o o o O O
o = O O O

has one simple eigenvalue 3, one semisimple eigenvalue 2, and one
eigenvalue 5, which is neither simple nor semisimple.

To illustrate the theorem, we list below the possible Jordan forms of a
3 x 3 matrix with an eigenvalue A\ = 5, of multiplicity 3. In the matrix,
different Jordan blocks are indicated by squares.

[5]0 o 5 10 (5]0 o0 5 1 0
o[5]o0 0 5]0 0[5 1 0 5 1
0 o0[5] 0 0[5] olo 5 0 0 5

(a) (b) (c) (d)

Recall that s; is the order of the ith Jordan block and r is the number of
Jordan blocks in a Jordan form. In (a) the matrix is diagonalizable, and
we have three Jordan blocks of order 1. Thus, s;1 = so = s3 =1,r = 3, and
the geometric multiplicity of A is 3.

In (b) there are two Jordan blocks with s = 2,50 = 1,7 = 2, and the
geometric multiplicity of A is 2.

In (c¢) there are also two Jordan blocks with s = 1,89 = 2,7 = 2, and
the geometric multiplicity of A is 2. In (d) there is only one Jordan block
with s; = 3,7 = 1, and the geometric multiplicity of A is 1. The linearly
independent eigenvectors corresponding to A = 5 in (a), (b), (c), (d) are,
respectively,
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Note that a matrix of the form

A1 0 0
0 X 1 0
0 00 ... 1
0 0 0 ... A
has only one eigenvector, namely, the unit vector e; = (1,0,...,0)”. This

shows us that the linearly independent eigenvectors of the Jordan form J
given by formula (3.3.8) are

€1,€5141,€s1+4s2+1y -+ Cs1+so4+sp_1+1-
Now, since P~'AP = J, then
AP =PJ. (3.3.10)

Let P = (&,%,...,&). Equating the first s; columns of both sides in
formula (3.3.10), we obtain

A§1 :)\151,...,1451':)\167;4-&,1, i:2,3,...,81. (3311)

Clearly, &; is the only eigenvector of A in the Jordan chain 1,2, ..., &, -
The other vectors &2,&3,...,E&s, are called generalized eigenvectors of A,
and they may be obtained by using the difference equation

(A_)\l-[)gz :fi,h 7;:2,3,...781. (3312)

Repeating this process for the remainder of the Jordan blocks, one may
find the generalized eigenvectors corresponding to the mth Jordan block
using the difference equation

(A= XD, = Emi—1,  i=2,3,..., 5m. (3.3.13)
Now we know that A" = (PJP~1)" = PJ"P~! where
JT 0
g3
Jn =
0 Jr
Notice that for any J;,¢ =1,2,...,7, we have J; = \;I + N;, where
01 0 ... 0
0 0 1 0
N; =
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is an s; x s; nilpotent matrix (i.e., N7 =0 for all r > s;). Hence,
n n n n n—1
JP= NI+ N)" = AT+ 1 APTONG

+ <n> NTENZ 4 ( " )A’?Si“NSil
92 ) s — 1 i )
PV I PV B Y R I PV
1 1 K3 1 51—1 (3
0 A (”) Al ( " ))\?Si”
1 Si—-Q

n Aﬂ_l
1 7

0 0 AF

(2

[\

(3.3.14)

The lines inside J;* indicate that the entries in each diagonal are identical.
We can now substantiate that the general solution of system (3.3.2) is

z(n) = A"c = PJ"P ¢,
or
x(n) = PJ"¢, (3.3.15)
where
é=P e

Hence, a fundamental matrix of system (3.3.2) may be given by ®(n) =
PJ™. Also, the state transition matrix may be given by ®(n,ng) =
PJn=mo P~1 and thus x(n, ng, z0) = PJ" "™ P~ lx,.

The following corollary arises directly from an immediate consequence
of formula (3.3.14).

Corollary 3.24. Assuming that A is any k x k matriz, then lim,,_,,, A" =
0 if and only if |\| < 1 for all eigenvalues A of A.

ProOF. (Exercises 3.3, Problem 21.) O

The importance of the preceding corollary lies in the fact that if
lim,, o, A™ = 0, then lim, o 2" = lim,_ o, A"z(0) = 0. This fact re-
minds us that if |A\| < 1 for all eigenvalues of A, then all solutions x(n) of
(3.3.1) tend toward the zero vector as n — oo.
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Example 3.25. Find the general solution of z(n + 1) = Az (n) with

4 1 2
A=10 2 —4
01 6

Solution Note that this example uses conclusions from Example 3.3. The
eigenvalues are Ay = Ao = A3 = 4. To find the eigenvectors, we solve the
equation (A — AI)¢ =0, or

0 1 2 dy 0

0 -2 —4 dy| =10

0 1 2 ds 0

Hence,
do + 2d3 = 0,
—2dy — 4d3 = 0,
ds + 2d3 = 0.
These equations imply that do = —2d3, thus generating two eigenvectors,
0 1
51 = —2 and 52 = —2
1 1

We must now find one generalized eigenvector &3. Applying formula
(3.3.11), let us test (A —41)&5 = &;:

0 1 2 ax 0
0 -2 —4 ay | = | -2
0 1 2 as 1

This system is an inconsistent system that has no solution. The second
attempt will use

(A—4D)& = &,
or
0 1 2 ai 1
0 -2 —4|fay|=1]-2
0 1 2 as 1

Hence, a3 + 2a3 = 1. One may now set
0

&=1-1
1
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Thus,
0 1 0
P=]1-2 -2 -1/,
1 1 1
4 0 0
J=10 4 1|,
0 0 4
and
4" 0 0
J’ﬂ, — O 471 n4n—l
0 0 4"
Hence,
0 4n o é1
z(n)=PJ'¢=|—2-4" —2.4" —2pd"' —4" | [ &
_4n 4n n4n—1 +4n 63

Example 3.26. Solve the system

z(n+1)=Az(n), z(0)=|1],

where
3/2 1/2 1/2
A=11/2 5/2 -1/2
0 1 2

Solution The eigenvalues of A are Ay = Ay = A3 = 2. We have a sole
eigenvector,

We now need to compose two generalized eigenvectors, using (3.3.13):

1
(A—20)& = & gives & = | 1
2
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and
1
(A—2I)& =& gives {3 = | 2
1
So
1 1 1 2 1 0
pP=|01 2], J=|0 2 1],
1 2 1 0 0 2
on panl "("2_1)2"—2
T=10 on n2n!
0 0 2n
Now,
x(n,zo) = PJ"P 1z
n?—5n+16 n®+3n —n? +5n 1
=2n* 4n 4n +16 —4n 1
n?—n n2+mm —n’+n+16 1
n® +3n + 16
=2""* | 4n+16
n®+ T+ 16

3.83.8  Block-Diagonal Matrices

In general, the generalized eigenvectors corresponding to an eigenvalue A
of algebraic multiplicity m are the solutions of the equation

(A= AD)"¢=0. (3.3.16)
The first eigenvector & corresponding to A is obtained by solving the
equation
(A= MA¢=0.

The second eigenvector or generalized eigenvector &5 is obtained by solving
the equation

(A= \)*=0.

And so on.

Now if J is the Jordan form of A, that is, P"'AP = J or A = PJP~!,
then ) is an eigenvalue of A if and only if it is an eigenvalue of J. Moreover,
if £ is an eigenvector of A, then §~: P~1¢ is an eigenvector of .J.
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We would like to know the structure of the eigenvectors é of J. For this
we appeal to the following simple lemma from Linear Algebra.

0
Lemma 3.27. Let C = (0 B be a k x k block-diagonal matriz such

that A is an r X r matriz and B is an s X s matriz, with r + s = k. Then
the following statements hold true:

(i) If X is an eigenvalue of A, then it is an eigenvalue of C. Moreover, the
eigenvector and the generalized eigenvectors corresponding to \ are of
the form & = (a1, az,...,a,,0,...,0)T for some a; € R.

(ii) If X is an eigenvalue of B, then it is an eigenvalue of C'. Moreover, the
eigenvector and the generalized eigenvectors corresponding to \ are of

the form € = (0,...,0,ar41,0r42,...,as) for some a,4; € R.
PROOF.

(i) Suppose that X is an eigenvalue of A, and V = (ay,as,...,a,)7 is
the corresponding eigenvector. Define & = (ay,...,a,,0,...,0) € R
Then clearly C¢ = A¢, and thus A is an eigenvalue of C. Let the k x k

I,
identity matrix I be written in the form I = ) where I, and

I, are, respectively, the r x r and s X s identity matrices. Let A be an
eigenvalue of A with algebraic multiplicity m. Then

&1 0
(€~ ADE = (A_”T ’ ) &l=1o
0 B — Mg
€s 0
Hence
&1 0
a-an) || =1
& 0
has a nontrivial solution
a
E=

ar
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However
Er1 0
B-ay| =]
&s 0
has only the trivial solution
0
0
Then ¢ = (ay,...,a,,0,...,0)7 is an eigenvector of C' corresponding

to A. The same analysis can be done for generalized eigenvectors by
solving (C' —AI)%¢=0,1<i<m.

(ii) The proof of the second part is analogous and will be omitted. O

Exercises 3.3

In Problems 1 through 6, use formula (3.3.6) to find the solution of x(n +
1) = Axz(n), where A is given in the exercise.

2 -1 1
a2 7) 0= ()

2 3 0 0
3.A=1[4 3 0|, =0 =]1
00 6 0

Lo
I
—_
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10.

11.

12.

13.
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. Suppose that z(n) = wu(n) + iw(n) is a solution of (3.3.2), where

u(n) and v(n) are real vectors. Prove that w(n) and v(n) are linearly
independent solutions of (3.3.2).

. Utilize Problem 7 to find a fundamental matrix of z(n + 1) = Ax(n)

with
1 1 0 1
-1 1 0 1
A =
0 0 2 1
0 0 -1 2
. Apply Problem 7 to find a fundamental matrix of z(n + 1) = Ax(n)
with
1
A=1-1 1
1

Find the eigenvalues and the corresponding eigenvectors and general-
ized eigenvectors for the matrix A.

(a)A=<3 1) (b) A= (2) ; (1)
03 0 0 2

4 2 3 200 0
1 0210

A=|—-= 2 ) d) A=
(c) 2 0 (d) 00 2 1
0 0 3 00 0 2

Find A" for the matrices in Problem 10 using the Jordan form.

Use the Jordan form to solve z(n + 1) = Az(n) with

3 2 1
A=1-1 3 2
1 -3 -2

Use the Jordan form to solve z(n + 1) = Az(n) with
3 2 3

A=|[-1/2 1 0
0 0 2
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14.

15.

16.

17.
18.

19.

20.

21.
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Let A and B be two similar matrices with P"*AP = B.
(i) Show that A and B have the same eigenvalues.

(ii) Show that if £ is an eigenvector of B, then P¢ is an eigenvector
of A.

Suppose that P~*AP = D = diag(\1,\a,..., ), where P =

[€1,&2, . .., &k is a nonsingular &k x k matrix. Show that &1, &a, ..., & are
the eigenvectors of A that correspond to the eigenvalues A\, Aa, ..., g,
respectively.

Let A be a 4 X 4 matrix with an eigenvalue A = 3 of multiplicity 4.
Write all possible Jordan forms of A.

Show that (PJP~1)" = PJ"P~L.

If A is an eigenvalue of A, and £ is the corresponding eigenvector of A,
show that A\"¢ is a solution of (3.3.2).

Let
A 0
0 0
A = . . .
00 ... 1
0 0 ... A
Then one may write A =\ I + N, where
01 ... 0
N = 0 0
Do 1
0 0 0
Show that for any o > 0, A is similar to a matrix
Aa ... 0
0 A
B=ANI+aN =
Do «a
0 0 A

Prove that if a k x k matrix A has k distinct eigenvalues, then:
(i) A has k linearly independent eigenvectors.
(ii) A is diagonalizable. (Use mathematical induction.)

Prove Corollary 3.24.
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22. Consider the companion matrix A of (3.2.17) with the coefficients p;
constant. Assume that the eigenvalues of A are real and distinct. Let
V denote the Vandermonde matrix

1 U |
Mo N
V =
DU V-t D L

Show that V1AV is a diagonal matrix.

23. Consider the companion matrix A (3.3.16) with p;(n) constants. Sup-
pose A1, Ag, ..., A are the distinct eigenvalues of A with multiplicities
mi,Ma,...,m, and 2;1 m; = k. Let V be the generalized Vander-
monde matrix (2.3.9). Show that V1AV = J, where .J is in the Jordan
form (3.3.8).

3.4 Linear Periodic Systems

In this section we regard the linear periodic system
z(n+1) = A(n)x(n), (3.4.1)

where for all n € Z, A(x + N) = A(x), for some positive integer N.

We now show that the study of the periodic system (3.4.1) simplifies
to the study of an associated autonomous system. This inference is the
analogue of Floquet theory in differential equations. But before we prove
that analogue, we need the following theorem.

Lemma 3.28. Let B be a k X k nonsingular matrixz and let m be any
positive integer. Then there exists some k X k matriz C such that C™ = B.

PrROOF. Let

Ji

Jo
P 'BP=J=

be the Jordan form of B. Let us write

1
Ji=A\i <Ii + )\‘Nz') ,
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where I; is the s; X s; identity matrix and

0 1 0
0 1
N; =
1
0 0
Observe that
N =0. (3.4.2)

To motivate our construction, we formally write

[1
H;, =exp|—In Jz}
m

— exp :n {m A +1In (I + N)H
— exp {mu +Z :H (JAV> H

Applying formula (3.4.2), we obtain

H; _eXp[ {m Nl +S§ Dl (N)H : (3.4.3)

Z
Hence, H; is a well-defined matrix. Furthermore, H" = J;. O
Now, if we let

H, 0
H,

0 H,
where H; is defined in formula (3.4.3), then
HT" 0
Hy'
H™ = . =J.
0 HTYL

Define C = PHP~!'. Then C™ = PH™P~! = PJP~! = B.
Armed with this lemma, we are now prepared to introduce the primary
result for this section.
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Lemma 3.29. For system (3.4.1), the following statements hold:
(i) If ®(n) is a fundamental matriz, then so is ®(n + N).

(ii) ®(n+ N) = ®(n)C, for some nonsingular matriz C.

(iii) ®(n+ N,N) = &(n,0).

PROOF.

(i) Let ®(n) be a fundamental matrix of system (3.4.1). Then ®(n+1) =
A(n)®(n). Now
d(n+ N+1)=An+ N)®(n+ N)
=A(n)®(n+ N)
Hence ®(n + N) is also a fundamental matrix of system (3.4.1).

(ii) Observe that Wy(n,ng) = ®(n + N)® 1(ng + N) and ¥y(n,ng) =
®(n)® 1 (ng) are fundamental matrices of system (3.4.1) with the
same initial condition ¥q(ng,ng) = Wa(ng,ne) = I. By the unique-
ness of fundamental matrices (Theorem 3.7) ¥q(n,ng) = Ya(n,ng).
This implies that

O(n+ N) = &(n)® ' (ng)®(no + N)
=®(n)C
(iii) This is left to the reader as Problem 1. O

There are many consequences of this lemma, including the following
theorem.

Theorem 3.30. For every fundamental matriz ®(n) of system (3.4.1),
there exists a nonsingular periodic matriz P(n) of period N such that

(@(n) = P(n)B".| (3.4.4)

PROOF. By Lemma 3.28, there exists some matrix B such that BY = C,
where C' is the matrix specifed in Lemma 3.29(ii). Define P(n) = ®(n)B~",
where B~" = (B")~!. Then

Pn+N)=®(n+ ) “Npn
= ®(n)CB " [using part (ii) of Lemma 3.29]
=®(n)B™"
= P(n).
We now know that P(n) has period N and is clearly nonsingular. (Why?)

From the definition of P(n) it thus follows that ®(n) = P(n)B™. i

Remark: If z(n) is a solution of the system

z(n+1) = Bz(n), (3.4.5)
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then

z(n) = P(n)z(n). (3.4.6)

The value of this remark lies in the fact that the qualitative study of the
periodic system of equations (3.4.1) reduces to the study of the autonomous
system (3.4.5).

The matrix C' = B", which may be found using Lemma 3.29 part (ii), is
referred to as a monodromy matriz of (3.4.1). The eigenvalues A of B are
called the Floquet exponents of (3.4.1); the corresponding eigenvalues AV
of BY are called the Floquet multipliers of (3.4.1). The reason we call A\ a
multiplier is that there exists a solution z:(n) of (3.4.1) such that z(n+N) =
ANz (n). (See Exercises 3.4, Problem 9.) Notice that the Floquet exponents
(multipliers) do not depend upon the monodromy matrix chosen, that is,
they do not hinge upon the particular fundamental matrix ®(n) used to
define the monodromy matrix. The following lemma explicitly states this
truth.

Lemma 3.31. If ®(n) and ¥(n) are two fundamental matrices of (3.4.1)
such that

®(n+ N)=®(n)C,
U(n+ N)=¥(n)E,

then C and E are similar (and thus they have the same eigenvalues).

PROOF. The reader will prove this lemma in Exercises 3.4, Problem
2. O

Lemma 3.32. A complex number A is a Floquet exponent of (3.4.1) if
and only if there is a nontrivial solution of (3.4.1) of the form A"q(n),
where q(n) is a vector function with g(n + N) = q(n) for all n.

PROOF. First, we assume that A is a Floquet exponent of (3.4.1). Then,
we also know that det(B™ — A"I) = 0. Now choose x¢ € R¥,z¢ # 0, such
that (B™ — A\"I)zg = 0 for all n. (Why?) (See Exercises 3.4, Problem 4.)
Hence, we have the equation B"xy = A\"xy.

Thus, P(n)B"xo = A" P(n)zo, where P(n) is the periodic matrix defined
in formula (3.4.4). By formula (3.4.4) now,

x(n,no, yo) = ®(n,no)ro = P(n)B"xo = A" P(n)xo = \"q(n),

and we have the desired periodic solution of (3.4.1), where ¢(n) = P(n)xo.
Conversely, if A"¢(n),q(n+N) = q(n) # 0 is a solution of (3.4.1), Theorem
3.30 then implies that

A"q(n) = P(n)B"x (3.4.7)
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for some nonzero vector xg. This implies that

NN g(n) = P(n)B" N . (3.4.8)
But, from (3.4.7),

NN g(n) = AN P(n)B"x. (3.4.9)
Equating the right-hand sides of formulas (3.4.8) and (3.4.9), we obtain

P(n)B"[BY — A\NI]zg =0,
and thus

det[BY —\VI] = 0.

This manipulation shows that A is a Floquet exponent of (3.4.1). O

Using the preceding theorem, one may easily conclude the following
results.

Corollary 3.33. The following statements hold:

(i) System (3.4.1) has a periodic solution of period N if and only if it has
a Flogquet multiplier equal to 1.

(ii) There is a Floquet multiplier equal to —1 if and only if system (3.4.1)
has a periodic solution of period 2N .

ProOOF. Use Lemma 3.32 as you prove Corollary 3.33 in Exercises 3.4,
Problem 3. a

Remark: Lemma 3.29, part (ii), gives us a formula to find the monodromy
matrix C' = B, whose eigenvalues happen to be the Floquet multipliers
of (3.4.1). From Lemma 3.29,

C =o' (n)®(n+ N).
By letting n = 0, we have
C = o1 (0)®(N). (3.4.10)

If we take ®(N) = A(N—1)A(N —2) - -- A(0), then ®(0) = I. Thus, formula
(3.4.10) becomes

C =®(N),
C = AN — 1)A(N — 2)--- A(0). (3.4.11)

We now give an example to illustrate the above results.
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Example 3.34. Consider the planar system
2(n+1) = A(n)a(n),

Clearly, A(n+2) = A(n) for all n € Z.
Applying formula (3.4.10),

B2 =C = A(1)A(0) = 0
o Lo —1)°
Thus the Floquet multipliers are —1, —1. By virtue of Corollary 3.33, the
system has a 4-periodic solution. Note that since A(n) has the constant
eigenvalues —1, 1, p(A(n)) = 1.

The above example may suggest that there is some kind of relationship
between the eigenvalues of A(n) and its Floquet multipliers. To dispel any
such thoughts we offer the following example.

Example 3.35. Consider system (3.2.1) with

0 24+ (-1
AW =y (w2
(1)
> 0

V3

5>, and hence

This is a system of period 2. The eigenvalues of A are +
p(A) = @ < 1. Now,

B*=C = A(1)A(0) =

S =
o o

N

Thus, the Floquet multipliers are % and % Hence, p(B) =

Exercises 3.4
1. Prove Lemma 3.29 (iii).
2. Prove Lemma 3.31.
3. Prove Corollary 3.33.
4

. Suppose that (B — Al)zg = 0 for some o € R* zy # 0. Prove that
(B" — \"I)zog =0 for all n € Z*.

5. Let aj(n),az(n) be N-periodic functions and let Wy(n), Us(n) be
solutions of

z(n+2) +ai(n)z(n+1) +ax(n)z(n) =0 (3.4.12)
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such that ¥1(0) = 1,%;(1) = 0,¥2(0) = 0, and ¥5(1) = 1. Show that
the Floquet multipliers satisfy the equation A? + b\ + ¢ = 0, where

b=—[U(N)+ Ty (N+1)], c= H as (7).

6. In Problem 5, let as(n) = 1. Show that the product of the Floquet
multipliers is equal to 1.

7. In Problem 5, let as(n) = 1. Show that if b = 2, there is at least one
solution of period 2N while for b6 = —2 there is at least one solution of
period N.

8. In Problem 5 it is clear that if A = 1, then (3.4.12) has a periodic
solution of period N. Show that x(n+2)+ay(n)z(n+1)4az(n)z(n) =0
has a periodic solution of period 2N if and only if A = —1.

9. Show that there exists a solution z(n) of (3.4.1) that satisfies
z(n+ N) = Az(n) if and only if A is a Floquet multiplier.

3.5 Applications

3.5.1 Markov Chains

In 1906 the Russian mathematician A.A. Markov developed the concept
of Markov chains. We can describe a Markov chain as follows: Suppose
that we conduct some experiment with a set of k outcomes, or states,
S ={s1,82,...,8k}. The experiment is repeated such that the probability
(pij) of the state s;,1 < i < k, occurring on the (n+1)th repetition depends
only on the state s; occurring on the nth repetition of the experiment. In
other words, the system has no memory: The future state depends only
on the present state. In probability theory language, p;; = p(s;|s;) is the
probability of s; occurring on the next repetition, given that s; occurred
on the last repetition. Given that s; has occurred in the last repetition, one
of s1,89,...,8, must occur in the next repetition. Thus,

Prj +poj D3+ ey =1, 1<j<k. (3.5.1)

Let p;(n) denote the probability that the state s; will occur on the nth
repetition of the experiment, 1 < ¢ < k. Since one of the states s; must
occur on the nth repetition, it follows that

pi(n) +pa(n) + -+ pr(n) = 1. (3.5.2)

To derive a mathematical model of this experiment, we must define p;(n+
1),1 < i < k, as the probability that the state s; occurs on the (n + 1)th
repetition of the experiment. There are k ways that this can happen. The
first case is where repetition n gives us s1, and repetition (n + 1) produces
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s;. Since the probability of getting s; on the nth repetition is p;(n), and
the probability of having s; after s; is p;1, it follows (by the multiplication
principle) that the probability of the first case occurring is p;1p1(n). The
second case is where we get so on repetition n and s; on repetition (n+1).
The probability of the occurrence of the second case is p;ap2(n). Repeating
this for cases 3,4,...,k,and fori =1,2,..., k, we obtain the k-dimensional
system

p1(n+ 1) = p11pi(n) + prap2(n) + - - - + prepr(n),
p2(n+1) = parp1(n) + paap2(n) + - - - + parpr(n),

pe(n + 1) = prip1(n) + prapa(n) + - -+ + prxpr(n),
or, in vector notation,
p(n+ 1) = Sp(n), n=123..., (3.5.3)

where p(n) = (p1(n), pa(n),...,pe(n))" is the probability vector and S =
(pij) is a k x k transition matriz.

The matrix S belongs to a special class of matrices called Markov matri-
ces. A matrix A = (a,;) is said to be nonnegative (positive) if a;; > 0 (> 0)
for all entries a;; of A. A nonnegative k x k matrix A is said to be Markov
(or stochastic) if Zle a;j = 1 for all j =1,2,..., k. It follows from Ta-
ble 4.1 that ||Alj; = 1, which by inequality (4.1.3) implies that p(A4) < 1.
Hence |A| < 1 for all the eigenvalues A of a Markov matrix. Furthermore,
A = 1 is an eigenvalue of a Markov matrix (Exercises 3.5, Problem 3).
Hence p(A) =1 if A is Markov.

3.5.2  Regular Markov Chains

A regular Markov chain is one in which S™ is positive for some positive
integer m. To give a complete analysis of the eigenvalues of such matrices,
we need the following theorem, due to O. Perron.

Theorem 3.36 (Perron’s Theorem). Let A be a positive k x k matriz.
Then p(A) is a simple real eigenvalue (not repeated) of A. If X is any other
eigenvalue of A, then |\ < p(A). Moreover, an eigenvector associated with
p(A) may be assumed to be positive.

Suppose now that S is the transition matrix of a regular Markov chain
with eigenvalues A1, Ag, ..., Ax. Then p(S) = 1. If S™ is positive, then
p(S™) = 1. As a matter of fact, the eigenvalues of S™ are A\[*, A5", ..., A"
By Perron’s theorem, 1 is a simple eigenvalue of S™. Consequently, S has
exactly one simple eigenvalue, say A1, which equals 1; all other eigenvalues



3.5 Applications 161

satisfy |[\;| < 1,4=2,3,..., k. Hence, the Jordan form of S must be of the
form J = 7| where the eigenvalues of J, are Ao, A3, ..., Ag.

By Corollary 3.24, J» — 0 as n — oo, so that J" — diag(1,0,...,0) as
n — oo. Therefore, if S = QJQ ™!, we have

lim p(n) = lim S$"p(0) = lim QJ"Q™'p(0) = (£1,0,0,....0)n = aty,
(3.5.4)
where &1 = (£11,&01,...,&1)7T is the eigenvector of S that corresponds to
the eigenvalue \; = 1, and a is the first component of n = Q~1p(0). Since
finding the matrix @ is not a simple task, we will choose instead to devise
a very easy method to find the constant a. Recall that for

p(n) = (p1(n), pa(n), ..., pr(n)"

we have, from formula (3.5.2), Zlepi(n) = 1. Since lim, o p(n) = a&i,
it follows that

a1 +aka + - -+ aékp = 1.

Therefore,

1
a= )
Cint+&i+ -+ &

The following example illustrates a regular Markov chain.

Example 3.37. The simplest type of genetic inheritance of traits in ani-
mals occurs when a certain trait is determined by a specific pair of genes,
each of which may be of two types, say G and g. An individual may have
a GG combination, a Gg (which is genetically the same as gG), or a gg
combination. An individual with GG genes is said to be dominant; a gg
individual is referred to as recessive; a hybrid has Gg genes.

In the mating of two animals, the offspring inherits one gene of the pair
from each parent: The basic assumption of genetics is that the selection of
these genes is random.

Let us consider a process of continued matings. We begin with an individ-
ual of known genetic character (GG) and mate it with a hybrid. Assuming
that there is one offspring, we mate that offspring with a hybrid, repeating
this process through a number of generations. In each generation there are
three possible states, s; = GG, ss = Gy, and s3 = gg. Let p;(n) represent
the probability that state s; occurs in the nth generation and let p;; be the
probability that s; occurs in the (n+1)th generation given that s; occurred
in the nth generation.
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The difference system that models this Markov chain is denoted by

p1(n+1) = p1ip1(n) + prap2(n) + p13ps(n),
p2(n + 1) = paip1(n) + paopa(n) + pasps(n),
p3(n+ 1) = ps1p1(n) + psapa(n) + pssps(n).

Now, pp1 is the probability of producing an offspring GG by mating GG
and Gg. Clearly, the offspring receives a G gene from his parent GG with
probability 1 and the other G from his parent Gg with probability % By
the multiplication principle, p;; = 1 % % = % The probability of creating
an offspring GG from mating a Gg with a Gg is p12. By similar analysis
one may show that pio = % X % = i. Likewise, p13 is the probability of
generating an offspring GG from mating a gg with a Gg. Obviously, p13 = 0.
One may show by the same process that
1 1 1 1 1

P21 =3, P22 =3, P23 = 3 p31 =0, P32 = 7 P33 = 3-

Hence, we have

p(n+1) = Sp(n)

with
0.5 025 0
S=105 05 05
0 025 05

Notice that all the entries for S? are positive, and thus this is a regular
Markov chain. The eigenvalues of S are \y =1, Ay = %, and A3 = 0. Recall
from formula (3.5.4) that

lim p(n) = a&;.

n— oo
Now,
1
S1=|2
1
and
_1
T
implies that
0.25
nh_)rr;op(n) =105

0.25
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This relation dictates that as the number of repetitions approaches infin-
ity, the probability of producing a purely dominant or a purely recessive
offspring is 0.25, and the probability of creating a hybrid offspring is 0.5.

3.5.83 Absorbing Markov Chains

A state s; in a Markov chain is said to be absorbing if whenever it occurs
on the nth repetition of the experiment, it then occurs on every subsequent
repetition. In other words, if for some ¢, p;; = 1, then p;; = 0 for j #14. A
Markov chain is said to be absorbing if it has at least one absorbing state
and if from every state it is possible to go to an absorbing state. In an
absorbing Markov chain, a state that is not absorbing is called transient.

Example 3.38. Drunkard’s Walk

A man walks along a four-block stretch. He starts at corner z. With prob-
ability % he walks one block to the right, and with probability % he walks
one block to the left. When he comes to the next corner he again randomly
chooses his direction. He continues until he reaches corner 5, which is a bar,
or corner 1, which is his home. (See Figure 3.2.) If he reaches either home
or the bar, he stays there. This is clearly an absorbing Markov chain.

Let us rename the states so that the absorbing states at 1 and 5 are last,
and so we refer to them as s4 and s5. The transient states 2, 3, and 4 will
be called s1, s2, and s3, respectively. Accordingly, p1(n), p2(n), ps(n), ps(n),
and ps(n) will be, respectively, the probabilities of reaching s1, 2, $3, 4,
and s; after n walks. The difference equation that represents this Markov
chain is p(n + 1) = Sp(n), where the transition matrix is

0 X 0o | o0 o
2
L R R
2 2
1
1 T 0
s_ |0 5 0 1 0 of_ .
Q I
1
=0 0 1 0
5 |
1
- 1
0 0 5 | 0
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u(n + 1) = Tu(n), (3.5.5)
v(n+1) =v(n) + Qu(n). (3.5.6)

Therefore,
u(n) = T"u(0). (3.5.7)

Substituting from formula (3.5.7) into formula (3.5.6) yields
v(n+1) =v(n) + QT"u(0). (3.5.8)
By formula (3.2.14), it follows that the solution of (3.5.8) is given by

v(n) =v(0) + i QT u(0). (3.5.9)
r=0

1 1
SN

Hence, by Corollary 3.24, lim,,_, o, 7" = 0. In this case one may show that

o n—1

o r_ -1

Z;T 7H&E;T (I-T)
(Exercises 3.5, Problem 5). Using formula (3.5.9), we generate
lin;o v(n) = v(0) + Q(I — T)u(0).

The eigenvalues of T" are

n—
Now,

31
2 2

I-m*t=[1 2 1
1
1,3
2 2

1
R 2 2 th
5BAR}

. [ N fow

s, s, S, s, s,
¥ + + + \
S, S, S, S; Ss

FIGURE 3.2. Drunkard’s walk.
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Assume that the man starts midway between home and the bar, that is,
at state sy. Then

and

In this case

| 3.1 1
Z 0 0) (2 2| (0 -
lim v(n) = [ 2 lfroe ] =2
n—oo
00 = -
2/ \L 1 3)\o 2
2 2

Thus, the probability that the man ends up at his home is 0.5. The proba-
bility that he ends up at the bar is also 0.5. Common sense could probably
have told us this in the first place, but not every situation will be this
simple.

3.5.4 A Trade Model

Example 3.39. Consider a model of the trade between two countries,
restricted by the following assumptions:

(i) National income = consumption outlays + net investment + exports
— imports.

(ii) Domestic consumption outlays = total consumption — imports.
(iii) Time is divided into periods of equal length, denoted by n = 0,1,2,....
Let, for country j =1, 2,

y;(n) = national income in period n,

¢;j(n) = total consumption in period n,
ij(n) = net investment in period n,
xj(n) = exports in period n,
m;(n) = imports in period n,
d;(n) = consumption of domestic products in period n.

For country 1 we then have

y1(n) = c1(n) +i1(n) + x1(n) — mi(n),
di(n) = c1(n) —my(n),
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which, combining those two equations, gives

y1(n) =di(n) + x1(n) + i1 (n). (3.5.10)
Likewise, for country 2, we have
ya(n) = da(n) + z2(n) + iz(n). (3.5.11)

We now make the following reasonable assumption: The domestic consump-
tion d;(n) and the imports m;(n) of each country at period (n + 1) are
proportional to the country’s national income y;(n) one time period earlier.
Thus,
di(n+1) = anyi(n), mi(n+1) = az1y1(n), (3.5.12)
dz(n + 1) = aggyg(n), mg(n + 1) = alzyz(n). (3513)
The constants a;; are called marginal propensities. Furthermore, a;; > 0,

for 7,7 = 1,2. Since we are considering a world with only two countries,
the exports of one must be equal to the imports of the other, i.e.,

mq(n) = za2(n), ma(n) = z1(n). (3.5.14)

Substituting from equations (3.5.12), (3.5.13), and (3.5.14) into (3.5.10)
and (3.5.11) leads to

y1(n+1) (e a2 y1(n) i1(n+1)
(yg(n+ 1)> - <a21 “22> (?Jz(n)> * (ig(n—i— 1)) ' (3.5.15)

Let us further assume that the net investments i1(n) = 41 and ia(n) = is
are constants. Then (3.5.15) becomes

+1 )
p+ D) _fon aw) fn() (0 (3.5.16)
ya(n +1) azi ag ) \y2(n) 12
By the variation of constants formula (3.2.14), we obtain

n—1 n—1
y(n) = A"y(0) + Y A" = A"y(0) + > A'I, (3.5.17)
r=0 r=0

where I = (i1,42)T. To have a stable economy, common sense dictates that
the sum of the domestic consumption d;(n+ 1) and the imports m;(n+1)
in period (n + 1) must be less than the national income y;(n) in period n;
that is,

G4 ) Fmynt ) <yyn), =12
or
a1 +ag <1, a2 + age < 1. (3518)

Under conditions (3.5.18), one may show that for all the eigenvalues A of
A, |\ < 1 (Exercises 3.5, Problem 4).
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This implies from Corollary 3.24 that A™ — 0 as n — oo. This fact fur-
ther generates the so-called Neumann’s expansion (Exercises 3.5, Problem
4):

n—1 00
lim » A=) A" =(I-A)"". (3.5.19)
r=0 r=0

n—oo

Tt follows from formula (3.5.17) that
lim y(n) = (I — A)~ .

n—oo
This equation says that the national incomes of countries 1 and 2 approach
equilibrium values independent of the initial values of the national incomes
¥1(0), y2(0).

However, as we all know, international economics involves many more
factors than we can account for here. But in Exercises 3.5, Problem 11,
the student will be allowed to create a model for the economic interaction
among three countries.

3.5.5 The Heat FEquation

Example 3.40. Consider the distribution of heat through a thin bar
composed of a homogeneous material. Let x1,xo,...,z; be k equidistant
points on the bar. Let T;(n) be the temperature at time ¢, = (At)n at the
point z;,1 <14 < k. Denote the temperatures at the left and the right ends
of the bar at time t,, by To(n), Tip+1(n), respectively. (See Figure 3.3.)

Assume that the sides of the bar are sufficiently well insulated that no
heat energy is lost through them. The only thing, then, that affects the
temperature at the point x; is the temperature of the points next to it,
which are z;_1,x;41. Assume that the left end of the bar is kept at b
degrees Celsius and the right end of the bar at ¢ degrees Celsius. These
conditions imply that xg(n) = b and zg41(n) = ¢, for n > 0.

We assume that the temperature at a given point x; is determined only
by the temperature at the nearby points z;_; and x;4;. Then according to
Newton’s law of cooling, the change in temperature T;(n + 1) — T;(n) at a
point x; from time n to n + 1 is directly proportional to the temperature
difference between the point z; and the nearby points ;1 and x;41. In

X, X, X3 X X2 Xt Xk

Xo
k+1

FIGURE 3.3. Heat transfer.
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other words

Ti(n+1) = Ti(n) = a([Ti-1(n) — Ti(n)] + [Ti1(n) — Ti(n)])
= a[Tiy1(n) — 2Ti(n) + Ti-1(n)], (3.5.20)

or
T;(n+1)=aTi_1(n) + (1 — 2a)T;(n) + aTiy1(n), 1=2,3,...,k—1.
Similarly, one may also derive the following two equations:

Ti(n+1)=(1-2a)Ti(n) + aTs(n) + ab,
Tk(n + 1) = Oékal(n) + (1 — 2a)Tk(n) + ac.

This correlation may be written in the compact form

T(n+1) = AT(n) + g,

where
1-2 .
( a) o 0 0 ob
e (1-2a) o 0
A= 0 a (1-2a) . cog=|"Y
: : : a .
0 0 0 a  (1-2a) ac

This is a tridiagonal Toeplitz matrix.? Its eigenvalues may be found by the
formula [111]

nm

k+1

)\n—(l—Qa)—f—acos( >, n=12 ...k

Hence |A| < 1 for all eigenvalues A of A. Corollary 3.24 then implies that
lim A™ = 0.

n— oo

From the variation of constants formula (3.2.12), it follows that

( AnT + Z AT

ao a1 az e Ap—1
a—1 ao al
2A is a Toeplitz if it is of the form a—o a—1 Qo as
ai

A_f+1 e a—2 a—1 ao
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Thus, lim,, o T'(n) = (I — A)~g. Finally, this equation points out that
the temperature at the point z;,1 < ¢ < k, approaches the ith component
of the vector (I — A)~!g, regardless of the initial temperature at the point
.

Consider the above problem with k = 3,0 = 0.4, To(n) = 10° C, Ty(n) =
20° C.

Then
102 04 0 4
A= 04 02 04|, g=]0],
0 04 02 8
5 5
08 —04 0\ " 8 4 8
(I—A)"'=|-04 08 —04| =|2 2 3
4 2 4
0 —-04 0.8 13 5 15
8 4 8
Hence
L5 5 25
8 4 8 4 5
. 5 5 5
lim T(n)=| = = =% ol =1 15
135 15 1\8) |2
8§ 4 8 2

Remark: Let Ax = x; — x;_1 and At = t;_1 — t;. If we assume that the
constant of proportionality a@ depends on both At and Az, then we may
write

At

o= |G| P (35.21)

where [ is a constant that depends on the material of the bar. Formula
(3.5.21) simply states that the smaller the value of At, the smaller should be
the change in the temperature at a given point. Moreover, the smaller the
separation of points, the larger should be their influence on the temperature
changes in nearby points. Using formula (3.5.21) in (3.5.20) yields

Ti(n+1) — Ti(n) Tiy1(n) — 2Ti(n) + Ti—1(n)
At (Az)?
If we let At — 0,Az — 0 asn — oo and i — oo, z; = (Az)i = z, and
t; = (At)i = t, then (3.5.22) gives the partial differential equation
oT (x,t) ﬁBQT(x,t)
o0 7 9
Equation (3.5.23) is known as the heat equation [137].

=8 (3.5.22)

. (3.5.23)

2
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Exercises 3.5

1

2

[=p)

. Consider the difference system

P(n+1) = RP(n)

where
0.2 0.1 0.3
R=103 05 0.1
0.5 04 0.6

(a) Show that R is a Markov matrix.
(b) Find lim, o P(n).

. Consider the difference system
P(n+1) = RP(n)
where
1 0 03 01
0 1 01 0.2
R:
0 0 04 03
0 0 02 04

(a) Show that R is an absorbing Markov matrix.
(b) Find lim, . P(n).

. Show that if A is a k x k Markov matrix, then it has an eigenvalue
equal to 1.

. Let A = (a;5) be a k x k positive matrix such that Zle a;; < 1 for
1 =1,2,..., k. Show that |A\| < 1 for all eigenvalues A of A.

. Let A be a k x k matrix with |\| < 1 for all eigenvalues A\ of A. Show
that:

(i) (I — A) is nonsingular.

(i) oA = (I —-A4)""

. Modify Example 3.37 by first mating a recessive individual (genes gg)
with a dominant individual (genes GG). Then, continuing to mate
the offspring with a dominant individual, write down the difference
equation that describes the probabilities of producing individuals with
genes GG, Gy, and gg. Find lim, ., p(n) and then interpret your
results.

. In the dark ages, Harvard, Yale, and MIT admitted only male students.
Assume that at the time, 80% of the sons of Harvard men went to
Harvard and the rest went to MIT, 40% of the sons of MIT men went



10.

11.
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to MIT and the rest split evenly between Harvard and Yale; and of
the sons of Yale men, 70% went to Yale, 20% to Harvard, and 10%
to MIT. Find the transition matrix R of this Markov chain. Find the
long-term probabilities that the descendants of Harvard men will go
to Yale. (Assume that we start with N men, and each man sends one
son to college.)

A New York governor tells person A his intention either to run or not
to run in the next presidential election. Then A relays the news to B,
who in turn relays the message to C, and so forth, always to some new
person. Assume that there is a probability « that a person will change
the answer from yes to no when transmitting it to the next person
and a probability § that he will change it from no to yes. Write down
the state transition matrix of this process, then find its limiting state.
Note that the initial state is the governor’s choice.

A psychologist conducts an experiment in which 20 rats are placed at
random in a compartment that has been divided into rooms labeled 1,
2, and 3 as shown in Figure 3.4. Observe that there are four doors in
the arrangement. There are three possible states for each rat: It can
be in room 1, 2, or 3. Let us assume that the rats move from room
to room. A rat in room 1 has the probabilities p1; = 0, Py; = %, and
P31 = % of moving to the various rooms based on the distribution of
doors. Predict the distribution of the rats in the long run. What is the
limiting probability that a given marked rat will be in room 27

In Example 3.38 (drunkard’s walk), assume that the probability of a
step to the right is % and that of a step to the left is % Write down
the transition matrix and determine lim,,, p(n).

In the trade model (Example 3.39) let a;; = 0.4,a21 = 0.5,a12 =
0.3,a22 = 0.6,7; = 25 billion dollars, and is = 20 billion dollars. If
y1(n) and ys(n) denote the national incomes of countries 1 and 2 in
year n, respectively, and y;(0) = 500 billion dollars and y5(0) = 650
billion dollars, find y;(3) and y2(3). What are the equilibrium national
incomes for nations 1 and 27

FIGURE 3.4. Diagram for Problem 9.
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50 50 50
X, e X, X,
air 50 50
water 0 X, o X; X, 0
0 0 0

FIGURE 3.5. Heat flow diagram for Problem 14.

12. Develop a mathematical model for a foreign trade model among three
countries using an argument similar to that used in Example 3.39.

13. In Example 3.40, let £ = 4, = 0.2, and zo(n) = T5(n) = 0° C.
Compute T;(n),1 < < 4, for n = 1,2, 3; then find lim,_, T;(n).

14. Suppose we have a grid of six points on a bar as shown in Figure 3.5.
Part of the bar is in air that is kept at a constant temperature of 50
degrees, and part of the bar is submerged in a liquid that is kept at
a constant temperature of 0 degrees. Assume that the temperature at
the point x;,1 < i < 6, depends only on the temperature of the four
nearest points, that is, the points above, below, to the left, and to the
right.

(i) Write a mathematical model that describes the flow of heat in
this bar.

(ii) Find the equilibrium temperature at the six points x;.



4
Stability Theory

In Chapter 1 we studied the stability properties of first-order difference
equations. In this chapter we will develop the theory for k-dimensional
systems of first-order difference equations. As shown in Chapter 3, this
study includes difference equations of any order. Here we are interested
in the qualitative behavior of solutions without actually computing them.
Realizing that most of the problems that arise in practice are nonlinear and
mostly unsolvable, this investigation is of vital importance to scientists,
engineers, and applied mathematicians.

In this chapter we adapt the differential methods and techniques of Lia-
punov [93], Perron [114], and many others, to difference equations. First, we
introduce the notion of norms of vectors and matrices in Section 4.1. Next,
we give definitions of various notions of stability and some simple examples
to illustrate them in Section 4.2. Section 4.3 addresses the question of sta-
bility of both autonomous and nonautonomous linear systems and includes
the Stable Mainfold Theorem. In Section 4.4 we study the geometrical prop-
erties of planar linear systems by means of phase space analysis. Section 4.5
introduces to the reader the basic theory of the direct method of Liapunov,
by far the most advanced topic in this chapter. In Section 4.6 we present
the stability of nonlinear systems by the method of linear approximation,
which is widely used by scientists and engineers. And, finally, in Section 4.7
we investigate mathematical models of population dynamics and a business
model. Due to the enormity of the existing literature on Liapunov theory,
we have limited our exposition to autonomous equations.

173
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(i) the I3 norm:
k $
lazlls =D ] Il =1

i=1

(ii) the lo norm:
[2]loe = max [z Il =1

1<i<k

(iii) the Euclidean norm lo:

& 1/2
2 = (Z) {‘}
Il = 1

FIGURE 4.1. A circle in different norms.

4.1 A Norm of a Matrix

We start this section by introducing the notion of norms of vectors and
matrices.

Definition 4.1. A real-valued function on a vector space V is called a
norm, and is denoted by ||||, if the following properties hold:

(i) |||l > 0 and ||z|| = 0 only if z = 0;
(ii) [Jaz|| = |a|||z|| for all z € V and scalars «;
(ii) [lz +yll < [lz]] + [ly[| for all z,y € V.

The three most commonly used norms on R* are shown in Figure 4.1.
We remark here that all norms on R* are equivalent in the sense that if
I, Il are any two norms, then there exist constants o, 3 > 0 such that

aflzll < flz]" < Bl

Thus if {z,} is a sequence in R¥, then ||z, | — 0 as n — oo if and only if
|zn|l” — 0 as n — oo.

Corresponding to each vector norm ||| on R* one may define an operator
norm ||| on a k x k matrix A as

A
4] = max 142l (4.1.1)
lzll%0 |||
It may be shown easily that
|A|l = max ||Az| = max || Az]|. (4.1.2)
lzl<1 lzl=1

Using this definition one may easily compute ||A| relative to the above
three norms as shown in Table 4.1. (For a proof see [85].)
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TABLE 4.1. Vector and Matrix Norms.

Norm K3 A
k k
h Z'xl‘ 225 Z|azj\ Sum over columns
=1 i=1
k
loo mi)ilil' 1?%)% |ai;|  Sum over rows
j=1

I (Zﬁ) [p(AT 4)] 2

From (4.1.1) we may deduce that for any operator norm on A (Exercises
4.1, Problem 5),

p(A) < [|All, (4.1.3)

where p(A4) = max{|A| : X is an eigenvalue of A} is the spectral radius of

A.
Exercises 4.1

1. Compute ||A]l1, [|A]lcos ||All2, and p(A) for the following matrices:

5 1 1 1 2 2 1 0
@, ® 2 . (@20
03 0 03 4

2. Give an example of a matrix A such that p(A) # || Allec, [|4]l1, [|A]|2-

3. Let
A1 0
A=10 X 1
0 0 A
Show that for each € > 0 there exists a diagonal matrix D such that
|ID=YAD| < |A| + ¢ for operator norms || A1 || Al|co-

4. Generalize Problem 3 to any k& x k& matrix A in the Jordan form
diag(Jl, JQ, ey JT)

5. Prove that p(A) < ||A]| for any operator norm |||| on A.
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6. Show that for any two norms |||, ||||” on R there are constants o, 3 > 0
such that az]) < i)’ < Bz

7. Deduce from Problem 6 that for any sequence {z(n)}, ||z(n)| — 0 as
n — oo if and only if ||z(n)||" — 0.

4.2 Notions of Stability

Let us consider the vector difference equation
z(n+1) = f(n,z(n)), z(no) = zo, (4.2.1)

where z(n) € R*, f : Z+ x R¥ — R*. We assume that f(n,z) is continuous
in z. Recall that (4.2.1) is said to be autonomous or time-invariant if the
variable n does not appear explicitly in the right-hand side of the equation
fn,z(n)) = f(x(n)). It is said to be periodic if for alln € Z, f(n+ N,z) =
f(n,x) for some positive integer N.

A point z* in R¥ is called an equilibrium point of (4.2.1) if f(n,z*) = x*
for all n > ng. In most of the literature x* is assumed to be the origin 0
and is called the zero solution. The justification for this assumption is as
follows: Let y(n) = x(n) — z*. Then (4.2.1) becomes

y(n+1) = f(n,y(n) + 2%) — 2" = g(n, y(n)). (4.2.2)

Notice that y = 0 corresponds to z = z*. Since in many cases it is not
convenient to make this change of coordinates, we will not assume that
2* = 0 unless it is more convenient to do so.

Recall that in Chapter 3 we dealt with the existence and uniqueness of
solutions of linear systems, that is, the case f(n,z(n)) = A(n)x(n), where
A(n) is a k x k matrix. The existence and uniqueness of solutions of (4.2.1)
may be established in a similar fashion (Exercises 4.2, Problem 9).

We are now ready to introduce the various stability notions of the
equilibrium point z* of (4.2.1).

Definition 4.2. The equilibrium point «* of (4.2.1) is said to be:

(i) Stable (S) if given € > 0 and ny > 0 there exists § = d(g, ng) such that
|z — z*|| < ¢ implies ||x(n,ng, x0) — z*|| < € for all n > ng, uniformly
stable (US) if 6 may be chosen independent of ng, unstable if it is not
stable.

(ii) Attracting (A) if there exists pu = p(ng) such that ||zg — 2*|| < p
implies lim, o 2(n,ng, xo) = a*, uniformly attracting (UA) if the
choice of p is independent of ng. The condition for uniform attractivity
may be paraphrased by saying that there exists p > 0 such that for
every € and ng there exists N = N(¢) independent of ng such that
lz(n, no, xo) — x*|| < € for all n > ng + N whenever ||zg — 2*|| < p.
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X
X, !
€

FIGURE 4.2. Stable equilibrium in phase space.

(iil) Asymptotically stable (AS) if it is stable and attracting, and uniformly
asymptotically stable (UAS) if it is uniformly stable and uniformly
attracting.

(iv) Exponentially stable (ES) if there exist 6 > 0, M > 0, and n € (0,1)
such that ||x(n,ng,zo) — z*|| < M||xg — x*||n™ ™0, whenever ||zq —
z¥|| < 0.

(v) A solution x(n,ng,xo) is bounded if for some positive constant M,
|z (n,no, z0)|] < M for all n > ng, where M may depend on each
solution.

If in parts (ii), (iii) 4 = oo or in part (iv) & = oo, the corresponding stability
property is said to be global. In Figure 4.2, we suppress the (time) n and
show only the movement of a solution that starts inside a ball of radius 4.
The figure illustrates that all future states x(n,ng,zo),n > ng, will stay

r_

7

’
’
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’
, r//\\ /\}’
,
7/ \"Z n

N,

FIGURE 4.3. Stable equilibrium.
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FIGURE 4.4. Uniformly asymptotically stable equilibrium.

ES
AS «————— UAS

\ /“A/

A

S «——  US

FIGURE 4.5. Hierarchy of stability notions.

within the € ball. This diagram is called a phase space portrait and will be
used extensively in later sections. In Figure 4.3 the time n is considered part
of a three-dimensional coordinate system that provides another perspective
on stability. Figure 4.4 depicts the uniform asymptotic stability of the zero
solution.

Note that in the above definitions, some of the stability properties auto-
matically imply one or more of the others. Figure 4.5 shows the hierarchy
of the stability notions.

Important Remark: In general, none of the arrows in Figure 4.5 may be
reversed. However, for special classes of equations, these arrows in Figure
4.5 may be reversed. In this section, it will be shown that for linear systems

z(n+1) = A(n)z(n) (4.2.3)

where A(n) is a k X k matrix defined on Z*, uniform asymptotic stability
implies exponential stability (UAS < ES).
For the autonomous system

z(n+1) = f(z(n)) (4.2.4)

we have the following result.
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Theorem 4.3. For the autonomous system (4.2.4), the following state-
ments hold for the equilibrium point x*:

(i) S« US.
(ii) AS > UAS.
(iii) A ¢ UA.

PROOF.

(i) Let z(n,ng,xo) and y(n, mg, xo) be two solutions of (4.2.4), with mg =

no+ro, ro > 0. Notice that x(n—rg, ng, o) intersects with y(n, mg, zo)
at n = mg. By uniqueness of solutions, it follows that y(n, mg,z¢) =
x(n — ro,no, o). This implies that the § in the definition of stability
is independent of the initial time ng which establishes our result.

The proofs of (ii) and (iii) are similar to the proof of (i). O

The following examples serve to illustrate the definitions.

1.

The solution of the scalar equation z(n + 1) = z(n) is given by
x(n,ng, o) = xp; hence the zero solution is uniformly stable but not
asymptotically stable.

The solutions of the scalar equation z:(n + 1) = a(n)z(n) are
n—1
x(n,no, xg) = lH a(i)‘| Zo- (4.2.5)
1=no
Hence one may conclude the following;:
(i) The zero solution is stable if and only if

Ha

ZTLQ

< M(no) = M, (4.2.6)

where M is a positive constant that depends on ng (Exercises
4.2, Problem 2). This condition holds if a(i) = (1 + n'), where
0<n<1

To show this we write the solution as x(n, ng, o) = ®(n)xg, where
®(n) =I72" (1+7%). Since 147" < exp(n’), it follows that

1=ng
n—1 ) oS} ) no
n) < exp (Z nz> < exp (Z 771) < exp (177_ 77>
1=ng 1=ng

Given € > 0 and ng > 0, if we let § = ¢/(2M), then |zg| < d
implies |z(n, ng, zo)| = ®(n)zo < €.
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(ii) The zero solution is uniformly stable if and only if

I] o)

i:no

<M, (4.2.7)

where M is a positive constant independent of ng (Exercises 4.2,
Problem 5). This condition holds if a(i) = sin(i + 1).

(iii) The zero solution is asymptotically stable if and only if

n—1
nll_)n;o H a(i)] =0 (4.2.8)
1=No

(Exercises 4.2, Problem 5). This condition clearly holds if a(i) =
;jt—%. The solution is given by x(n,ng, o) = (ng + 1)/(n + 1)xo.
Thus, the zero solution is uniformly stable and asymptotically
stable (globally), but not uniformly asymptotically stable. (Why?)
(See Exercises 4.2, Problem 6.)

(iv) The zero solution is uniformly asymptotically stable (and thus
exponentially stable) if and only if

n—1

I] a@)

i:no

< My, (4.2.9)

for some M > 0,0 < n < 1. This may be satisfied if a(i) = 1/i
(Exercises 4.2, Problem 8).

Now we give two important examples. In the first example we show that
the zero solution is stable but not uniformly stable. In the second example
the zero solution is attracting but not stable (personal communication by
Professor Bernd Aulbach).

Example 4.4. The solution of the equation z(n + 1) = (21) [z(n)]? is
given by

—ng

o= (5) (U7 (45) () e

z(ng) = xo.

If |zo| is sufficiently small, then lim,,_,c #(n) = 0. Thus, the zero solution
is attracting. However, it is not uniformly attracting. For if § > 0 is given
and ng is chosen such that (ng + 1)62 > 2, then, for |xq| = 4,

ng+1
|z(no + 1,n0, 20)| = <02> |zo|® > 1.

Let us now check the stability of the zero solution. Given € > 0 and ng > 0,
let 0 =¢/(no+1). If |xg| < 0, then |z(n,ng, zo)| < € for all n > ng. Since §
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depends on the choice of ng, the zero solution is stable but not uniformly
stable.

Example 4.5. Consider the difference equation (in polar coordinates)
r(n+1) = /r(n), r >0,
O(n+1) =/ 270(n), 0<6< 2.
We claim that the equilibrium point (1,0) is attracting but not stable. To
show this, observe that

r(n) = 7"37", ro = 7(0),

o) = 2m)(27) L (00)2 ", 6y = 6(0).

Clearly, lim,, o, 7(n) = 1 and lim,_,o, 8(n) = 27. Now, if 7y # 0, 6y = 0,
then (r(n),0(n)) = ((r0)?> ",0), which converges to the equilibrium point
(1,0). However, if 6y = 07,0 < § < 1, then the orbit of (rg,8y) will spiral
around the circle counterclockwise to converge to the equilibrium point
(1,0). Hence the equilibrium point (1,0) is attracting but not stable. (See
Figure 4.6.)

Remark: The situation in Example 4.5 is a higher dimension phenomenon.
In 1997, Sedaghat [132] showed that a continuous map on the real line
cannot have an attracting unstable fixed point.

To demonstrate this phenomenon, let us contemplate the following
example:

Example 4.6. Consider the map

FIGURE 4.6. Attracting but not stable equilibrium.
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o

FIGURE 4.7. Ga(x).

where py € RT. Equivalently, we have the difference equation z(n + 1) =
G.(xz(n)) whose solution is given by

(=2)"zo if (=2)" "tz < p,
0 if (—2)" two > p,

z(n) = Gi(xo) = {

where z(0) = xg.

Now, if 29 > p, then G};(x9) = 0 for all n > 1. On the other hand, if
xo < W, then for some k € Z7, Gﬁ(mo) > p. Hence, GJj(z9) = 0 for all
n > k.

Hence the fixed point «* = 0 is globally attracting. However, z* = 0 is
unstable, for points zg that are close to 0 are mapped to points further
away from 0 until they exceed p (see Figure 4.7 for Gs).

Theorem 4.7 [132]. A continuous map f on the real line cannot have
an attracting unstable fived point.

To facilitate the proof of the theorem, we first establish a stability result
that is of independent interest, since it does not require differentiability of

f.

Criterion for asymptotic stability of fixed points
of nondifferentiable maps.

Theorem 4.8 [135]. A fized point * of a continuous map f is asymp-
totically stable if and only if there is an open interval (a,b) containing x*
such that f*(z) >z for a < x < z* and f?*(z) <z for x* <x <b.

PrOOF. See Appendix C. O

PROOF OF THEOREM 4.7. Let f be a continuous map on R that has an
unstable globally attracting fixed point x*. This implies that the equation
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f?(z) = = has only one solution x = z*. Hence, there are only two possible
cases:

(a) f2(z) >z for x < x* and f?(z) < z for & > x*;
(b) f2(x) < x for x < x* and f?(x) > x for z > x*.

Notice that by Theorem 4.8, case (a) implies that z* is asymptotically
stable and must be discarded. It remains to rule out case (b). So assume
that f?(z) < @ for z < x*. Now let xy < x*. Then by iteration, we have
< o) < fP(x0) < o < T

Thus, f2"(x¢) does not converge to z*, which contradicts the global
attractivity of z*. The case f%(z) > z for x > z* is similar and will lead to
a contradiction. Hence, our assumption is false, which proves the assertion
of the theorem. O

Exercises 4.2
1. Meditate upon the scalar equation xz(n + 1) = ax(n). Prove that:
(i) If |a| < 1, the zero solution is uniformly asymptotically stable.
) If |a] = 1, the zero solution is uniformly stable.
(iii) If |a|] > 1, the zero solution is not stable.
)

Prove that the zero solution of the scalar equation z(n + 1) =

H:L:_nlo a(i)| < M(ng), where M

a(n)xz(n) is stable if and only if

depends on ng.
(b) Show that the zero solution of the equation z(n 4+ 1) = (1 +
n™Mz(n),0 < n < 1, is stable.
3. (a) Prove that the zero solution of the equation z(n + 1) = a(n)z(n)
is uniformly stable if and only if ‘HZ':—nlo a(i)‘ < M, where M is a
positive constant independent of ng.

(b) Show that the zero solution of the equation x(n + 1) = sin(n +
1)z(n) is uniformly stable.

4. Show that the zero solution of the equation z(n + 1) = Z—T_;x(n) is
asymptotically stable.
5. Prove that the zero solution of the equation z(n + 1) = a(n)z(n) is

asymptotically stable if and only if lim,, ’Hn_l a(i)

i:no

6. Show that the zero solution of the equation in Problem 4 is not
uniformly asymptotically stable.

[1=) a(i)| < My, for

1=n0 a

7. Prove that the zero solution of the equation z(n) = a(n)z(n) is uni-
formly asymptotically stable if and only if ‘

some M > 0,0 <n < 1.



184 4. Stability Theory
8. Show that the zero solution of the scalar equation z(n + 1) =
(1/n)x(n),n > 1, is uniformly asymptotically stable.
9. Establish the existence and uniqueness of solutions of (4.2.1).

10. Consider the system

z(n+1)=z(n)+

y(n+1) =y(n) +

which can be written as
z(n+1) = z(n) + g1(z(n), y(n)),
y(n+1) = y(n) + g2(z(n), y(n)).

Show that the zero solution is globally attracting but unstable.

11. Define the difference equation on the unit circle as

r(n+1) =1,
On+1)=v2m0, 0<0<2m.

Show that the fixed point (1,0) is globally attracting but unstable.

4.3 Stability of Linear Systems

4.8.1 Nonautonomous Linear Systems

In this subsection we investigate the stability of the linear nonautonomous
(time-variant) system given by

z(n+1)=An)z(n), n>ng>0. (4.3.1)

It is always assumed that A(n) is nonsingular for all n > ng.

If ®(n) is any fundamental matrix of system (4.3.1) or (4.3.6), then recall
that ®(n, m) = ®(n)®~1(m) is the state transition matrix. In the following
result we express the conditions for stability in terms of a fundamental
matrix ®(n) of system (4.3.1).

Theorem 4.9. Consider system (4.3.1). Then its zero solution is
(i) stable if and only if there exists a positive constant M such that
|2(n)|| < M forn >ng>0; (4.3.2)

(i) wniformly stable if and only if there exists a positive constant M such
that

[®(n,m)|| <M forng <m <n < oo; (4.3.3)
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(iii) asymptotically stable if and only if
nhﬁngo [|®(n)]| = 0; (4.3.4)

(iv) wuniformly asymptotically stable if and only if there exist positive
constants M and n € (0,1) such that:

[@(n,m)|| < Mn"™™ forng <m <n < oco. (4.3.5)

ProoF. Without loss of generality we may assume that ®(ng) = I, since
conditions (4.3.2) through (4.3.5) hold true for every fundamental matrix
if they hold for one. Thus z(n,ng, xo) = ®(n)xo.

(i) Suppose that inequality (4.3.2) holds. Then ||x(n, ng,zo)| < M||zol|.
So for € > 0, let § < ¢/M. Then ||zo|| < § implies ||z(n, ng,zo)|| <
¢ and, consequently, the zero solution is stable. Conversely, suppose
that ||z(n,no, zo)|| = ||®(n)zo|| < € whenever ||zg]| < §. Observe that
ol < & if and only if $||zo|| < 1. Hence

[®(n)]| = sup [[®(n)¢] =
leli<t

Parts (ii) and (iii) remain as Exercises 4.3, Problems 9 and 10.

(iv) Suppose finally that inequality (4.3.5) holds. The zero solution of sys-
tem (4.3.1) would then be uniformly stable by part (ii). Furthermore,
for e > 0,0 < ¢ < M, take p = 1 and N such n < ¢/M. Hence,
if [|zo|| < 1, then ||xz(n,ng, zo)|| = [|P(n, no)xol| < Mn™ "™ < ¢ for
n > ng + N. The zero solution would be uniformly asymptotically
stable. Conversely, suppose that the zero solution is uniformly asymp-
totically stable. It is also then uniformly stable, and thus by Theorem
5.1(ii), [|®(n,m)|| < M for 0 < ng < m < n < oo. From uniform
attractivity, there exists u > 0 such that for ¢ with 0 < ¢ < 1
there exists N such that ||®(n,n)| < € for n > ng + N, whenever
|lzo]] < p. This implies that M ®(n,ng)|| < € for n > ng+ N. Then for
nelng + mN,ng + (m + 1)N],m > 0, we have

[®(n,no)ll < [[®(n,no +mN)|[|®(no +mN,ng + (m — 1)N)|| x
< X || @(ng + N, no) ||

m—+1)N -
< Me™ < M <5ﬁ)( ) = Mn(m+1)N
e

< My,

)

for mN < n—ng < (m+1)N where M = M= e~ . This concludes
the proof of the theorem. O

The following result arises as an immediate consequence of the above
theorem. [See the Important Remark, part (i).]
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Corollary 4.10. For the linear system (4.3.1) the following statements
hold:

(i) The zero solution is stable if and only if all solutions are bounded.

(ii) The zero solution is exponentially stable if and only if it is uniformly
asymptotically stable.

PROOF. Statements (i) and (ii) follow immediately from conditions (4.3.3)
and (4.3.5), respectively (Exercises 4.3, Problem 6). m|

The following is another important consequence of Theorem 4.9:

Corollary 4.11. For system (4.3.1), every local stability property of the
zero solution implies the corresponding global stability property.

PrOOF. Use Theorem 4.9 (Exercises 4.3, Problem 7). O

We now give a simple but powerful criterion for uniform stability and
uniform asymptotic stability.

Theorem 4.12 [17].

(i) If Zle la;;(n)] < 1,1 < j < k,n > ng, then the zero solution of
system (3.2.15) is uniformly stable.

(ii) If Zle lai;(n)] < 1—v for somev > 0,1 <j <kn>ng, then the
zero solution is uniformly asymptotically stable.

PROOF.
(i) From condition (i) in Theorem 4.12, [|A(n)||; < 1 for all n > ng. Thus,

IT 46)

i=m

[ (n, m)[ls = < A =DlL[[A(n=2)[}1 - [Am)[1 < 1.

1

This now implies uniform stability by Theorem 4.9, part (ii).

(ii) The proof of statement (ii) is so similar to the proof of statement (i)
that we will omit it here. O

4.83.2  Autonomous Linear Systems

In this subsection we specialize the results of the previous section to
autonomous (time-invariant) systems of the form

z(n+1) = Az(n). (4.3.6)

In the next theorem we summarize the main stability results for the
linear autonomous systems (4.3.6).

Theorem 4.13. The following statements hold:
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(i) The zero solution of (4.3.6) is stable if and only if p(A) < 1 and the
eigenvalues of unit modulus are semisimple.

(ii) The zero solution of (4.3.6) is asymptotically stable if and only if
p(A) < 1.

PRrROOF.

(i) Let A= PJP~! where J = diag(Jy, Ja, ..., J,.) is the Jordan form of
A and

Ao 1 0
i
Ji =
1
0 by

From Theorem 4.9 the zero solution of (4.3.6) is stable if and only if
[A™| = [PJ" P~ < M or ||J"|| < M, where M = M/(||P[[|[P~*]).
Now, J" = diag(J}, J&, ..., J"), where

rer

PYON AR USSR ) ynesitt
i 1 % s — 1 )

Jr=10 AP :
n
PV
(&)

0 0 AP

Obviously, J/* becomes unbounded if [A;| > 1 or if [A\;] = 1 and J;
is not 1 x 1. If |A\;| < 1, then J* — 0 as n — oo. To prove this
conclusion it suffices to show that |\;|* n® — 0, as n — oo for any
positive integer £. This conclusion follows from L’Hopital’s rule, since
I\ nt = nfeXibn (Exercises 4.3, Problem 8).

(ii) The proof of statement (ii) has already been established by the above
argument. This completes the proof of the theorem. O
Explicit Criteria for Stability of Two-Dimensional Systems

In many applications one needs explicit criteria on the entries of the matrix
for the eigenvalues to lie inside the unit disk. So consider the matrix

! An eigenvalue is said to be semisimple if the corresponding Jordan block is
diagonal.



188 4. Stability Theory

whose characteristic equation is given by
A = (a11 + az2) A + (a11022 — ar2a91) =0
or
A — (tr A)A 4 det A = 0. (4.3.7)
Comparing (4.3.7) with the equation
A+ pid+p2 =0,

where p; = —tr A, po = det A, we conclude from Theorem 2.37 that the
eigenvalues of A lie inside the unit disk if and only if

1+trA+detA>0, 1—trA+detA>0, 1—detA>0 (4.3.8)

or, equivalently,

[[tr A] < 1+ det A < 2| (4.3.9)

Tt follows that under condition (4.3.9), the zero solution of the equation
z(n+1) = Az(n)

is asymptotically stable.

We now describe the situation when some eigenvalues of A in (4.3.6) are
inside the unit disk and some eigenvalues are outside the unit disk. The
result below is called the Stable Subspace (Manifold) Theorem. The result
does not require that A is invertible.

Let A be an eigenvalue of A of multiplicity m and let £1,&s, ..., &, be the
generalized eigenvectors corresponding to A. Then for each i, 1 < 7 < m,
either

A& = XN (& is an eigenvector of A), or
A& = A&+ &

It follows that the generalized eigenvectors corresponding to A are the
solutions of the equation

(A= \J)mg =0. (4.3.10)

The set of all linear combinations, or the span of the generalized eigenvec-
tors corresponding to A is invariant under A and is called the generalized
eigenspace Ey of the eigenvalue of A. Clearly, if Ay # Aq, then Ey, NEy, =
{0}. Notice that each eigenspace F) includes the zero vector.

Assume that A is hyperbolic, that is, none of the eigenvalues of A lie on
the unit circle. Arrange the eigenvalues of A such that Ay = {A1, Ao, ..., A}
are all the eigenvalues of A with [N < 1, 1 < ¢ < r and A, =
{A\r+1, Artsy -« -, A, } are all the eigenvalues of A with [A\;| > 1,r+1 <i < k.
The eigenspace spanned by the eigenvalues in Ay is denoted by W#*, where
W* = (Ji_, \; and the eigenspace spanned by the eigenvalues in A, is

denoted by W*, where W = Ufzr_H Ai-
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Theorem 4.14 (The Stable Subspace (Manifold) Theorem). If A
18 hyperbolic, then the following statements hold true:

(i) If x(n) is a solution of (4.3.6) with z(0) € W*, then for each n, x(n) €
W#. Furthermore,

nh_}ngo z(n) =0.

(ii) If z(n) is a solution of (4.3.6) with z(0) € W, then x(n) € W™ for
each n. Moreover,
nglzloox(n) =0.

PROOF.

(i) Let z(n) be a solution of (4.3.6) with z(0) € W*. Since AE) = E, it
follows that AW* = W*. Hence z(n) € W* for all n € ZT. To prove
the second statement, observe that x(0) = Y._, ¢;&, where 1 < & <r
are the generalized eigenvectors corresponding to elements in Ag. Let
J = P7LAP be the Jordan form of A. Then J may be written in the

form
Js 0
J =
()

where J; has the eigenvalues in Ag; and J, has the eigenvalues in
Ay By Lemma 3.27 in Chapter 3, the corresponding generalized
eigenvectors &, 1 < i < r, of J, are of the form & = P71 =
(aﬂ, Ai2y ooy Qipy 0, 0, ey O)T Now

z(n) = A"z(0)
=pJjrp! Z i

i=1
T

= PJ"ZCigi

i=1

~ ()&
e (3)

Thus lim,, o 2(n) = 0 since J? — 0 as n — oo.

(ii) The proof of (ii) is analogous to (i) and will be left to the reader as
Problem 11. O

Remark:

(i) Part (i) may be obtained without the condition of hyperbolicity of A,
and similarly for part (ii).
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(ii) The General Stable Manifold Theorem for Nonlinear Maps will be given
in Appendix D.

We now use the above result to investigate the stability of the periodic
system

z(n+1) = A(n)z(n), A(n+ N) = A(n). (4.3.11)

Recall from Chapter 3 that if ®(n,ng) is a fundamental matrix of (4.3.11),
then there exist a constant matrix B whose eigenvalues are called the
Floquet exponents and a periodic matrix P(n,ng) such that ®(n,ng) =
P(n,ng)B" ", where P(n + N,ng) = P(n,ng). Thus if B™ is bounded,
then so is ®(n,ng), and if B™ — 0 as n — oo, then it follows that
®(n,ng) — 0 as n — oo. This proves the following result.

Theorem 4.15. The zero solution of (4.3.11) is:

(i) stable if and only if the Floquet exponents have modulus less than or
equal to 1; those of modulus of 1 are semisimple;

(ii) asymptotically stable if and only if all the Floquet exponents lie inside
the unit disk.

For practical purposes, the following corollary is of paramount impor-
tance.

Corollary 4.16. The zero solution of (4.3.11) is:

(i) stable if and only if each eigenvalue of the matriz C = A(N —1)A(N —
2)--- A(0) has modulus less than or equal to 1; those solutions with
modulus of value 1 are semisimple;

(ii) asymptotically  stable if and only if each eigenvalue of
C=A(N —-1)A(N —2)--- A(0) has modulus less than 1.

Let us summarize what we have learned thus far. First, for the au-
tonomous (time-invariant) linear system z(n+1) = Az(n), the eigenvalues
of A determine the stability properties of the system (Theorem 4.13). But
for a periodic system x(n+ 1) = A(n)x(n), the eigenvalues of A(n) do not
play any role in the determination of the stability properties of the sys-
tem. Instead, the Flogquet multipliers of A(n) determine those properties.
The following example should dispel any wrong ideas concerning the role
of eigenvalues in a nonautonomous system.

Example 4.17. Let us again consider the periodic system in Example
3.35 where

. 2+ (=1)"
_ 2
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Here the eigenvalues of A are +v/3/2, and thus p[A(n)] < 1. By applying
Corollary 4.16, one may quickly check the stability of this system. We have

3 1 9

~l= O

Hence, by Corollary 4.16, the zero solution is unstable, since C' has an
eigenvalue 9/4 which is greater than 1.

For the eager reader, perpetually searching for a challenge, we might
determine the stability by explicitly transcribing the fundamental matrix
as follows:

Hence, these are unbounded solutions. Consequently, the zero solution
is unstable. This example demonstrates without any doubt that eigen-
values do not generally provide any information about the stability of
nonautonomous difference systems.

Exercises 4.3

1. Determine whether the zero solution of the system z(n + 1) = Ax(n)
is stable, asymptotically stable, or unstable if the matrix A is:

5 1
1 0 B 02
1 5
. by -1 —= 2
@) (—2 1) R
oo o
3
15 1 -1
()<_1 5) (d)|-15 -05 15
C . —1. —U. .
—0.5 2
05 1 0

2. Give another example (see Example 4.17) of a matrix A(n) such that
plA(n)] < 1 and the zero solution of z(n + 1) = A(n)x(n) is unstable.

3. Give an example of a stable matrix A (i.e., p(A) < 1) with [|A4] > 1,
for some matrix norm ||||.

4. Consider the autonomous (time-invariant) system (4.3.6). Prove the
following statements:

(i) The zero solution is stable if and only if it is uniformly stable.
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(ii) The zero solution is asymptotically stable if and only if it is
uniformly asymptotically stable.

5. Use Corollary 4.16 to determine whether or not the zero solution of
xz(n + 1) = A(n)z(n) is uniformly stable or uniformly asymptotically
stable, where A(n) is the matrix:

1
-1 1 cos(n) n 0
| 4 . (b) [+
0 3 sin(n) -1 1
1 1
Z i n+2
] 0 2sm(n) — 0 0
1 1 1
(c) - =sin(n) = cos(n) | - (d) 0 10
4 2 4 1
1 0 1
5 0 0 n+1

6. Prove Corollary 4.10.
7. Prove Corollary 4.11.

8. Show that if |A| < 1, then lim, . |[A|"n® = 0 for any given positive
integer s.

9. Prove that the zero solution of system (4.3.1) is uniformly stable if and
only if there exists M > 0 such that |®(n,m)|| < M, for ng < m <
n < 00.

10. Prove that the zero solution of system (4.3.1) is asymptotically stable
if and only if lim,_, |[|®(n)]| = 0.

11. Prove Theorem 4.14, part (ii).
Iterative Methods
Consider the system of linear algebraic equations
Ax = b, (4.3.12)

where A = (a;5) is a k x k matrix.
Iterative methods are used widely to solve (4.3.12) numerically. We
generate a sequence z(n) using the difference equation

z(n+ 1) = Bz(n) + d, (4.3.13)

where the choice of B and d depends on the iterative method used. The
iterative method (4.3.13) is consistent with (4.3.12) if a solution z* of
(4.3.12) is an equilibrium point of (4.3.13), i.e., if

Bz* +d=2zx". (4.3.14)

‘We now describe one such consistent method, the Jacobi iterative method.
Assuming that the diagonal elements a;; of A are nonzero, then D =
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diag(a11, age, . .., akk) is nonsingular. In (4.3.13) define
B=1-D'A, d=D""b. (4.3.15)
This method is consistent (Exercises 4.3, Problem 12). If A is nonsingular,
then x* is unique. The associated error equation may be derived by letting
e(n) = z(n) — z*. Equations (4.3.13) and (4.3.14) then yield the equation
e(n+ 1) = Be(n). (4.3.16)
The quantity e(n) represents the error in approximating the solution z* by
the nth iterate x(n) of (4.3.13).

12. (i) Prove that z(n) — 2* as n — oo if and only if e(n) — 0 as
n — oo. In other words, the iterative method ((4.3.13) converges
to the solution z* of (4.3.12) if and only if the zero solution of
(4.3.16) is asymptotically stable).

(ii) Use Theorem 4.9 to show that the iterative method converges if
and only if p(B) < 1.

13. Show that the Jacobi iterative method is consistent.

14. Consider (4.3.12) and (4.3.13) with the assumption that the diagonal
elements of A are nonzero. Let L be the lower triangular part of A
and let U be the strictly upper triangular part of A (i.e., the main
diagonal of U is zero). Then A = L + U. The Gauss—Seidel iterative
method defines B = —L~'U and d = L~'b. Show that this method is
consistent.

In Problem 15 we consider the k-dimensional system z(n+ 1) = A(n)z(n).
*15. (a) Define H(n) = AT (n)A(n). Prove the Lagrange identity
|z(n+1))3=2"(n+ Da(n+1) =27 (n)H(n)z(n). (4.3.17)

(b) Show that all eigenvalues of H(n) as defined in part (a) are real
and nonnegative.

(c) Let the eigenvalues of H(n) be ordered as A1(n) < Az2(n) <--- <
Ak (n). Show that, for all x € R™,

M(n)zTe < 2TH(n)x < Mp(n)zTa. (4.3.18)

(d) Use the Lagrange identity (4.3.17) in formula (4.3.18) to show
that

(H )\1(i)> xT (ng)z(ng) < o' (n)z(n)

< (H w)) " (no)a(ro).

i:no
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(e) Show that

n—1

H M) < [ @(nno)l* < T A (4.3.19)

7,TLO 1n0

4.4 Phase Space Analysis

In this section we will study the stability properties of the second-order
linear autonomous (time-invariant) systems

z1(n+1) = ap1z1(n) + azza(n),
l‘g(n + 1) = a21%1 (n) =+ aggl‘g(n),
z(n+1) = Az(n), (4.4.1)

where

Recall that a* is an equilibrium point of system (4.4.1) if Az* = x*
or (A—I)z* = 0. So if (A — I) is nonsingular, then z* = 0 is the only
equilibrium point of system (4.4.1). On the other hand, if (A—1) is singular,
then there is a family of equilibrium points, as illustrated in Figure 4.8. In
the latter case we let y(n) = x(n) — * in (4.4.1) to obtain the system
y(n+ 1) = Ay(n), which is identical to system (4.4.1). Thus the stability
properties of any equilibrium point z* # 0 are the same as those of the
equilibrium point z* = 0. Henceforth, we will assume that z* = 0 is the
only equilibrium point of system (4.4.1).

Let J = P ' AP be the Jordan form of A. Then J may have one of the

following canonical forms:
Al
, AN (4.4.2)
0 A -0 «

A1 O
0 X/’

(a) (b) ()

distinct real repeated real complex conjugate
eigenvalues eigenvalue \ eigenvalues
)\1, )\2 )\ = + ’Lﬁ
If we let

or

z(n) = Py(n), (4.4.3)
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W
'

FIGURE 4.8. A1 < A2 < 1, asymptotically stable node.

then system (4.4.1) becomes
y(n+1) = Jy(n). (4.4.4)

If 2(0) = xo is an initial condition for system (4.4.1), then y(0) = yo =
P~z will be the corresponding initial condition for system (4.4.4). Notice
that the qualitative properties of the equilibrium points of systems (4.4.1)
and (4.4.4) are identical.

Our program is to sketch the phase space of system (4.4.4) in cases (a),
(b), and (c). Starting with an initial value

Y10
Yo =
<y2o>

in the y1y2-plane, we trace the movement of the points y(1), y(2),y(3),....
Essentially, we draw the orbit {y(n,0,y0)|n > 0}. An arrow on the orbit
indicates the direction of motion as time increases.

Case (a). In this case the system becomes

yi(n+1) = Myi(n),
ya(n + 1) = Aaya(n).

<y1(n)> _ (MLZJlo)
y2(n) A3y )
nor= () (G2)

If |A1] > |A2], then lim, oo y2(n)/y1(n) = 0, and if [A| < |Az2|, then

lim, s o }gjgzg{ = 0o (see Figures 4.8, 4.9, 4.10, 4.11, 4.12).

Hence

and thus
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f
\

FIGURE 4.9. A\; > A2 > 1, unstable node.

[

FIGURE 4.10. 0 < A1 < 1, A2 > 1, saddle (unstable).

Case (b). In this case,

yi(n)\ (v _ [A"
(?&(”)) =7 ((Z/zo)) B (0

or

Y2 (n) Y20-

y1(n) = A"y10 +nA"
—\"

G

—1
Y20,
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FIGURE 4.11. 0 < A1 = A2 < 1, asymptotically stable node.

Y2

FIGURE 4.12. A1 =1, A2 < A1, degenerate node.

Thus

(See Figures 4.13, 4.14.)

Case (c). In this case, the matrix A has two complex conjugate eigenvalues,

AM=a+if and A =a—1if, 8 # 0.
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Y2

>
Y1

I
\
-

T
\

FIGURE 4.13. A1 = A2 < 1, asymptotically stable.

Y4

FIGURE 4.14. A1 = A2 = 1, degenerate case (unstable). All points on the y;-axis

are equilibrium points.

1
The eigenvector corresponding to A\; = a + i3 is given by & = <>, and
i

the solution may be given by

1 1
() (a+ip)" = () [A1]™(cos nw + isinnw),
i i
COS Nw ) sin nw
:)\1|n< i >+Z|)\1n< )7
—sin nw coS nw
where w = tan!(3/a).

A general solution may then be given by

y1(n) " €1 COS nw 4+ ¢ sin nw
ya(n) ! —c¢1sinnw + cacosnw |
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Given the initial values y;(0) = w10 and y2(0) = y20, one may obtain
c1 = Y10 and co = y99. The solution is denoted by

y1(n) = |A1]"(y10 cos nw + Yoo sin nw),

ya(n) = [A1]"(—y10 sin nw + ya cos nw).
If we let cosy = yi0/ro and siny = ya0/rg, where 1o = (y%o —l—y%o), we

have y1(n) = |A\1|"rg cos(nw — ) and ya(n) = —|A1|"r sin(nw — ). Using
polar coordinates we may now write the solution as

r(n) = ro| A", O(n) = —(nw — 7).

If |A1| < 1, we have an asymptotically stable focus, as illustrated in Figure
4.15. If |\1]| > 1, we find an unstable focus, as shown in Figure 4.16. When
|[A1] = 1, we obtain a center where orbits are circles with radii (Figure 4.17)

ro = \/Z/%o + Y30

Y2

.\\

S

FIGURE 4.15. || < 1, asymptotically stable focus.

A

Y1

Y

N\

FIGURE 4.16. |A| > 1, unstable focus.



200 4. Stability Theory

Y1

FIGURE 4.17. |A\| = 1, center (stable).

Using (4.4.3) one may sketch the corresponding phase space portraits in
the x1xo-plane for the system of equations (4.4.1). The following example
illustrates this method.

Example 4.18. Sketch the phase space portrait of the system

1 1
1 == A h A = .
z(n+1) z(n), where (0.25 1)

Solution The eigenvalues of A are A\; = 1.5 and Ay = %; the corresponding
eigenvectors are £ = (i) and & = (_21), respectively. Thus

1 1.5 0 2 2
P AP=J = ,  where P = .
0 0.5 1 -1

Figure 4.18 shows the phase space portrait for y(n+1) = Jy(n). To find the
corresponding phase space portrait of our problem, we let x(n) = Py(n).
We define the relationship between the y; -y, system and the x1—x5 system
by noticing that ((1)) in the y;—y- system corresponds to P(é) = (f) in
the z1—x5 system, and ((1)) in the y1-ys system corresponds to the point
P(?) = (fl) in the 21— system. The y;-axis is rotated by 6; = tan=1(0.5)
to the x;-axis, and the y,-axis is rotated by 6 = tan™! (—0.5) to the xo-axis.
Furthermore, the initial point

yio) (1
Y20 0
for the canonical system corresponds to the initial point
T 1 2
w) _p _ .
20 0 1

The phase space portrait of our system is shown in Figure 4.19. Basically,
the axis 1 is ¢&§; = (260), c € R, and the axis x5 is ¢&s = (zcc),c € R.
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AT

FIGURE 4.18. Canonical saddle.

. "
SN

4

FIGURE 4.19. Actual saddle.

Example 4.19. Sketch the phase space portrait of the system x(n+ 1) =

Az(n) with
1 3
A= .

Solution The eigenvalues of A are \; = 1+ /34 and Ay = 1 — v/34. The
eigenvector corresponding to A; is

~(3-(2)0)
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If we let

p_ (V30 |

0 1
then
1 3
PlAP=J= Vs ,
-V3 1
which is in the canonical form (4.4.2) (c). Hence, the solution of y(n+1) =
Jy(n) is
r(n) = rolM|" =/t +yi(2)"

and

0(n) = a — nw,
where

a=tan"! (y%) , w=tan ! (\/3) = g

Y10

Figure 4.20 depicts the orbit of (T3,0). The solution is given by r(n) =
75(2)" =2"7* 0(n) = m — (nm)/3. The corresponding orbit in the original

system has an initial point

(V3 0\ (-1/16\  (V3/16
S O o /) \ o

and is depicted in Figure 4.21. Notice that no axis rotation has occurred
here.

P

FIGURE 4.20. Canonical unstable focus.
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>
<

N\

FIGURE 4.21. Actual unstable focus.
Exercises 4.4

1. Sketch the phase space diagram and determine the stability of the
equation z(n + 1) = Az(n), where A is given by

05 0 05 0
(&) <0 0.5)' () <o 2)

2 1 05 1
(c) (0 2)' (d) ( 0 0.5)'

2. Sketch the phase space diagram and determine the stability of the
system z(n + 1) = Az(n), where A is given by

0 2 0.6 —-0.5
. b .
(8) <2 0) () <0.5 0.6 )
1 0.5 0.6 0.8
. d .
© <0.5 1 ) @ <0.8 0.6)
In Problems 3 through 6, sketch the phase space diagram and determine
the stability of the system z(n + 1) = Ax(n).

1 1
3.,4:( )
-1 3

—2 1
4 A= .

o ot
S b
Il Il
e R
[I— | |
— ENE N
| wW =
I N
~ .
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7. If the eigenvalues of a real 2 x 2 matrix A are a + i3, a — i3, show
that the Jordan canonical form of A is

(52

4.5 Liapunov’s Direct, or Second, Method

In his famous memoir, published in 1892, the Russian mathematician A.M.
Liapunov introduced a new method for investigating the stability of non-
linear differential equations. This method, known as Liapunov’s direct
method, allows one to investigate the qualitative nature of solutions with-
out actually determining the solutions themselves. Therefore, we regard
it as one of the major tools in stability theory. The method hinges upon
finding certain real-valued functions, which are named after Liapunov. The
major drawback in the direct method, however, lies in determining the
appropriate Liapunov function for a given equation.

In this section we adapt Liapunov’s direct method to difference
equations. We begin our study with the autonomous difference equation

2(n+1) = f(z(n)), (4.5.1)

where f : G — R¥.G C R, is continuous. We assume that z* is an
equilibrium point of (4.5.1), that is, f(z*) = «*.

Let V : R¥ — R be defined as a real-valued function. The variation of V'
relative to (4.5.1) would then be defined as

AV(2) = V(f(2)) - V(@)
and
AV(z(n)) =V (f(z(n))) = V(z(n)) = V(z(n + 1)) = V(z(n)).

Notice that if AV (z) < 0, then V' is nonincreasing along solutions of (4.5.1).
The function V is said to be a Liapunov function on a subset H of RF if:

(i) V is continuous on H, and
(ii) AV(z) <0, whenever = and f(z) belong to H.

Let B(z,7) denote the open ball in R¥ of radius v and center x defined
by B(z,7) = {y € R¥|||ly — || < }. For the sake of brevity, B(0,v) will
henceforth be denoted by B(v). We say that the real-valued function V is
positive definite at x* if:

(i) V(z*) =0, and

(ii) V(z) > 0 for all z € Bz*,~), x # x*, for some v > 0.
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\ (X11 XZ)

Xy

X4

FIGURE 4.22. A quadratic Liapunov function.

We now present to the reader an informal geometric discussion of the first
Liapunov stability theorem. For simplicity, we will assume that our system
is planar with z* = 0 as the equilibrium point. Suppose that (4.5.1) has
a positive definite Liapunov function V' defined on B(7). Figure 4.22 then
illustrates the graph of V' in a three-dimensional coordinate system, while
Figure 4.23 gives the level curves V' (z1, 22) = ¢ of V' in the plane. If we now
let € > 0, B(e) then contains one of the level curves of V, say V(z) = é,.
The level curve V() = ¢; contains the ball B(4) for some § with 0 < § < e.
If a solution x(n, 0, zq) starts at g € B(d), then V(xg) < é2. Since AV <0,
V is a monotonic nonincreasing function along solutions of (4.5.1). Hence,
V(z(n)) < V(zg) < & for all n > 0. Thus, the solution z(n,0,zq) will
stay forever in the ball B(e). Consequently, the zero solution is stable. The
above argument contains the essence of the proof of the first Liapunov
stability theorem.

Theorem 4.20 (Liapunov Stability Theorem). IfV is a Liapunov
function for (4.5.1) in a neighborhood H of the equilibrium point x*, and
V' is positive definite with respect to x*, then x* s stable. If, in addition,
AV (z) < 0 whenever x, f(x) € H and x # x*, then x* is asymptotically
stable. Moreover, if G = H = R* and

V(z) > 00 as |z — oo, (4.5.2)
then x* 1s globally asymptotically stable.

PrOOF. Choose a1 > 0 such that B(z*, 1) C GN H. Since f is continu-
ous, there is ay > 0 such that if € Bx*, ag), then f(z) € B(z*, a1). Let
0 < e < ag be given. Define ¢(¢) = min{V (z)le < ||z — z*|| < a1}. By the
Intermediate Value Theorem, there exists 0 < § < e such that V(z) < ¥(¢)
whenever ||z — z*|| < 4.
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FIGURE 4.23. Level curves.

Realize now that if xy € B(z*,9), then z(n) € B(z*,¢) for all n > 0.
This claim is true because, if not, there exist zy € B(z*,d) and a positive
integer m such that z(r) € B(z*,¢) for 1 <r <m and z(m+1) & B(z*,¢).
Since z(m) € B(x*,e) C B(z*, as), it follows that x(m + 1) € B(z*, a1).
Consequently, V(z(m-+1)) > ¢(e). However, V(z(m+1)) <--- < V(xg) <
¥ (e), and we thus have a contradiction. This establishes stability.

To prove asymptotic stability, assume that zo € B(z*,d). Then z(n) €
B(z*, ) holds true for all n > 0. If {z(n)} does not converge to x*, then
it has a subsequence {z(n;)} that converges to y € R¥. Let E C B(z*,a1)
be an open neighborhood of y with «* ¢ E. Having already defined on F
the function h(z) = V(f(z))/V(z), we may consider h as well-defined and
continuous, and h(z) < 1 for all x € E. Now, if n € (h(y),1), then there
exists a > 0 such that z € B(y, ) implies h(x) < n. Thus, for sufficiently
large n;,

V (f(z(n)) < 0V (z(ni = 1)) < p°V (2(n; —2)) < - < 0™V (2o).
Hence,

lim V (z(n;)) = 0.

n;—»00

But since limy,, 00 V (2(n;)) = V(y), this statement implies that V(y) = 0
and, consequently, y = x*.

To prove the global asymptotic stability, it suffices to show that all solu-
tions are bounded and then repeat the above argument. Begin by assuming
that there exists an unbounded solution z(n), and then some subsequence
{z(n;)} — oo as n; — oo. By condition (4.5.2), this assumption im-
plies that V (z(n;)) — oo as n; — oo, which is a contradiction, since
V(zo) > V (z(n;)) for all 4. This concludes the proof. O
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The result on boundedness has its own independent importance, so we
give it its due respect by stating it here as a separate theorem.

Theorem 4.21. IfV is a Liapunov function on the set {x € R¥|||z|| > o}
for some a > 0, and if condition (4.5.2) holds, then all solutions of (4.5.1)
are bounded.

Proor. (Exercises 4.5, Problem 7.) O

Example 4.22. Consider the following second-order difference equation:

az(n—1)
1) = ————~, > 0.
z(n+1) 1+ Ba2(n) p
This equation is often called an equation with delay. There are three
equilibrium points, namely, 2* = 0 and

if @ > 1. Let us first change the equation into a system by letting y;(n) =
z(n — 1) and y2(n) = xz(n). Then we obtain the system

y1(n+1) = y2(n),

ayr (n)
yo(n+1)= ————-—.
(=13 Bys(n)
Consider the stability of the equilibrium point (0,0). Our first choice of a
Liapunov function will be V (y1,92) = y? + y35. This is clearly continuous
and positive definite on R?:

AV (y1(n),y2(n)) = yi(n +1) + y5(n+ 1) — yi(n) — y3(n).

Thus,
a2

AV (y1(n),y2(n)) = (WW - 1) y%(n) < (a2 — l)yf(n) (4.5.3)

If o < 1, then AV < 0. In this case z* = 0 would be the only equilib-
rium point, and by Theorem 4.20, the origin is stable (Figure 4.24). Since
lim ;o V(2) = 00, Theorem 4.21 implies that all solutions are bounded.
Since AV = 0 for all points on the ys-axis, Theorem 4.20 fails to determine
asymptotic stability for this equation.

This situation is typical in most of the problems encountered in applica-
tions in science and engineering. Therefore, a finer and more precise analysis
is required. This need leads us to LaSalle’s invariance principle, which will
be presented shortly.

To prepare for the introduction of our major theorem, we ought to
familiarize ourselves with some vital terminology:

(i) For a subset G C R¥, z is a limit point of G if there exists a sequence
{z;} in G with z; — = as i — oco.
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(ii) The closure G of G is defined to be the union of G and all of its limit
points.

(iii) After conmsidering (4.5.1), the positive orbit O (zo) is defined as
Ot (z0) = {z(n,0,z9)|n € ZT}. Since we will only deal with posi-
tive orbits, O (z) will be denoted by O(x). We will denote O () by
O(xo)

(iv) The limit set Q(xg), also referred to as the positive limit set, of g is the
set of all positive limit points of xg. Thus, Q(z¢) = {y € R¥|z(n;) =y
as n; — oo for some subsequence {n;} of Z*}.

(v) A set A is positively invariant if O(zg) C A for every xg € A. One
may easily show that both O(z) and Q(x¢) are (positively) invariant.

The nagging question still persists as to whether or not Q(zg) is
nonempty for a given zq € R¥. The next lemma satisfies that question.

Theorem 4.23. Let o € R* and let Q(xg) be its limit set in (4.5.1).
Then the following statements hold true:

(i) Qo) = N U{f @)} = N U {z)} .

i=0n=i =0 n=i

(i) If f/(zo) = o, 7 € ZF, then Q(yo) = Qo) -

(iii) Q(zo) is closed and invariant.

(iv) If the orbit O(xg) is bounded, then Q(xg) is nonempty and bounded.
PRrooF.

(i) Let y € Q(x0). Then f™(x9) — y as n; — oo. Now for each i, there
exists a positive integer N; such that f™i(z9) € | {f"(zo)} for all
i=0

1=

n; > N;. Thus y € |J{f"(z0)} for every N and, consequently, y €

n=u

o0 o0
N U {f™(x0)}. This proves one inclusion and, conversely, let y €

i=0n=1

ﬁ B{f"(xo)} Then for each i, y € Ej{f”(xo)} Thus for each ¢

i=0n=1 n—=i
there exists ™ (zg) € By(xg), with n1 < ng <mng < --- and n; — oo
as i — oo. Clearly, f™(xg) — y as ny — 0o and hence y € Q(zo).

(ii) The proof of (ii) is left to the reader as Problem 5.

(iii) Since the closure of a set is closed, |J {f™(zo)} is closed. Now that
Q(xo) is closed follows from the fact that the intersection of closed sets
is closed.
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To show that Q(x¢) is invariant, let y € Q(xg). Then f™i(xg) — y

as n; — oo. Since f is continuous, it follows that fmiT1(zg) = f
(f™(x0) = f(y)). Hence f(y) € Q(xg) and Q(zo) is thus invariant.
(iv) This is left to the reader as Problem 6. O

Let V be a positive Liapunov function on a subset G' of R¥. Define
E = {z € G|AV(z) = 0}.

Let M be the maximal invariant subset of F, that is, define M as the union
of all invariant subsets of E.

Theorem 4.24 (LaSalle’s Invariance Principle) [88]. Suppose that
V is a positive definite Liapunov function for (4.5.1) in G C R*. Then for
each bounded solution x(n) of (4.5.1) that remains in G for all n € ZT,
there exists a number ¢ such that z(n) — M NV ~1(c) as n — cc.

PrROOF. Let z(n) be a bounded solution of (4.5.1) with z(0) = x¢ and
such that x(n) is bounded and remains in G. Then, by Theorem 4.23,
¢ # Qzg) C G. Thus, if y € Q(xg),then x(n;) — y asn; — oo for
some subsequence n; € Z*. Since V(x(n)) is nonincreasing and bounded
below, lim,_, . V(z(n)) = ¢ for some number c¢. By the continuity of V,
it follows that V(z(n;)) — V(y) asn; — oo, and thus V(y) = c. This
implies that V(Q(zg)) = ¢ and, consequently, Q(x¢) C V~!(c). Moreover,
AV (y) = 0 for every y € Q(zg). This implies that Q(z¢) C E. But, since
Q(x) is (positively) invariant, Q(zg) C M. Therefore, z(n) — Q(z¢) C
MNV~Yec)asn— oo. |

Example 4.22 revisited. Let us reexamine Example 4.22 in light of
LaSalle’s invariance principle. We will consider three cases:

Case 1. o> = 1. The set E consists of all the points on the z- and y-
axes. We have two subcases to consider. Subcase (i): a = 1. If y1(0) = a
and y2(0) = 0, then y;1(1) = 0 and y2(1) = a, and y1(2) = a, y2(2) = 0.
Therefore, any solution starting on either axis is of period 2, and M = FE.
Subcase (ii): « = —1. Then 07 (a,0) = {(a,0), (0, —a), (—a,0), (0,a)}. Thus
any solution starting on either axis is of period 4, and M = FE again. Hence
all solutions converge to (a,0), (—a,0), (0,a), or (0, —a). Clearly, the zero
solution is not asymptotically stable.

Case 2. Because a? < 1, E is equal to the y-axis and M = {(0,0)}. Thus,
all solutions converge to the origin. Hence the origin is globally asymptoti-
cally stable. Figure 4.24 depicts the phase portrait for &« = 0.5. Notice the
difference in the way solutions in quadrants I and III begin, compared to
the way the solutions in quadrants II and IV commence.

Case 3. o > 1. In this case, LaSalle’s invariance principle does not aid us
in determining the stability of the solution. In other words, the stability is
indeterminable.
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(0.9, 0.8) (0.9,0.8)

(0.9, -0.8) (0.9,-0.8)

FIGURE 4.24. A globally asymptotically stable equilibrium.

Sometimes, we may simplify the difference equation by applying a simple
basic transformation to the system. For instance, one might translate the
system into polar coordinates (r,0), where z; = rcosf, zo = rsinf. The
following example demonstrates the effectiveness of this method.

Example 4.25. Consider the difference system
1(n+1) = 2% (n) — 23(n),
za(n + 1) = 2z1(n)xa(n).

Let z1(n) = r(n) cosf(n) and z3(n) = r(n)sinf(n).
Then

r(n+1)cos@(n + 1) = r?(n) cos® (n) — r*(n) sin® (n)
=r2(n) cos 20(n), (4.5.4)
and
r(n+1)sinf(n + 1) = 2r?sin 6(n) cos O(n)
= r%(n) sin 20(n). (4.5.5)
Dividing (4.5.4) by (4.5.5), we get
O(n+1) = 26(n).
Substituting this into (4.5.4), we obtain
r(n+1) =r*(n).

We may write this solution as r(n) = [r(0)]?" and (n) = 2"0(0).
The equilibrium points are (0,0) and (1,0).
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FIGURE 4.25. Unstable limit cycle. Three initial values (0.6,0.8), (0.6,0.81),
(0.6,0.79).

For r(0) < 1,limy,_y00 7(n) = 0. Thus solutions starting inside the unit
disk spiral toward the origin. Consequently, the origin is asymptotically
stable (not globally), as shown in Figure 4.25.

For r(0) > 1, we have lim,,_,o, (n) = 0o, and hence solutions that start
outside the unit disk spiral away from the unit circle to co. This occurrence
makes the equilibrium point (1,0) unstable.

For r(0) = 1,r(n) = 1, for all n > 0. Therefore, the circle is an
invariant set, with very complicated dynamics. For instance, the solu-
tion starting at (L%) will reach the equilibrium point (1,0) in three
iterations: (1, g) , (1, g) (1,7),(1,0). However, the solution that starts at
(1, %”) is a 2-cycle. In general, (1,6) is periodic, with period m, if and
only if 20 = 0 + 2kn for some integer k, i.e., if and only if § =

m _ m _ _ 27 4w 6w 8m 10w 12w
RIS EHE EYE S o

Notice here that 6 is essentially the (2™ — 1)th root of 1. Hence, the set
of periodic points (1, 8) densely fills the unit circle (Exercises 4.5, Problem
8). Furthermore, for every m = 1,2, ..., there is a periodic point on the
unit circle of that period m.

Now, if § = am, « irrational, then obviously, 6 # (2kw)/2™ — 1 for any
m, and thus any solution starting at (1, am) cannot be periodic. However,
its orbit is dense within the unit circle, that is, O(x) is the unit circle
(Exercises 4.5, Problem 8).

Sometimes, some simple intuitive observations make it much easier to
show that an equilibrium point is not asymptotically stable. The following
example illustrates this remark.
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Example 4.26. Consider the planar systems
z1(n + 1) = 229(n) — 2z9(n)zi(n),
1
zo(n+1) = 5331(7”&) +z1(n)z5(n).

We find three equilibrium points:

(0,0), (1’ 1> ’ <1, 1> _
V2 V2 V2 V2
Let us consider the stability of (0,0). If V(z1,22) = 2? + 422, then
AV (z1(n), x2(n)) = 4z3(n) — 823 (n)at(n) + a3 (n)z](n) + zi(n)
+4ai(n)a3(n) + 4a% (n)ay(n) — 23 (n) — da3(n)
= 4af(n)a3(n)[ai(n) + 23 (n) - 1].
If 22 + 23 < 1, then AV (z1,22) <0.
For any real number a, the solution with an initial value of zg = (8)

is periodic with period 2 and with orbit {(8)7 (a(/)2) }, and a solution with

an initial value of zg = (2) is also periodic with period 2. Hence, the zero
solution cannot be asymptotically stable. However, it is stable according
to Theorem 4.20. (Figure 4.26 depicts the phase space portrait near the
origin.)

We now turn our attention to the question of instability. We are inter-
ested in finding conditions on Liapunov functions under which the zero
solution is unstable. Here is a widely used theorem in this area.

(0.4 ,-0.3)

FIGURE 4.26. Stable equilibrium.
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Theorem 4.27. If AV is positive definite in a neighborhood of the origin
and there exists a sequence a; — 0 with V(a;) > 0, then the zero solution
of (4.5.1) is unstable.

PrROOF. Let AV(z) > 0 for x € B(n),z # 0,V (0) = 0. We will prove
Theorem 4.27 by contradiction, first assuming that the zero solution is
stable, in which case, for € < 7, there would exist § < € such that ||zo| < §
implies [|z(n,0,z0)| <e,n € Z*.

Since a; — 0, pick zg = a; for some j with AV (zg) > 0 and ||lzo]| < é.
Hence 0(z) C B(e) C B(n) is closed and bounded (compact). Since
its domain is compact, V(z(n)) is also compact, and therefore bounded
above. Since V(z(n)) is also increasing, it follows that V(z(n)) — c. Fol-
lowing the proof of LaSalle’s invariance principle, it is easy to see that
lim,, o, (n) = 0. Therefore, we would be led to believe that 0 < V(xg) <
lim, o V(z(n)) = 0. This statement is infeasible—so the zero solution
cannot be stable, as we first assumed. The zero solution of (4.5.1) is thus
unstable.

The conclusion of the theorem also holds if AV is negative definite and
V(Cl,z) < 0. O

Example 4.28. Consider the systems
x1(n +1) = 4xo(n) — 229 (n)x3(n),
zo(n+1) = %xl(n) + z1(n)z3(n).
Let V(x1,22) = 23 + 1623. Then
AV (21(n), z2(n)) = 3z3(n) + 1623 (n)x3(n) + 4zfzs >0 if 21(n) # 0.
Hence, by Theorem 4.27 the zero solution is unstable.

Example 4.29. First, contemplate the systems

r1(n+1) = z1(n) + 23(n) + 22(n), (4.5.6)
xa2(n+ 1) = z3(n). (4.5.7)

Notice that (0,0) is an equilibrium of the systems. Its linear component is
denoted by z(n + 1) = Axz(n), where

10
A= ,

and thus p(A) = 1. Let V(x) = 21 + 22 be a Liapunov function. Then
AViz(n)] = 25 + 25 >0, if (v1,22) # (0,0).

Theorem 4.27 implies that the zero solution of system (4.5.6) is unstable.
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Let us now ponder system (4.5.7), with the same linear component as
system (4.5.6):

z1(n +1) = 21(n) — 25 (n)a3(n),

za(n+ 1) = zo(n). (4.5.8)
We let V(x) = 22 + 23 be a Liapunov function for system (4.5.7). Then
AV [z(n)] = a1 (n)23(n) [~2 + i (n)23(n)] .

Hence, AV (z) < 0 if 2323 < 2. It follows from Theorem 4.27 that the zero
solution of system (4.5.7) is stable.

We conclude from this discussion that if p(A) = 1, then the zero solution
of the nonlinear equation may be either stable or unstable, thus proving
part (i) of Theorem 4.38.

We conclude this section with a brief discussion of Liapunov functions for
linear autonomous systems. In Section 4.3, we noticed that the condition
for asymptotic stability of the difference equation (4.3.6) is that p(A4) < 1.
This condition requires the computation of the eigenvalues of A. Using
the second method of Liapunov, such computation is unnecessary. Before
introducing Liapunov’s method, however, we need to recall the definition
of a positive definite matrix. Consider the quadratic form V(z) for a k x k
real symmetric matrix B = (b;;):

kok
V(z) =2"Bx = Z Z bijxix;.

i=1 j=1

A matrix B is said to be positive definite if V(z) is positive definite.
Sylvester’s criterion is the simplest test for positive definiteness of a matrix.
It merely notes that a real symmetric matrix B is positive definite if and
only if the determinants of its leading principal minors are positive, i.e., if
and only if

bi1 b1z bis
>0, |bar bas bog| >0,....det B> 0.

b31 b3z b33

b b
by > 0, 11 012

b12 b22

The leading principal minors of matrix B are B itself and the minors
obtained by removing successively the last row and the last column. For
instance, the leading principal minors of

3 2 0
B=12 5 -1
0 -1 1

are
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all of which have positive determinants. Hence, B is positive definite. Notice
that, for = (z1, z2,23)7,

V(z) = 2T Bx = 322 + 523 + 22 + 4x129 — 22923 > 0

for all z # 0, and V(0) = 0.
On the other hand, given

Viz) = am% + bx% + cgcg + dxy1xo + ex123 + froxs,

one may write

V(z) = 27 Bz,
where
a dj2 e/2
B=|d2 b f2
e/2 f/2 ¢

Hence V' is positive definite if and only if B is. We now make a useful
observation. Note that if B is a positive definite symmetric matrix, then
all eigenvalues of B are positive (Exercises 4.5, Problem 14). Furthermore,
if A1, Ao, ..., A\g are the eigenvalues of B with

Amin = HllIl{|)\1H1 <1< k}7
Amax = p(A) = max{|Ai[|1 < i <k},
then
Amin[l2]1? < V(@) < Amax|2], (4.5.9)

for all # € R¥, where V(z) = 27Bx, and |.| is the Euclidean norm
(Exercises 4.5, Problem 15).

If B is a positive definite matrix, we let V(z) = 27 Bx be a Liapunov
function of (4.3.6). Then, relative to (4.3.6),

AV (z(n)) = 2T (n)AT BAz(n) — 27 (n)B(n)
=27 (ATBA - B)x. (4.5.10)
Thus AV < 0 if and only if
ATBA-B=-C (4.5.11)

for some positive definite matrix C. Equation (4.5.11) is labeled the Li-
apunov equation of the system of equations (4.3.6). The above argument
establishes a sufficient condition for the asymptotic stability of the zero
solution of (4.3.6). It is also a necessary and vital condition, as may be
seen by the following result.
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Theorem 4.30. The zero solution of (4.3.6) is asymptotically stable if
and only if for every positive definite symmetric matriz C, (4.5.11) has a
unique solution B that is also symmetric and positive definite.

PROOF. Assume that the zero solution of (4.3.6) is asymptotically stable.
Let C be a positive definite symmetric matrix. We will show that the
Liapunov equation (4.5.11) has a unique solution B. Multiply (4.5.11) from
the left by (AT)" and from the right by A" to obtain

(AT)T+IBAT+1 _ (AT)TBAT _ _(AT)’I‘CA’I‘.

Hence
. T\r+1 r+1 T\r rl_ 1 T\r r
lim Z_(:) [(AT)'BA (AT)"BA"] = — lim_ Z_:O(A )"CA
and
: _ Ty\n+1 n+1] _ Ty\r T
lim [B — (A7) BA™H] ZO(A Y'CA". (4.5.12)

Using Theorem 4.13, part (ii), we conclude that p(A4) < 1 and, consequently,
p(AT) < 1. This implies that lim, .. (AT)" 1 BA"*! = 0. Thus formula
(4.5.12) yields

B = i(AT)’”CAT. (4.5.13)
r=0

It is straightforward to prove that formula (4.5.13) gives a solution of
(4.5.11) (Exercises 4.5, Problem 16). But since there is a norm such that
|AT|| < 1 and ||A|| < 1, it may be shown that the series in formula
(4.5.13) converges (Exercises 4.5, Problem 16). It is easy to verify that
B is symmetric and positive definite (Exercises 4.5, Problem 16). O

Remark: Note that from the proof preceding the statement of Theorem
4.30, the zero solution of (4.3.6) is asymptotically stable if (4.5.11) has
a unique, symmetric, and positive definite matrix B for some (not all)
positive definite matrices C'. Indeed, one may allow C to be the identity
matrix I. In this case a solution of (4.5.11) is given by

B=>) (AT)A". (4.5.14)
r=0
Corollary 4.31. If p(A) > 1, then there exists a real symmetric matriz B
that is not positive semidefinite such that (4.5.11) holds for some positive
definite matriz C.

PrOOF. This follows from Theorem 4.30 and is left to the reader as
Problem 17 of Exercises 4.5. O
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Exercises 4.5
1. Consider the planar system
11(n+1) = w2(n)/[L+22)],  @a(n+1) = o (n)/[1 + 3(n)].
Find the equilibrium points and determine their stability.
2. Consider the planar system
z1(n+1) = g1(z1(n), z2(n)),
za(n +1) = g2(21(n), z2(n)),

with ¢1(0,0) = ¢2(0,0) = 0 and g1 (21, x2)g2(x1,x2) > 122, for every
point & = (x1,x2) in a neighborhood of the origin. Show that the origin
is unstable.

*3. Consider the system
vi(n+1) = aza(n)/[1 +23(n)],  @2(n+1) = bai(n)/[1 +23(n)].
(i) Find conditions on a and b under which:
(a) the zero solution is stable, and
(b) the zero solution is asymptotically stable.
(ii) Find the attractor when a® = b* = 1.
4. Prove that the zero solution of

w1(n+1) = 22(n) — 22(n)[z1(n)
i

zo(n+1) =z1(n) — z1(n)[xi(n

+ +
&
[ V)
2

is asymptotically stable.

Prove Theorem 4.23, part (ii).
Prove Theorem 4.23, part (iv).
Prove Theorem 4.21.

© N o

In Example 4.25:

(a) Show that the orbit starting at the point (1, ar), where « is any
irrational number, is dense on the unit circle.

(b) Show that the set of periodic points (1,6) is dense on the unit
circle.
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*9.

10.

*11.

*12.

13.

14.

15.

16.

17.

4. Stability Theory

Suppose that:

(i) V is a Liapunov function of system equation (4.5.1) on R¥,
(ii) Gx = {z|V(x) < A} is bounded for each A, and

(iii) M is closed and bounded (where M is the maximal invariant set
in F).

(a) Prove that M is a global attractor, i.e., Q(zg) C M for all
o € R-.

(b) Suppose that M = {0}. Verify that the origin is globally
asymptotically stable.

Show that the sets G defined in the preceding problem are bounded
if V(z) = oo as ||z|| = oo.

(Project). Suppose that V : R¥ — R is a continuous function
with A%V (z(n)) > 0 for z(n) # 0, where z(n) is a solution of
(4.5.1). Prove that for any zo € R¥, either z(n, () is unbounded or
lim,, 00 z(n, o) = 0.

(Project). Wade through Problem 11 again, after replacing the
condition A2V (z(n)) > 0 by A%V (z(n)) < 0.

Contemplate the planar system

£(n+1) = y(n),
yn+1) =z(n) + f(x(n)).

If Aly(n)f(xz(n))] > 0 for all n € Z*, prove that the solutions are
either unbounded or tend to the origin.

Prove that if B is a positive definite symmetric matrix, then all its
eigenvalues are positive.

Let B be a positive definite symmetric matrix with eigenvalues A\; <
Ay < - < M. For V(x) = 2T Bz, show that A\ ||z[|2 < V(x) < \o||z|3
for all z € R,

(a) Show that the matrix B = Y o (AT)"CA" is symmetric and
positive definite if ||A]| < 1 and C is a positive definite symmetric
matrix.

(b) Show that the matrix B in formula (4.5.13) is a solution of
(4.5.11).

Prove Corollary 4.31.
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4.6 Stability by Linear Approximation

The linearization method is the oldest method in stability theory. Scien-
tists and engineers frequently use this method in the design and analysis
of control systems and feedback devices. The mathematicians Liapunov
and Perron originated the linearization method, each with his own unique
approach, in their work with the stability theory of differential equations.
In this section we adapt Perron’s approach to our study of the nonlinear
systems of difference equations

y(n+1) = A(n)y(n) + g(n,y(n)) (4.6.1)
using their linear component
z(n+1) = A(n)z(n), (4.6.2)

where A(n) is a k x k matrix for alln € Z+ and g : ZT xG — R*, G C R* | is
a continuous function. One may perceive system (4.6.1) as a perturbation of
system (4.6.2). The function g(n,y(n)) represents the perturbation due to
noise, inaccuracy in measurements, or other outside disturbances. System
(4.6.1) may arise from the linearization of nonlinear equations of the form

z(n+1) = f(n,z(n)), (4.6.3)

where f : ZT xG — R*, G C R¥, is continuously differentiable at an equilib-
rium point y* (i.e., g—J |y* exists and is continuous on an open neighborhood

of y* for 1 < i < k). We now describe the linearization method applied to
system (4.6.3). Let us write f = (f1, f2,-.., fx)*. The

8f1 (Tl, 0) 8f1 (TL, 0) o 8f1 (Tl, 0)
o Oy Oy,
8f2 (n, O) 8f2 (n, 0) o 8f2 (n, O)
af(n7 y) _ 8f(7’l, O) _ 3y1 ayz ayk
d  y=o Ay
9fk(n,0)  0fn(n,0)  8fk(n,0)
o 0y Oy
For simplicity, % is denoted by D f(n,z*). Letting
y(n) =z(n) —z* (4.6.4)

in (4.6.3) yields

y(n+1) = f(n,y(n) +z*) — 2~

= o n ) + g, y()
where g(n,y(n)) = f(ny(n) + ) — * 3 (n,2*)y(n).
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If we let A(n) = 83’:( ,x*), then we obtain (4.6.1). From the assumptions
on f, we conclude that g(n,y) = o(||ly|l) as ||y]| — 0. This means, given
€ > 0, there exists 6 > 0 such that ||g(n,y)|| < €|ly|| whenever ||y|| < 4, for
alln € Z*.

Notice that when x* = 0, we have

g9(n,y(n)) = f(n,y(n)) = Df(n,0)y(n)
= f(n,y(n)) = A(n)y(n).
)

An important special case of system (4.6.3) is the autonomous system
fly(n

yn+1) = ), (4.6.5)

which may be written as

y(n +1) = Ay(n) + g(y(n)), (4.6.6)

where A = f’(0) is the Jacobian matrix of f at 0, and g(y) = f(y) — Ay.
Since f is differentiable at 0, it follows that g(y) = o(y) as ||y|| — O.
Equivalently,

i M@l

=0.
lyll=0 ||yl

Remarks:

(a) Observe that whether the linearization is about a nontrivial equilib-
rium point z* # 0 or a trivial equilibrium z* = 0, g(n,0) = 0 (¢(0) = 0)
for all n € Z*. Hence the zero solution of (4.6.1) corresponds to the
equilibrium point x* that we linearize about.

(b) If one wishes to study a nontrivial equilibrium point z* # 0, then
by virtue of (a), we have two options. The first option is to linearize
about z*. The second option is to make the change of variable y(n) =
xz(n) —x* as in (4.6.4). In the new system, y* = 0 corresponds to x*.
Then we linearize the new system about y* = 0. The latter option is
simple in computation as it is usually used if x* is given explicitly.
The former option is used normally if x* is given implicitly or we have
multiequilibria.

Before commencing our stability analysis we must consider a simple but
important lemma. This lemma is the discrete analogue of the so-called
Gronwall inequality, which is used, along with its variations, extensively in
differential equations.

Lemma 4.32 (Discrete Gronwall Inequality). Let z(n) and h(n)
be two sequences of real numbers, n > ng > 0 and h(n) > 0. If

z(n) < M |z(ng) Zh

Jj=no
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for some M > 0, then

z(n) < z(ng) 1:[ [(14+ Mh(j)], n > ng, (4.6.7)
z(n) < z(ng) exp z_: Mh(j)|, n>ng. (4.6.8)

Proor. Let
u(m) = M [ulng) + 3 AG() | ulno) = =0n0). (4:69)
Since h(j) > 0 for all j > ng, it follows that z(n) < u(n) for all n > ny.
From (4.6.9) we have u(n + 1) — u(n) = Mh(n)u(n), or u(n +1) = [1 +

Mh(n)Ju(n). By formula (1.2.3) we obtain
u(w) = T [+ MAG Ju(n).

This proves formula (4.6.7). The conclusion of formula (4.6.8) follows by
noting that 1+ Mh(j) < exp(Mh(j)). O

Theorem 4.33. Assume that g(n,y) = o(||y|) uniformly as ||y — 0.
If the zero solution of the linear system (4.6.2) is uniformly asymptotically
stable, then the zero solution of the nonlinear system (4.6.1) is exponentially
stable.

PROOF. From (4.3.5) it follows that ||®(n, m)|| < Mn™=™ n >m > ny,
for some M > 1 and n € (0,1). By the variation of constants formula
(3.2.12), the solution of (4.6.6) is given by

y(n,no,y0) = ®(n,n0)yo + Z n,j+1)g(i, y(4))-
Jj=no
Thus
n—1
ly(m)l| < Mn"="lyoll + M~ >~ 0 |g(, y ()]l (4.6.10)
J=no

For a given ¢ > 0 there is § > 0 such that ||g(j,y)|| < €l|ly|]| whenever
llyll < 6. So as long as ||y(y)| < d, (4.6.10) becomes

n—1

7" Lyl < M0~ llyoll + Y en™ iy | - (4.6.11)

Jj=no
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Letting z(n) = n~"|ly(n)|| and then applying the Gronwall inequality
(4.6.7), one obtains

n—1
1Myl <™ llyoll TT (1 +en~"M).
Jj=mno
Thus,
ly(m)I < llyoll(n + eM)™=mo). (4.6.12)

Choose € < (1 —n)/M. Then n + M < 1. Thus |ly(n)]| < |lyo|| < ¢ for all
n > ng > 0. Therefore, formula (4.6.11) holds and, consequently, by virtue
of formula (4.6.12), we obtain exponential stability. O

Corollary 4.34. If p(A) < 1, then the zero solution of (4.6.6) is
exponentially stable.

Proor. Using Theorem 4.13, the corollary follows immediately from
Theorem 4.33. O

Corollary 4.35. If |f/(0)|| < 1, then the zero solution of (4.6.5) is
exponentially stable.

ProoOF. Since p(f'(0)) < ||f'(0)]|, the proof follows from Corollary
4.34. O

A Remark about Corollaries 4.34 and 4.35

Tt is possible that ||A]| > 1 but p(A) < 1. For example,

1Alle = 5, Al =3,

However, p(A) = 3. With the above matrix A, the zero solution of the
system x(n + 1) = Az(n) + g(x(n)) is exponentially stable, provided that
g(x) = o(z) as ||z|| — 0. Obviously, Corollary 4.35 fails to help us in deter-
mining the stability of the system. However, even with all its shortcomings,
Corollary 4.35 is surprisingly popular among scientists and engineers.

It is also worthwhile to mention that if p(A) < 1, there exists a nonsin-
gular matrix @ such that [|Q~1AQ|| < 1 [85]. One may define a new norm
on A, ||A| = |Q *AQ]|, and then apply Corollary 4.35 in a more useful
way.

Let us return to our example where

05 1
A= .
( 0 O.5>
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Let

-t 2)
Then

=00
and

Q1AQ = 0.5 «
0 05/

We have |Q1AQ|1 = a+0.5. If we choose a < 0.5, then ||Q 1AQ]: < 1.
The above procedure may be generalized to any Jordan block

A1 - 0
A
A =
: 1
0 0 A
In this case, we let Q = diag(1,a,a?,...,a*~1), where k is the order of A.
Hence,
AN a - 0
D :
leaQ=|" ,
Do @
0 O A

and [|Q7rAQ||1 = |\ + || (see Exercises 4.1, Problems 3 and 4). Con-
sequently, if |[A\| < 1, one may choose an « such that |A| + |a] < 1, so
that under the matrix norm ||A]| = [|Q "1 AQ]|1, ||A]| < 1. We now give two
examples to illustrate the preceding conclusions.

Example 4.36. Investigate the stability of the zero solution of the planar
system

yi(n+1) = aya(n)/[1 + yi(n)],

ya(n+1) = byr (n) /[1 + 93 (n)]. (4.6.13)
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Solution Let f = (f1,f2)T, where fi = aya(n)/[l + y?(n)] and fo =
by1(n)/[1 + y3(n)]. Then the Jacobian matrix is given by

0f1(0,0) 9f1(0,0)

of _ oy 0y2 ~ (7
ay‘ (0,0) = 0f2(0,0)  9f2(0,0) | (b O> .
o 0y2

Hence system (4.6.13) may be written as

e )= 0 9) G+ (i
ya(n+1) b 0/ \ya2(n) —by3 ()1 (n)/[1 + y3(n)]

or as

Ll V)
—
3
=
~
e
+
<
=10
—~
3
=
N———

y(n+1) = Ay(n) + g(y(n)).

The eigenvalues of A are A\; = vab, Ao = —V/ab. Hence, if |ab| < 1, the zero
solution of the linear part x(n+ 1) = Az(n) is asymptotically stable. Since
g(y) is continuously differentiable at (0, 0), g(y) is o(y). Corollary 4.34 then
implies that the zero solution of (4.6.13) is exponentially stable.

Example 4.37. Pielou Logistic Delay Equation [119]

In Example 2.39 we investigated the Pielou logistic equation

azx(n)
zn+1l) = ———.
( ) 1+ pz(n)

If we now assume that there is a delay of time period 1 in the response
of the growth rate per individual to density change, then we obtain the
difference delay equation

ay(n)
n+l)=——""— a>1, > 0. 4.6.14
v+ 1) = s 5 (16.14)

An example of a population that can be modeled by (4.6.14) is the blowfly

(Lucilia cuprina) (see [107]). Find conditions on «, 3 for which the positive

equilibrium point y* = C‘T*l is asymptotically stable.

Solution
Method (1): Let §(n) = y(n) — (o — 1)/8. Then (4.6.14) becomes
ay(n) — (a—1g(n —1)

a+ fy(n —1)

The equilibrium point 7*(n) = 0 of (4.6.15) corresponds to y* = (o —
1)/B. To change (4.6.15) to a planar system, we let

Tn+1) = (4.6.15)

z1(n) =7(n—1) and xz2(n) =7g(n).
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Then

z1(n+1 z2(n)
(x En I 1;> = | azz(n) — (@ —Dzi(n) | - (4.6.16)
’ o+ ﬁxl(n)

By linearizing (4.6.16) around (0, 0) we give it the new form
z(n+1) = Az(n) + g(z(n)),

where

0 1

A=11-a 1

@

and
0
g9(x) = | Bla—1)at — afrizs
ala+ pzq)

The characteristic equation of A is A2 — X + O‘T_l = 0. Thus by condition
(4.3.3) the eigenvalues of A are inside the unit disk if and only if 1 <
“Tfl +1<2,0or0< “Tfl < 1, which is always valid, since a > 1.

Therefore, p(A) < 1 for all @ > 1. Since g(x) is continuously differen-
tiable at (0,0), the zero solution of (4.6.16) is uniformly asymptotically
stable. Consequently, the equilibrium point z* = (o — 1)/ of (4.6.14) is
asymptotically stable.

Method (2): Letting y(n) = (o — 1)/Bexp(x(n)) in (4.6.14), we obtain the
new equation
_ exp(a(n))
{1+ (a—1)exp(z(n—1))}/a’
Taking the logarithm of both sides, we get

exp(z(n + 1))

2(n+1) —2(n) + T fla(n — 1)] = 0,
2(n+2) —a(n+1) + 2= fle(n)] = 0, (4.6.17)
where
fa)=—"=m [W‘lgj’”“] .

The Taylor expansion of f around 0 is given by f(x) = z+g(x), where g(x)
is a polynomial in x that contains terms of degree higher than or equal to
2. Thus g(x) = o(z). The linearized equation of (4.6.17) is denoted by
—1

x(n+2)—x(n+1)+aa

z(n) =0. (4.6.18)
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Since the characteristic roots of (4.6.18) are the same as the eigenvalues of
A, it follows that the zero solution (4.6.18) is asymptotically stable. Corol-
lary 4.34 then implies that the zero solution of (4.6.17) is asymptotically
stable. Since the equilibrium point y* = (o — 1)/ corresponds to the zero
solution of (4.6.17), it then follows that y* = (a«—1)/0 is an asymptotically
stable equilibrium point of (4.6.15).

Our final result deals with the cases p(A) = 1 and p(A) > 1.
Theorem 4.38. The following statements hold:
(i) If p(A) = 1, then the zero solution of (4.6.6) may be stable or unstable.

(ii) If p(A) > 1 and g(x) is o(x) as ||z|| — 0, then the zero solution of
(4.6.6) is unstable.

Proor.
(i) See Example 4.29.

(ii) Assume that p(A) > 1. Then by Corollary 4.31, there exists a
real symmetric matrix B that is not positive semidefinite for which
BTAB — B = —C is negative definite. Thus the Liapunov function
V(z) = 27 Bz is negative at points arbitrarily close to the origin. Fur-
thermore, AV (z) = —2TCxz + 22T ATB g(z) + V(g(z)). Now, (4.5.6)
allows us to pick v > 0 such that 27Cz > 4v|jz|? for all 2 € R*.
There exists § > 0 such that if ||| < §, then ||Bg(x)| < v||z| and
V(g(z)) < ~||z||. Hence AV (x(n)) < —v|lz(n)|?. Hence by Theorem
4.27, the zero solution is unstable. O

Example 4.39. Let S(n) and I(n) denote the number of susceptibles and
infectives, respectively, of a population at time n. Let d > 0 be the per
capita natural death rate of the population and o« > 0 be the disease
related death rate. In the following model, suggested by Elaydi and Jang
[47], a simple mass action 35T is used to model disease transmission, where
B > 0 and a fraction 7 > 0 of these infectives recover. Hence we have the
following system

S(n)+ A+~I(n)
1+ BhI(n)+dh’

I(n)+ BS(n)I(n)
1+ (d+7+a)

Sn+1)=

In+1) =

, (4.6.19)

S(0), 1(0) > 0.
We make the assumption that

w=pFA—-dld+~v+a)>0 (4.6.20)
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under assumption (4.6.20) equation (4.6.19) has two equilibria
A d+~v+a BA—d(d+~v+ )
Xi=|(-,0 d X5 = .
1 <d’ > e ( 5 @+a)

The linearization of (4.6.19) about Xj = (S*,J*) yields the Jacobian
matrix

1 y+dy—S*3—AB
g 1+p5I*+d (1+BI* +d)?
= 81+ 1
l+d+v+a
Notice that
det J — 1 __Bra+dy=5"6-AB) _
1+8I*+d (1+d+vy+a)(14pI*+d)?
and
trJ =1+ L >0
T = S — .
1+ BI*+d

One may show that
trJ <14detJ <2.

Hence by Theorem 4.33 and equation (4.3.9), the equilibrium point X is
asymptotically stable.

We now turn our attention to the equilibrium point X} = (%, O). The
linearization of (4.6.19) about X7 yields the Jacobian matrix

1 ’y—l—dv—%ﬁ—AB

1+d (1+d)?

J = A

0 1+ 54

l+d+v+a
The eigenvalues of J are given by
1 1+ 84

M =— d d=—-"49
YT 1rd M M T i dr 1

By virtue of assumption (4.6.20), Ay > 1 and hence by Theorem 4.38(ii),
the equilibrium point X7 is unstable.

Exercises 4.6

1. Determine the stability of the zero solution of the equation
1 13
z(n+2) — ix(n +1)+2z(n+1)z(n) + Ex(n) = 0.
2. Judge the stability of the zero solution of the equation
x(n+3) — x(n + 1) + 22(n) 4+ 3z(n) = 0.
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Consider Example 4.25. Determine the stability and asymptotic

1 1 1 1
stability for the equilibrium points | —, — |, | ——=,——= |.
' a P (\/i V2 ) ( V2 VE )

(a) Hunt down the equilibrium points of the system:
z1(n+1) =z1(n) — z2(n)(1 — 22(n)),
xa(n+1) = z1(n),

xz(n+1) = %:cg(n)

(b) Determine the stability of all the equilibrium points in part (a).

Investigate the stability of the zero solution of the system:

r1(n+1) = %zl(n) — z3(n) + x3(n),
xa2(n+1) = 21(n) — z2(n) + z3(n),

z3(n+1) =21(n) — z2(n) + %ch(n)

. Linearize the equation

z1(n+ 1) = sin(za) — 0.521(n),
xa(n+1) =22/(0.6 + z1(n)),

around the origin and then determine whether the zero solution is
stable.
(a) Find the equilibrium points of the system:

z1(n+1) = coszi(n) — z2(n),

xo(n+1) = —z1(n).

(b) Is the point (7/2, —7/2) asymptotically stable?

. Determine conditions for the asymptotic stability of the zero solution

of the system
z1(n +1) = az1(n)/[1 + z2(n)],
za(n +1) = [bra(n) — z1(n)][L + z1(n)].

. The following model of combat was proposed by Epstein [52], Sedaghat

[133].
u(n +1) = u(n) + %(a — u(n))[a —u(n)(1 —v(n))],
vin+1)=v(n)+
where d < a, a > 0.

Investigate the stability of the positive equilibrium point.
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10. The following system represents a discrete epidemic model. The pop-

11.

12.

13.

ulation is divided into three groups: susceptibles S(n), infectives I(n),
and immune or removed individuals R(n), n € Z*. If we assume the
total population size equals N for all time, then S(n)+I(n)+R(n) = N
and we then can eliminate one of the variables, say R(n). The model
is given by

a

S(n+1)=S5(n)— NI(n)S(n) + B(N = S(n)),

I(n+1) = I(n)(1 =7 = B) + 5 1()S(n),

with 0 < 0+ < 1 and 0 < a < 1. This model is called an SIR
epidemic model.

(a) Find all the equilibrium points.
(b) Determine the stability of the equilibrium points.
Consider system (4.6.19) under the assumption that
oc=pA—-d(d+~y+a)<O0.
(i) Show that there is only one equilibrium point X7 = (%, 0).
(ii) Show that X7 is asymptotically stable.
(iii)*Show that X7 is globally asymptotically stable.

Show that if the zero solution of (4.6.2) is uniformly stable (uni-
formly asymptotically stable), then the zero solution of (4.6.1) is also
uniformly stable (uniformly asymptotically stable), provided that

llg(n,y(n))]] < anlly(n)||, where a, >0 and Zan < 00.

n=0

Suppose that the zero solution of z(n + 1) = Axz(n) is asymptotically
stable. Prove that the zero solution of y(n + 1) = [A + B(n)]y(n) is
asymptotically stable if > ° || B(n)|| < cc.

4.7 Applications

4.7.1 One Species with Two Age Classes

Consider a single-species, two-age-class system, with X(n) being the
number of young and Y'(n) that of adults, in the nth time interval:

X(n+1)=0bY(n),
Y(n+1)=cX(n)+sY(n) — D Y?n). (4.7.1)
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A proportion ¢ of the young become adult, and the rest will die before
reaching adulthood. The adults have a fecundity rate b and a density-
dependent survival rate sY (n) — DY?(n). Equation (4.7.1) may be written
in a more convenient form by letting X (n) = DX (n)/band Y (n) = DX (n).
Hence we have
Y (n+1),
(n+ >= aX(n) + 5 Y(n) - Y2(n), (4.7.2)

with a = ¢b > 0. o ~ ~ ~

The nontrivial fixed point is (X*,Y™), with X* =Y* and Y* = a+s—1.
Note that the equilibria X* and Y™* must be positive in order for the model
to make sense biologically. This implies that a4+s—1 > 0. Since it is easier to

do stability analysis on the zero equilibrium point, we let 2(n) = X(n)—X*
and y(n) = Y (n) — Y*. This yields the system

z(n+1) = y(n),
y(n+1) = azx(n) +ry(n) —y*(n),r =2 — 2a — s. (4.7.3)
The fixed point (0,0) corresponds to the fixed point (X*,Y*). Local
stability can now be obtained by examining the linearized system
z(n+1) = y(n),
y(n+1) = ax(n) + ry(n),
whose eigenvalues are the roots of the characteristic equation
AN —rX—a=0.
By criteria (4.3.9), the trivial solution is asymptotically stable if and only
if:
(i)1=r—a>0 or a+s>1,and
(i) 1+r—a>0 or 3a+s<3.

Hence the range of values of a and s for which the trivial solution is asymp-
totically stable is bounded by the region a = 1, s = 1, a+ s = 1, and
3a + s = 3, as shown in Figure 4.27.

The shaded region represents the range of parameters a, s for which the
trivial solution is asymptotically stable.

To find the region of stability (or the basin of attraction) of the trivial
solution we resort to the methods of Liapunov functions. Let

2arzy

% _ 2.2 2
(z,y) = a”2” + T— " +y
Recall from calculus that Az?+2Bxy+Cy? = D is an ellipse if AC—B? >
2
0,ora2—“7>0 ora— 1< r < 1—a. This reduces to s +a > 1

(1—a)?
and s < 3 — 3a, which is the shaded region in Figure 4.27. By rotating the
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s s=3-3a a=1

1

FIGURE 4.27.

axes, one may eliminate the mixed term zy to obtain A'z? + C'y? = D,
with A’ + C’" = a® + 1 > 0. Moreover, A’C’ > 0. Hence both A’ and C’
are positive and, consequently, D is positive. Thus in the shaded region in
Figure 4.27, V (z,y) is positive definite.

After some computation we obtain

AV (z,y) = y*W(z,y),

where
2 2ar(r —y) 2
W(z,y)=(y—r) —an—ﬁ—l—a -1
Hence AV (z,y) <0 if W(z,y) < 0, that is, if (z,y) is in the region
2 _
G = {(%y) : (y—r)2—2ax—%ay)+a2—l <0}.

The region G is bounded by the parabola W(x,y) = 0. Now, in the region
G, AV (z,y) = 0 on the z-axis y = 0. Hence F is the z-axis. But since (¢, 0)
is mapped to (0, ac), the largest invariant set M in E is the origin. Hence
by Theorem 4.24 every bounded solution that remains in G will converge
to the origin.

We now give a crude estimate of the basin of attraction, that is, the set
of all points in G that converges to the origin. Define

Vinin = min{V (xo, o) : (%0,%0) € 0G},
T ={X, YV} : X =20+ X"V =y + Y7,
V(z(m),y(m)) < Vimin, m=0,1,2,....

Now, if (xo,y0) € Jo, then V(z(1),y(1)) < V(20,%0) < Vinin, and hence
(z(1),y(1)) € Jy. Similarly, one may show that (z(n),y(n)) € Jy for
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n=1,2,3,... and, consequently, as n — oo, (z(n),y(n)) — (0,0). Now, if
(‘TanO) S Jma then

V(l‘(m + 1),y(m + 1)) < V(;v(m), y(m)) < Vmim

and the argument proceeds as before to show that (z(n),y(n)) —
(0,0) as n — oo. Hence the sets J,,, are estimates of the basin of attraction
of (X,Y).

4.7.2  Host-Parasitoid Systems

Consider a two-species model in which both species have a number of life-
cycle stages that include eggs, larvae, pupae, and adults. Let

H(n) = the density of host species in generation n,

P(n) = the density of parasitoid in generation n,

f(H(n), P(n)) = fraction of hosts not parasitized,

A = host reproductive rate,

¢ = average number of viable eggs laid by a parasitoid on a single host.
An adult female parasitoid finds a host on which to deposit its eggs. The
larval parasitoids consume and eventually kill their host. The life-cycle of
both species is depicted in Figure 4.28. Then

H(n + 1) = number of hosts in generation n x fraction not parasitized

x reproductive rate A,
P(n+ 1) = number of hosts parasitized in generation n x fecundity

of parasitoids c.

—
’_D
Parasitoid

FIGURE 4.28. Host—Parasitoid. Schematic representation of host—parasite sys-
tem.



4.7 Applications 233

Thus we have

4.7.3 A Business Cycle Model

One of the first formal mathematical models for business cycles was due to
Paul Samuelson (1939). The model was later modified by Sir John Hicks
(1950). Let I(n) denote the investment at time period n and Y'(n) is the
income at time period n. In the Samuelson—Hicks model, it is assumed that
investment is proportional to income change, i.e.,

In)=v(Y (n—1)—-Y(n—2)). (4.7.6)

Likewise, consumption C(n) is proportional to income Y (n — 1) in the
previous period, i.e.,

C(n)=(1-1s5)Y(n) (4.7.7)

where 0 < s <1 is the “complementary” proportion used. Introducing the
accounting identity for a closed economy:

Y(n) =C(n)+ I(n) (4.7.8)
we derive a simple second—order difference equation
Yn)=(14v-9Yn—-1)—0vY(n-2). (4.7.9)

The linear model (4.7.9) does not adequately represent a business since it
does not produce oscillatory solutions (or periodic cycles) except for special
cases (such as v = 1).

A nonlinear cubic model

In)=v(Y(n—1)-Y(n—-2))—v(Y(n-1)-Y(n-2))3 (4.7.10)
Cn)=1-s5)Y(n—-1)+esY(n—2), (4.7.11)
was proposed in Puu [124] and [125]. A fraction 0 < e < 1 of savings was
assumed to be spent after being saved for one period. So for ¢ = 0, the

original Hicks model (4.7.7) is recovered.
Let us introduce a new variable

Zn-1)=——==Y(n—-1)-Y(n-2). (4.7.12)
Adding (4.7.10) and (4.7.11) and using (4.7.8) yields

Y(n+1)=In+1)+C(n+1)
=v(Y(n)=Y(n—-1)+(1—-s)Y(n)
+esY(n—1)—v(Y(n) - Y(n—1))>%
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Subtracting Y'(n) from both sides yields
Z(n)=(v—es)Z(n—1)—vZ3n)+ (e —1)sY (n—1).

Z(n) = \/?Z(n).
Then

Zn)=@w—e8)Z(n—1)—(1+v—e8)Z3(n—1)+ (¢ —1)sY(n — 1).
Let a = (v —es), (¢ —1)s = b. We get
Z(n+1)=aZ(n) — (1+a)Z3n) +bY (n) (4.7.13)

Let

where b = (1 —¢€)s represents a sort of eternal rate of saving. Using (4.7.12)
and (4.7.13) we now have the two-dimensional system

Y(n+1)=Y(n)+ Z(n),
Z(n+1)=aZ(n) — (a+1)Z3(n) — bY (n). (4.7.14)

System (4.7.14) has a single equilibrium point X* = (Y*,Z*) = (0,0).
Local stability can now be obtained by examining the linearized system

Y(n+1)\ (1 1) (Y(n)
(Z(TL+1)> B (b a) (Z(n)) ' (4.7.15)

The eigenvalues are given by

1++/(a—1)2—-4b
Ao = 2 % ) . (4.7.16)
By criteria (4.3.9), the trivial solution is asymptotically stable if and only
if:
(i) 2+2a+b>0,
(ii) b >0,

(i) 1 —a—b > 0.

Taking into account that @ > 0 and 0 < b < 1, the region of stability S is
given by

S={(b,a)|0<b<1l 0<a<1l-0b}

We conclude that if (b,a) € S, then equilibrium X* = (0,0) is
asymptotically stable (Figure 4.29).

Notice that the eigenvalues A1, Ao are complex numbers if 1 —2vb < a <
1+2v/b. But this is fulfilled if (b, a) € S. Thus if (b,a) € S, the equilibrium
point X* = (0,0) is a stable focus.

At a = 1 — b, the equilibrium point X* = (0,0) loses it stability and
possible appearance of cycles. For example, for a = 0, b = 1, an attracting
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FIGURE 4.29. The region of stability S is the shaded area.

cycle of period 6 and a saddle cycle of period 7 appear. At a = v/2 — 1,
b =2 — /2 and attracting and saddle cycles of period 8 appear and so on
[126].

4.7.4  The Nicholson—Bailey Model
In [107] the function f was specified under two assumptions:

1. The number of encounters H,. of hosts by parasitoids is proportional
to the product of their densities, that is,

H, = aH(n)P(n). (4.7.17)

2. The first encounter between a host and a parasitoid is the only signif-
icant encounter. Since the encounters are assumed to be random, it is
appropriate to use a Poisson probability distribution to describe these
encounters.

If v is the average number of events in a given time interval, then the
probability of r events (such as encounters between host and its parasitoid)
is

etu”
p(r) ==
with p = Hh(';). Tt follows from equation (4.7.17) that
w=aP(n). (4.7.18)

Since the likelihood of escaping parasitism is the same as the probability of
no encounters during the host lifetime, f(H(n), P(n)) = &*(™. Equations
(4.7.4) and (4.7.5) now become

H(n+ 1) = AH(n)&"™, (4.7.19)
P(n+1) = cH(n)(1 — &™), (4.7.20)
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r(1=N*/K)/acN*
/

L l—exp(—r(1—H"/K))

— \y H*
N,
2 N1
FIGURE 4.30.

The nontrivial equilibrium points are given by

. )\ln A y 1
H* = O—1)ac’ P = aln/\.

It can be shown by linearization that (H*, P*) is unstable. Thus this model
is too simple for any practical applications except possibly under contrived
laboratory conditions.

It is reasonable to modify the H(n) equation (4.7.4) to incorporate some
saturation of the prey population, or, in terms of predator encounters, a
prey-limiting model. Hence a more realistic model is given by

H(”)> - aP(n)] . >0,

Pn+1)=cH(n)(1 —exp(—aP(n))). (4.7.21)

H(n+1) = H(n)exp {r <1 -

The equilibrium points are solutions of

H*
1 =exp [r (1 ~ % ) — aP*} , P"=cH"(1—exp(—aP™)).

Hence
T H* T P*
P*:— ]_— :71— H*:i. 4. .22
LT =tae ot i
Thus
r(l—22) H*
— 1—exp [—r (1 % )} . (4.7.23)

Clearly, H; = K, Py = 0 is an equilibrium state. The other equilibrium
point may be obtained by plotting the left- and right-hand sides of (4.7.19)
against H*. From Figure 4.30 we see that there is another equilibrium point
with 0 < Hj < K. Then we may find Pj from (4.7.18).
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To perform the stability analysis of the equilibrium point (Hj, Py), we
put H(n) = z(n) + H;, P(n) = y(n) + P;. Hence we obtain

2(n+1) = —Hj + (w(n) + Hj) exp [7« (1 - ”C(’"‘)K%) — aly(n) + P;)] ,
y(n+1) = =Py + c(z(n) + H3)[1 — exp(—a(y(n) + Fy))]. (4.7.24)
By linearizing around (0,0) we obtain the linear system
z(n+1)\ z(n)
) (@)
with
A= - o (4.7.26)
c(l—exp(=r(l—q) ¢—r(l-q))"

*

H
where ¢ = 22 and

r(1—q)
1 —exp(—r(1—q))
The details of obtaining the matrix A will be left to the reader. Observe

*

that the value of ¢ = Ifg‘ is a measure of the extent to which the predator

can depress the prey below the carrying capacity.

(p:

The characteristic equation of A is given by
M- A1—r+@)+ (1 —rq)e+7r%q(1 —q) =0. (4.7.27)
By criterion (4.3.9), the eigenvalues of A lie inside the unit disk if and only
if
1—r+¢| <1+ (1 -rgp+r’q(l—q) <2

—_—
—_

—bLwrLoanwxo

1 2 3 4 5

FIGURE 4.31. The origin is asymptotically stable within the shaded area.
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Hence
(1—rg)p+7r°q(1 —q) <1, (4.7.28)
L+ (1 =rg)p +r2q(l —q) > [1 =7+ ¢l. (4.7.29)

Plotting (4.7.24) and (4.7.25) gives the region of asymptotic stability
indicated by the shaded area in Figure 4.31.

The origin is asymptotically stable within the shaded area. Note that the
area of stability narrows as r increases.

Beddington et al. [7] conducted a numerical simulation for the specific
value ¢ = 0.4. As r grows past a certain value, the equilibrium point
becomes unstable and a hierarchy of stable limit cycles of increasing, non-
integral period, ultimately breaking down to cycles of period 5, appears.
These are followed by cycles of period 2 x 5, 22 x 5,...,2" x 5,....

4.7.5 The Flour Beetle Case Study

The team of R.F. Costantino, J.M. Cushing, B. Dennis, R.A. Deshar-
nais, and S.M. Henson [27] have studied the flour beetles extensively. They
conducted both theoretical studies as well as experimental studies in the
laboratory. To describe their model, we will give a brief background of the
life-cycle of the flour beetles. The life-cycle consists of larval and pupal
stages each lasting approximately two weeks, followed by an adult stage
(see Figure 4.32).

As is shown in Figure 4.32, cannibalism occurs among the various groups.
Adults eat pupae and eggs, larvae eat eggs. Neither larvae nor adults eat
mature adults. Moreover, larvae do not feed on larvae. The cannibalism
of larvae by adults and of pupae by larvae is assumed negligible since it
typically occurs at much reduced rates.

Let L(n) be the larvae population at time period n, let P(n) be the pupal
population at time period n, and let A(n) be the adult population at time

A

ity Eggs Pupae '::!. !
\\ Larvae /
Lo

FIGURE 4.32. The arrows show the cannibalistic interaction between difference
life-cycle stages.

Cew
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period n. Then the larval-pupal-adult (LPA) model is given by

L(n+1) =bA(n)exp(—cgadA(n) — cgr.L(n)),
Pn+1)=(1—pr)L(n), (4.7.30)
A(n+1) = P(n)exp(—cpaA(n)) + (1 — pa)A(n),

where L(0) > 0, P(0) > 0, A(0) > 0.

The constants py,, pa are the larval and adult probability of dying from
causes other than cannibalism, respectively. Thus 0 < pur < 1 and 0 <
1a < 1. The term exp(—cgaA(n)) represents the probability that an egg
is not eaten in the presence of A(n) adults, exp(—cgrL(n)) represents
the probability that an egg is not eaten in the presence of L(n) larvae,
and exp(—cpaA(n)) is the survival probability of a pupa in the presence
of A(n) adults. The constants cga > 0, cgr, > 0, cpa > 0 are called
the cannibalism coefficients. We assume that adult cannibalism is the only
significant cause of pupal mortality.

There are two equilibrium points (0,0,0)7 and (L*, P*, A*) € R:L L* >
0, P* > 0, A* > 0. The positive equilibrium point may be obtained by
solving the three equations

Lexp(cprL) = bAexp(—cpad),
P=(1-pu)L, (4.7.31)
paexp(cpaA) = P.

Eliminating P yields

(1= pr)L = paAexp(cpad),
Lexp(cgrL) = bAexp(—cgaA).

Dividing the second equation by the first yields

b(1 —
eXp(CELL) = (MAML) eXp[(—CEA — CPA)A}. (4732)
The number
N bl —p)
HA

is called the inherent net reproductive number. This number will play a
significant role in our stability analysis. Observe that if N < 1, equa-
tion (4.7.32) has no solution and we have no positive equilibrium point.
However, if N > 1, then equation (4.7.32) has a solution which is the inter-
section of the curve (1 — up)L = paexp(cpaA) and the straight line from
(0,InN/cgr) to InN/(cga + cpa),0) in the (A, L)-plane represented by
equation (4.7.32). To investigate the local stability of the equilibrium point
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(L, P, A) of equation (4.7.30), we compute the Jacobian J,

—cprbAel~erad—ceLl) 0 pel—cmrl—crad)(1—cpad)
J = 1—pr 0 0
0 e(—cpad) 1 _ A — CPAPe(fcpAA)
(4.7.33)

At the equilibrium point (0,0,0)7 we have

0 0 b
Ji=Jlooor=|1—p 0 0
0 1 1_UA

The characteristic polynomial of J; is given by
POA) =X — (1 —pa)\? =b(1 —pg)=0 (4.7.34)
which is of the form
P(A) = X+ p1A% + p2X +p3 = 0,

with p1 = —(1 = pa), p2 =0, p3 = =b(1 — ur).
According to (5.1.17), the eigenvalues of J; are inside the unit circle if
and only if

lps+p1l <14+p2 and |ps — psp1| <1 —p3.
Applying the first condition yields
|=b(1 = pr) = (1 — pa)l <1,
b(1 —pr) + (1 —pa) <1,
or

b(1 —pr)
HA

N = <1. (4.7.35)

The second condition gives
—(1 = ) (L = )bl < 1= 81— g )2,
b*(1—pup)® + (1 — pa)(1 — pp)b < 1.
But this inequality is satisfied if we assume (4.7.35). For if N < 1 we have
D} (1= pr)® + (1= pa)(1 = pr)b < py + pa(l — pa) = pa < 1.

We conclude that the trivial equilibrium is asymptotically stable if and
only if N < 1, and thus attracts all orbits in the nonnegative cone. As NV
increases past 1, a “bifurcation” occurs which results in the instability of
the trivial equilibrium and the creation of the positive equilibrium. In fact,
for N > 1 there exists one and only one positive equilibrium. The Jacobian
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at the positive equilibrium (L*, P*, A*) satisfying (4.7.31) is given by
L*

—CELL* O E — CEAL*
J2:J|(L*,P*,A*): 17/14[, 0 0
0 A*exp(cpa) 1—pa— A pacpa

The characteristic equation is given by
N+ (cerl* + pacpaA* — (1 — pa))A* — epr L*(1 — pia) A —

L*
(A* - CEAL*> (1 —pp)exp(—cpaA*) =0.

As of writing this edition of the book, a condition for the stability of the
positive equilibrium is known only in special cases.

Case (i) If cgr, = 0, the positive equilibrium is globally attracting if
1 <N <emin{(L, (cga/cpa)((1 — pa)/pa)}t [83].

Case (ii) In several long term experiments reported in [27], the adult death
rate was manipulated to equal 96% and hence pus = 0.96. Motivated by this
data, Cushing [25] assumed that ;14 = 1. In this case we have N = b(1—pup)
and equation (4.7.30) becomes

Lin+1)= 1 iv,uL A(n)exp(—cgrL(n) — cpaA(n)),
P(n+1)=(1— pr)L(n), (4.7.36)

A(n+1) = P(n)exp(—cpaA(n)).

Theorem 4.40 [25]. For N > 1, the trivial equilibrium of equation
(4.7.36) is unstable and there exists a unique positive equilibrium. This
positive equilibrium, which bifurcates from the trivial equilibrium at N =1,
1s unstable for N =1+, where § is sufficiently small.

A subcase of Case (i) is the case of synchronous orbits. A triple
(L(n), P(n),A(n)) is said to be synchronous at time n if one com-
ponent equals zero and at least one component is nonzero. One can
see immediately from equation (4.7.36), that an orbit that is syn-
chronous at time ng is synchronous for all n > ng. Notice that a
point (Lo, Py,0)T in the L,P-plane is mapped to the point (0, (1 —
pr)Lo, Po)T in the P, A-plane, which in turn is mapped to the point

1*1\1%
Hence points are mapped from one nonnegative quadrant of the co-
ordinate planes to the next in sequential order. A synchronous triplet
(L(n), P(n), A(n))T is said to be fully synchronous at time n if it has two
zero components. This is the case for points on the positive coordinate
axes. An orbit is fully synchronous if and only if its initial point is fully

Pyexp(—cgabFo),0,(1 — pur)Lo exp(—cPAPO)T> in the L, A-plane.
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(Nf1-p ) P, exp(~c,, P), 0,(1-p ) L exp(~c , P )")

EA 0

FIGURE 4.33.

synchronous. This notion is derived from the fact that the three life-cycle
stages are synchronized temporarily in such a way that they never overlap.
Denote the map (4.7.36) by F,

L(n+1) L(n)
Pn+1) | =F|Pm)|. (4.7.37)
Aln+1) A(n)

Then F® maps the nonnegative quadrant of a coordinate plane to itself.
A fixed point of F'® corresponds to a 3-cycle of F' and so on. The map F3
is defined by the equations

z(n+1) = Nz(n)exp [ — cpay(n)exp(—cpaz(n))

—cpa(l — pr)z(n) exp(—cpay(n) exp(—cpaz(n)))
: _NMLym) exp(—cp ay(n) — cpay(n) exp(—cpaz(n)))
(e (— cpa o

—cpr(n )] (4.7.38)
y(n+1) = Ny(n)exp [ — cpaz(n) — cpay(n) exp(—cpaz(n))

1 iVHL z(n) exp(—cpaz(n) — cprz(n))], (4.7.39)

z(n+1) = Nz(n)exp | — cgaz(n) — cgra(n)
—cpa(l = pr)a(n) exp(—cpay(n) exp(—cpaz(n)))].

— CEL

— CEL z(n) exp(—cgaz(n)

—CEA

If (20,0, 20)7 is a point in the z, z-plane, then its orbit is described by the
two-dimensional system
z(n+ 1) = Nz(n) exp(—cz(n)), (4.7.40)
z(n+ 1) = [N exp(—ax(n))]z(n) exp(—Fz(n)), (4.7.41)
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where c = cpa(l1 — pr), a« = cgr + cpa(l —pur), B =cga.

The first equation (4.7.40) is the well-known Ricker’s map, where
lim,, o z(n) = 0 and the convergence is exponential. Hence equation
(4.7.41) may be looked at as a perturbation of (4.7.40). Hence by Corollary
8.27, lim,, o0 2(n) = 0 which is consistent with what we had earlier. For
N > 1, Ricker’s map has a unique positive equilibrium z* = In N/¢. Con-
sequently, there exists a fully synchronous 3-cycle of equation (4.7.36). As
N increases, Ricker’s map undergoes a period-doubling bifurcation route
to chaos. If 1 < N < €2, then (z*,2*)” = (£ In N, 0)7 is an asymptotically
stable equilibrium point of equations (4.7.40) and (4.7.41) and globally at-
tracts all positive initial conditions in the x, z-plane. This fixed point of F3
corresponds to the fully synchronous 3-cycle of the LPA model (4.7.36)

InN 0
c 1-— 1
za( 0 =2 ~ mN | 0 . (4.7.42)
A LN
0 0 CBA

Thus we have the following result. Theorem 4.40 [25] for 1 < N < €2, the
LPA model (4.7.36) has a unique, nontrivial fully synchronous 3-cycle given
by (4.7.42). This 3-cycle attracts all fully synchronous orbits or equation
(4.7.36). For N > €%, the system has a period-doubling cascade of fully
synchronous (3 x2™)-cycle attractors and, for sufficiently large N, has “fully
synchronous chaotic” attractors (with respect only to fully synchronous
orbits).

This is the first proof of the presence of chaos in a population model.

Details about synchronous but not fully synchronous orbits may be found
in Cushing [25]. There are still many open problems that need to be tackled.
We invite the reader to solve them.

Open Problem 1. Investigate the LPA model for the general case pa # 1.
For a starting point, try the case with s = 0.96.

Open Problem 2. Investigate the behavior of orbits that are not syn-
chronous provided that ps = 1.







D

Higher-Order Scalar Difference
Equations

In Chapter 4 we investigated the qualitative behavior of systems of dif-
ference equations, both linear and nonlinear. In this chapter we turn our
attention to linear and nonlinear higher-order scalar difference equations.
Although one may be able to convert a scalar difference equation to a
system, it is often advantageous to tackle the scalar difference equation
directly. Moreover, since a system of difference equations may not be con-
vertible to a scalar difference equation, results on the latter may not extend
to the former. Every section in this chapter was written with this statement
in mind. Section 5.1 gives explicit necessary and sufficient conditions for the
stability of the zero solution of a kth-order scalar difference equation. This
task is accomplished either via the Schur—Cohn criterion or by using spe-
cial techniques that were developed by Levin and May [90], Kuruklis [86],
Dannan [28], and Dannan and Elaydi [29]. Section 5.2 provides easy com-
putable sufficient conditions for asymptotic stability using Gerschgorin’s
Theorem which provides a rough estimate of the location of eigenvalues of
matrices.

In the first and second editions of this book I have used Rouché’s The-
orem from complex analysis to obtain the results in Section 5.2. However,
the new approach is not only more accessible to readers with no background
in complex analysis but, more importantly, it is much more intuitive. Sec-
tion 5.3 treats nonlinear equations via linearization and follows closely the
exposition in Section 4.4 for systems. Section 5.4 collects the main results
in global stability of nonlinear scalar difference equations. It remains an
open question of whether or not these results extend to nonlinear systems
of difference equations. Finally, Section 5.5 presents the larval-pupal-adult

245
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(LPA) model of flour beetles with no larval cannibalism on eggs, and a
mosquito model.

5.1 Linear Scalar Equations

Consider the kth-order difference equation
z(n+k)+pzn+k—1)+px(n+k—2)+---+pex(n) =0 (5.1.1)

where the p;’s are real numbers.

It follows from Corollary 2.24 that the zero solution of (5.1.1) is asymp-
totically stable if and only if |A| < 1 for all characteristic roots A of (5.1.1),
that is, for every zero A of the characteristic polynomial

p(A) =N L p N (5.1.2)

Furthermore, the zero solution of (5.1.1) is stable if and only if [A] <1
for all characteristic roots of (5.1.1) and those characteristic roots A with
|A| =1 are simple (not repeated). On the other hand, if there is a repeated
characteristic root A with |A| = 1, then according to Corollary 2.24 the zero
solution of (5.1.1) is unstable.

One of the main tools that provides necessary and sufficient conditions for
the zeros of a kth-degree polynomial, such as (5.1.2), to lie inside the unit
disk is the Schur—Cohn criterion. This is useful for studying the stability
of the zero solution of (5.1.1). Moreover, one may utilize the Schur-Cohn
criterion to investigate the stability of a k-dimensional system of the form

z(n+1) = Az(n) (5.1.3)

where p(A) in (5.1.2) is the characteristic polynomial of the matrix A.

But before presenting the Schur—Cohn criterion we introduce a few
preliminaries.

First let us define the inners of a matrix B = (b;;). The inners of a matrix
are the matrix itself and all the matrices obtained by omitting successively
the first and last rows and the first and last columns. For example, the
inners for the following matrices are highlighted:

A 5 x 5 matrix
A 4 x 4 matrix

A 3 x 3 matrix b11 b12 b13 b14 b15
bi1 biz big bis

bi1 b2 bis ba1 | bag bag bas |bas
ba1 | baz bag | boy

ba1 | bao | b2 |, ; b31 | b3z | b3 | b3s | b3s
b31 | b3z b33 | b3g

b31 b3z b33 ba1 | baz baz bag | bss
ba1 baz baz bas

bs1 bs2 bs3 bss bss
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A matrix B is said to be positive innerwise if the determinants of all of
its inners are positive.

Theorem 5.1 (Schur—Cohn Criterion) [74]. The zeros of the charac-
teristic polynomial (5.1.2) lie inside the unit disk if and only if the following
hold:

(i) p(1) >0,
(ii) (=1)Fp(-1) >0,
(iii) the (k—1) x (k — 1) matrices

1 0 0 0 0 0
P1 0 0 Pk Pr—1
+ .
Bk*l = + :
Dk—3 0 px D3
Pk—2 Pk-3 ... p1 1 Pk DPk—1 --- D3 D2

are positive innerwise.

Using the Schur—Cohn criterion (Theorem 5.1), one may obtain necessary
and sufficient conditions on the coefficients p;’s such that the zero solution
of (5.1.1) is asymptotically stable. Neat and compact, necessary and suffi-
cient conditions for the zero solution of (5.1.1) to be asymptotically stable
are available for lower-order difference equations. We will present these
conditions for second- and third-order difference equations.

For the second-order difference equation

z(n+2) +piz(n+1) +pex(n) =0 (5.1.4)
the characteristic polynomial is
p(A) = A+ p1A +pa. (5.1.5)

The characteristic roots are inside the unit disk if and only if

p(1) =1+p1 +p2 >0, (5.1.6)
p(=1) =1—p1 +p2 >0, (5.1.7)
B =1+p, > 0. (5.1.8)

It follows from (5.1.6) and (5.1.7) that 14 ps > |p1| and 1+pg > 0. Now
(5.1.8) reduces to 1 — pa > 0 or py < 1. Hence the zero solution of (5.1.4)
is asymptotically stable if and only if

[p1] < 1+p2 <2.] (5.1.9)

For the third-order difference equation

z(n+3) +prz(n+2) + pax(n+1) + psz(n) =0 (5.1.10)
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the characteristic polynomial is
A+ p1A? + ped 4+ ps = 0. (5.1.11)

The Schur—Cohn criterion are

L+p1+p2+p3>0, (5.1.12)
(—1)*[-14+p1—p2+ps]=1—pi+p2—ps >0 (5.1.13)
1 0 0 1
1By | = + - Ps S0,
p1 1 D3 D2 p1+p3 1+po
Thus
L+ ps —pips —p3 >0 (5.1.14)
and
1 0 0 1 -
1By | = — 17 Pl= P50 (5.115)
p1 1 D3 D2 p1—p3 1—po
Hence

1—pa2 + psp1 — p3 > 0. (5.1.16)

Using (5.1.12), (5.1.13), (5.1.14), and (5.1.16), we conclude that a nec-
essary and sufficient condition for the zero solution of (5.1.10) to be
asymptotically stable is

|p1 +p3] <14+p2 and |p2 —pips| <1 —p%.‘ (5.1.17)

It is now abundantly clear that the higher the order of the equation,
the more difficult the computation involved in applying the Schur—Cohn
criterion becomes. However, Levin and May [90], using a very different
technique, were able to obtain a simple criterion for the asymptotic stability
of the following special equation

z(n+1)—z(n)+qr(n—k) =0, (5.1.18)
or, equivalently,
z(n+k+1)—z(n+k)+qr(n) =0. (5.1.19)

Theorem 5.2. The zero solution of (5.1.18) is asymptotically stable if
and only if

km

The proof of this theorem is given in Appendix E. The theorem may
also be obtained as a corollary of a more general theorem by Kuruklis [86]
which we now state.
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05 |

-05 | -05 |

-1 -1

(i) k odd (ii) k even

FIGURE 5.1. The graphs of the domains of (a, b), for which the roots of \**! —
aX® +b =0, with a # 0 and k£ > 1, are inside the unit disk. The curved sides
are parts of |b| = |a® + 1 — 2|a| cos ¢\%, where ¢ is the solution in (0, 7(k 4+ 1)) of
sin(k0)/sin(k 4+ 1)0 = 1/|al.

Contemplate the equation
r(n+1) —ax(n) +br(n—k)=0, necZ. (5.1.21)

Theorem 5.3. Let a be a nonnegative real number, b an arbitrary
real number, and k a positive integer. The zero solution of (5.1.21) is
asymptotically stable if and only if |a| < (k+1)/k, and:

(i) la| =1 <b< (a®+1—2|alcos )2 for k odd, or

(ii) |b—a| <1 and |b] < (a® 41— 2|a|cos §)2 for k even,

where ¢ is the solution in (0,7/(k+1)) of sin(kf)/sin(k+1)8 = 1/|a|. (See
Figure 5.1.)

Using the above theorem we present a simple proof of Theorem 5.2.

PROOF OF THEOREM 5.2.
From Theorem 5.3 we have that the zero solution of the difference
equation (5.1.19) is asymptotically stable if and only if

0<b< (2—2cosp)? for k odd (5.1.22)
or
|b—1] <1and|b < (2— 2cos¢)?  for k even, (5.1.23)
where ¢ is the solution in (0,7/(k + 1)) of
sin(kf)/sin(k + 1)0 = 1. (5.1.24)

Note that |b — 1| < 1 implies b > 0. Therefore conditions (5.1.22) and
(5.1.23) are reduced to

0<b< (2—2cose)?. (5.1.25)
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Also note that
(2—2cos¢)? = [2(1 — cos )] = [4sin?(¢/2)]? = 2sin(¢/2)
and thus (5.1.25) can be written as

0 < b< 2sin(¢/2). (5.1.26)
Furthermore, (5.1.24) yields sin(k¢) = sin[(k + 1)¢] and so either
kp+ (k+1)p = (2n+ )7 (5.1.27)
or
k¢ = (k+ 1)¢ + 2nm, (5.1.28)

where n is an integer. Since (5.1.28) cannot be valid for 0 < ¢ < 7/(k+1)
we have that (5.1.27) holds. In fact, 0 < ¢ < 7w/(k + 1) forces n = 0
and so ¢ = /2 and thus condition (5.1.25) may be written as 0 < b <
2 cos[km/(2k + 1)], which is the condition of Theorem 5.3. O

Dannan [28] considered the following more general equation
z(n+k)+azx(n)+bzx(n—1)=0, necZ, (5.1.29)
where k > 1 and [ > 1 are integers.

Theorem 5.4 [28]. Letl>1 and k > 1 be relatively prime odd integers.
Then the zero solution of (5.1.29) is asymptotically stable if and only if
la] <1 and

la| —1 < brgnigl(l + a? — 2|a| cos k)2 (5.1.30)
€

where S is the solution set of

1 sin [0
e .1.31
la] = Sin(l + )0 (5.1.31)

on the interval (0, 7).

Theorem 5.5 [28]. Let! > 1 be an odd integer, k an even integer, with
and k relatively prime. Then the zero solution of (5.1.29) is asymptotically
stable if and only if

bl <1—la] for —1<a<0 (5.1.32)
and
|b] < gnisn(l +a®+2acoskf)? for0<a<1, (5.1.33)
g

where S* is the solution set of

1 sin 16
—_—— = .1.34
a sin(l+ k)6 (5:1.34)

on the interval (0, 7).
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Theorem 5.6 [28]. Let ! be an even integer and k > 1 an odd integer,
where 1 and k are relatively prime. Then the zero solution of (5.1.29) is
asymptotically stable if and only if

la| =1 < brenigl(l +a® —2lalcoskf)? for —1<a<0 (5.1.35)
€

and

a—1<-b< Enig(l +a®—2acoskf)? for 0<a<1. (5.1.36)
€

where S is as in Theorem 5.4.

Remark: If [ and k in Theorems 5.4, 5.5, and 5.6 are not relatively prime,
then [ = sl and k = sk for some positive integers s, [, and k, where [ and
k are relatively prime. The asymptotic stability of (5.1.29) is equivalent to
the asymptotic stability of

z(n+ k) + azx(n) + bz(n —1) = 0. (5.1.37)
(Why?) The reader is asked to prove this in Exercises 5.1, 5.2, Problem 5.
Example 5.7. Consider the difference equation

z(n+25) +ax(n) + bx(n —15) =0, n=0,1,2,....
The corresponding characteristic equation is
M +ad® +b=0,
and in the reduced form is
A¥ 4+ aX® +b=0.

Here we have [ = 5 and k = 3. Therefore, Theorem 5.5 is applicable and
the given equation is asymptotically stable if and only if |a] < 1 and

la| —1 < bmin(1 + a® — 2|a| COS39)%,
0es

where S is the solution set of 7 = =3 on the interval (0,7). If we let
a = 0.6, then 6 = 2.007548968 and the given equation is asymptotically

stable if and only if —0.4 < b < 0.4477703541.

5.2 Sufficient Conditions for Stability

Clark [21] considered the equation
x(n+k)+prn+k—1)+qgx(n)=0 (5.2.1)

where p,q € R. When p = —1, we revert back to the Levin and May equa-
tion (5.1.18). He showed that the zero solution of (5.2.1) is asymptotically
stable if

Ip| + g < 1. (5.2.2)
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Moreover, the zero solution is unstable if
lp| =gl > 1. (5.2.3)

Here we will extend Clark’s Theorem to the general equation (5.1.1).
The novelty of Clark’s proof is the use of Rouché’s Theorem from Complex
Analysis to locate the characteristic roots of the equation. In the first two
editions of this book, I followed Clark’s proof. In this edition, I am going to
deviate from this popular method, and give instead a simpler proof based
on Gerschgorin’s Theorem [111] which we now state.

Theorem 5.8. Let A be a k X k real or complexr matrixz. Let S; be the disk
k
in the complex plane with center at a;; and radius v; = Y |ai;|. Then all
j=1
J#i
k
the eigenvalues of A lie in S = |J S;.
i=1

PrOOF. Let A be an eigenvalue of A with a corresponding eigenvector
v = (v1,va,...,v;)T such that ||[v]| = max{|v;|} = 1. (Why?).
K3

k
Since Av = \v, equating the ith row in both sides yields »" a;;v; = Av;.
j=1

Hence
k
N —ai)v; = Zaijvj, 1=1,2,... k.
J#i
Since ||[v||eo = 1, there exists r, 1 < r < k, such that ||v]|cc = |v] = 1.
Then
k
A= arr| =[(A = apr)vr| < Z lar;|[v;] < 7%
i#r
so that A is in the disk S,.. O

The following example illustrates the above theorem.

Example 5.9. Consider the difference equation
1 1 1
z(n+3) + iz(n +2) - Z9c(n +1)+ gx(n) =0. (5.2.4)

This equation can be converted to the system

z1(n+1) = z2(n),
xa(n+1) = z3(n),
z3(n+1) = —éxl(n) + ixg(n), —%xd(n)

where z1(n) = z(n), z2(n) = z(n+ 1), x3(n) = z(n + 2).
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FIGURE 5.2. Gerschgorin disks.

This can be written in the compact form

y(n) = (21(n), 2(n), ws(n))",
0 1 0
4-]0 o 1
11 1
5 4 2

The eigenvalues of A are the characteristic roots of (5.2.4). By Ger-
schgorin’s Theorem, all the eigenvalues of A lie in the union of the disks S;
and Ss, where S is the disk centered at the origin with radius 1 and S is

centered at —3 and with radius § + 1 = % = 0.45 (Figure 5.2). Thus

the spectral radius of A, p(A) < 1. In fact we can do better if we realize
that an eigenvalue Ay of A is also a characteristic root of (5.2.4). Hence
NI+ =00r A) =23+ 2X -1 =0 Nowif [\ =1,
1=[X3| <= 3Xo|+|5Aol 4] — £ = 22, a contradiction. Hence p(A) < 1.
Thus by Corollary 2.24, the zero solution of (5.2.4) is asymptotically stable.

Theorem 5.10. The zero solution of (5.1.1) is asymptotically stable if

k
> il < 1. (5.2.5)
i=1

PROOF. We first convert (5.1.1) into a system of first-order difference
equations

z(n+1) = Az(n) (5.2.6)
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where
0 1 0 0
0 0 1 0
A= : : : : I (5.2.7)
0 0 0 - 1
—Prk —Pk-1 —Pk-2 - —P1

By Gerschgorin’s Theorem all the eigenvalues lie in S; U Sy, where S7 is
the unit disk, and S is the disk with center —p; and radius r = Ef:2 |ps .
By assumption (5.2.5), |A| < 1. To eliminate the possibility that |A| = 1,
we assume that A has an eigenvalue Ag such that [Ag| = 1. Now )\ is also a
characteristic root of (5.1.1) and thus from (5.1.2), p(Ao) = A§ +p1 et +
-+ + pr = 0. This implies that

L=\ < [-pAg 4 [—p2 A2+ - + |—p]

which leads to a contradiction. It follows by Corollary 2.24 that the zero
solution (5.1.1) is asymptotically stable. O

A partial converse of this theorem may be obtained by a more refined
statement of Gerschgorin’s Theorem.

Theorem 5.11. Let S;, i =1,2,...,k, be the Gerschgorin disks of a kx k
matriz A. Suppose that for some 1 <m <k, (-, Si) N (Ljil?:m_~_1 Si) =0.
Then there are exactly m eigenvalues (counting multiplicities) of A that lie
in |Ji~, Si and k —m eigenvalues that lie in Uf:mﬂ S

PROOF. The proof may be found in [111]. O

We are now ready to provide the promised partial converse to Theorem
5.10.

Theorem 5.12. The zero solution of (5.1.1) is unstable if

k
prl =Y Ipil > 1. (5.2.8)
=2

Proor. We first convert (5.1.1) into system (5.2.6). Then by Ger-
schgorin’s Theorem all the eigenvalues of A lie in the disks S; and Ss
where S7 is the unit disk and S, is the disk centered at —p; and with ra-
dius r = Zf:z |p;|- Condition (5.2.8) implies that S; NSy = @. By Theorem
5.11, S, must contain an eigenvalue \; of A. Moreover, |\;| > 1. Hence the
zero solution of (5.1.1) is unstable. O
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Exercises 5.1 and 5.2

1.

*T.

*8.

*10.

Show that the zero solution of x(n + 4) + p1z(n + 3) + paz(n + 2) +
psx(n + 1) + pax(n) = 0 is asymptotically stable if and only if |ps| <
L, p3 +p1| < 1+4p2+pa, and |p2(1—pa) +pa(1—p3) +p1(pap1 —p3)| <
pap2(1 = pa) + (1 = p3) + pa(pap1 — p3)-

. Extend the result in Problem 1 to the fifth-order equation

x(n+5)+prz(n+4)+p2x(n+3)+psr(n+2)+psx(n+1)+psz(n) = 0.

For what values of « is the zero solution of z(n + 3) — z(n + 2) +
2=1y(n) = 0 asymptotically stable?

. Consider the equation z(n + k) —z(n+k —1) + La(n) =0, k > 2.

[0}

(i) Show that the zero solution is asymptotically stable if and only if

D teas oo 505 (1o [ U011

(ii) Show that in (L) as k increases to oo, o decreases monotonically
to 1.

Prove that the zero solution of (5.1.37) is asymptotically stable if and
only if the zero solution of (5.1.29) is asymptotically stable.

Apply Theorem 5.1 to show that the zero solution of the difference
equation Az(n) = —gx(n — 1), ¢ > 0, is asymptotically stable if and
only if ¢ < 1.

(Hard). Prove that the zero solution of the difference equation Az (n) =
—qz(n—k),q > 0,k > 1, is asymptotically stable if gk < 1.

Consider the linear difference equation
z(n+1)—x(n)+ szx(n —k)=0, neZ",
i=1

P1,D2, -, Pm € (0,00) and ky, ko, ..., k,, are positive integers. Show
that the zero solution is asymptotically stable if Z;’;l kip; < 1.

Consider the difference equation
r(n+1)—x(n)+px(n—k)—qr(n—m)=0, necZt,

where k and m are nonnegative integers, p € (0,00), and ¢ € [0,00).
Show that the zero solution is (globally) asymptotically stable if

kp<1 and ¢<p(l—Fkp)/(1+ kp).
Consider the following model of haematopoiesis (blood cell production)
[97), [78]

p

.= 7+
T+ Ne(n—k) "E%0

N(n+1)=aN(n)+
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and o € [0,1), p, B € (0,00), k is a positive integer. Here N(n) denotes
the density of mature cells in blood circulation.

(a) Find the positive equilibrium point N*.
(b) Show that N* is (locally) asymptotically stable if either:

(i) p<1;or
P

P
(ii) p> 1 and (1 a) < (p_ﬁﬁ.

The following problems give Clark’s proof of Theorems 5.10 and 5.12.
These proofs are based on Rouché’s Theorem from Complex Analysis

[20].
Theorem 5.13 (Rouché’s Theorem). Suppose that:

(i) two functions f(z) and g(z) are analytic inside and on a simple
closed contour -y in the complex domain, and

(i) |f(2)| > |g(2)| at each point on .

Then f(z) and f(z) + g(2) have the same number of zeros, counting
multiplicities, inside .

11. Use Rouché’s Theorem to prove Theorem 5.10.
12. Use Rouché’s Theorem to prove Theorem 5.12.

5.3 Stability via Linearization

Let I be a subset of the real line R. Then I™ =1 x 1 x ---x 1 C R™ is
the product of m copies of I equipped with any of the norms Iy, (s, or [
as discussed in Chapter 3.

Now a function f : I"™ — I is continuous at z = (z1,Z2,...,Zy) if
given ¢ > 0, there exists § > 0 such that if y = (y1,y2,...,¥ym) € I"™ and
[|lz—y|| < d,then |f(x)— f(y)| < . Notice that the {;-norm gives ||x—yl||; =
S |zi — il For the ly-norm, we have ||z — y||lo = > i~ (z7 — y?), and

finally the l,o-norm gives ||z — y||oo = max |z; — y;|.
1<i<m

Following the work of Ladas and his collaborators [85] we will use the
[1-norm, unless otherwise noted.
Consider the following difference equation of order k + 1,

z(n+1) = f(z(n),z(n—1),...,z(n—k)) (5.3.1)
where f: I**1 — I is a continuous function.
Given a set of (k4 1) initial conditions x_j, x_k+1,-..,x9 € I, there ex-

ists a unique solution {z(n)} _, of (5.3.1) such that z(—k) = x, z(—k+
1) = 2_gt1,...,2(0) = x0. Of course one may convert (5.3.1) to a
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system of first-order difference equations of order k + 1 as follows. Let
yi(n) = xz(n —k),y2(n) = (x —k+1),...,ys+1(n) = xz(n). Then (5.3.1)
may be converted to the system

y(n+1) = Fly(n), (5.3.2)

where

y(n) = (yl (n)’ yQ(n)v s 7yk+1(n))T7
F(y(n)) = (y2(n),y3(n), ..., yes1(n), f(Yr+1(n), ye(n), . .. 7y1(n))T-

We may write F' = (Fy,Fa, ..., Fri1)?, where Fi(y1) = yo2, Fa(y2) =
Y3y Fer1(Wrr1) = f(Uksts - 01)-

A point * € I is an equilibrium point of (5.3.1) if f(x*,a*,...,z*) =
x*. This corresponds to the equilibrium point (z*,z*,...,2%) € R¥*! fo
system (5.3.2). Notions of stability of equilibrium points and periodic points
of (5.3.1) may be stated via (5.3.2) and the use of proper interpretations
of the notions in regards to (5.3.1). Here is a sample.

Definition 5.14. An equilibrium point 2* of (5.3.1) is stable (.5) if, given
e > 0, there exists § > 0 such that if {z(n)}>> _, is a solution of (5.3.1)
with

(lz(=k) =" + |z(=k + 1) = 2"+ - +[2(0) —27|) <0,
then
|z(n) —z*| <e forall n>—k.

Analogous definitions can be given for the remaining notions of stability
as defined in Chapter 4.
If f is continuously differentiable in some open neighborhood of X* =

(z*,x*,...,2*), then one can linearize (5.3.1) around X*. One way to do
this is to revert to system (5.3.2) to obtain the linear system
z(n+1) = Az(n), (5.3.3)

where A is the Jacobian of F' at X*, A = DF(X™*). Then convert (5.3.3)
to a scalar equation. However, one may also linearize (5.3.1) directly using
the chain rule. Thus the linearized equation around z* is given by

u(n+ 1) = pou(n) + pyu(n — 1) + - -+ + pru(n — k), (5.3.4)
where
pl 881/{; (:Z’,f’. ’x)’
with f(uo,ul, ey uk).

The characteristic equation of (5.3.4) is given by
NFL g X —p N =0, (5.3.5)
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Using the stability results in Chapter 4 for system (5.3.2), one may easily
establish the following fundamental stability result.

Theorem 5.15 (The Linearized Stability Result). Suppose that
f is continuously differentiable on an open neighborhood G C RFF! of
(z*,2*,...,2%), where z* is a fized point of (5.3.1). Then the following
statements hold true:

(i) If all the characteristic roots of (5.3.5) lie inside the unit disk in the
complex plane, then the equilibrium point x* of (5.3.1) is (locally)
asymptotically stable.

(ii) If at least one characteristic root of (5.3.5) is outside the unit disk in
the complex plane, the equilibrium point x* is unstable.

(iii) If one characteristic root of (5.3.5) is on the unit disk and all the
other characteristic roots are either inside or on the unit disk, then the
equilibrium point x* may be stable, unstable, or asymptotically stable.

PROOF. The proofs of (i) and (ii) follow from Corollary 4.34 and Theorem
4.38.

(iii) This part may be proved by the following examples. First consider the
logistic equation z(n + 1) = z(n)(1 — z(n)) = f(x(n)). The linearized
equation around the equilibrium point z* = 0 is given by u(n + 1) =
u(n) with the characteristic roots A = 1. But we know from Section
1.6 that z* = 0 is unstable.

Now we give an example that produces a different conclusion from the
above example. Consider the equation

z(n+1) = z(n) - 2°(n) = f(z(n)).
The linearized equation is given by

u(n+ 1) = u(n)

with the characteristic root A = 1. Now for the equilibrium point
z* = 0, we have f'(0) = 1, f”(0) =0, f"(0) = —6 < 0. This implies
by Theorem 1.15 that z* = 0 is asymptotically stable. O

Example 5.16 [15]. Consider the difference equation
z(n+1) =ax(n) + F(z(n —k)) (5.3.6)

which models whale populations. Here z(n) represents the adult breeding
population, a, 0 < a < 1, the survival coefficient, and F(xz(n — k)) the
recruitment to the adult stage with a delay of k years. The equilibrium
point z* of (5.3.6) is given by the equation

¥ =az* + F(z"),
¥ =F(z")/(1 —a). (5.3.7)
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Since F(z*) = (1 — a)z*, (1 — a) is the annual mortality rate of the whale
population. The linearized equation associated with (5.3.6) is given by

u(n + 1) = au(n) + bu(n — k), (5.3.8)
where b = F'(z*).
Equation (5.3.8) may be written in the form
u(n +1) —au(n) —bu(n — k) =0. (5.3.9)
By Theorem 5.10, a sufficient condition for the zero solution of (5.3.9)
to be asymptotically stable is
lal + 1o <1,
a+ b <1. (5.3.10)
Condition (5.3.10) is a sufficient condition for the asymptotic stability of
the equilibrium point z* given by (5.3.7).
Exercises 5.3

1. Consider the delayed recruitment model

ﬂn+Dz%d@+F@@—k»

Let x* be the equilibrium point and let b = F’(z*). Assume that
F' is continuously differentiable in an open neighborhood of z*. Find
sufficient conditions for * to be asymptotically stable if:

(i) k=2,
(ii) k= 3.
2. Consider the single species, age-structured population model
z(n+2) =x(n)exp(r — ax(n+ 1) — x(n)),
where z, > 0 for all n € ZT, a,r > 0.
(i) Show that all solutions are bounded.

(ii) Find conditions on r and « under which the positive equilibrium
is asymptotically stable.

In Subsection 4.7.5 we studied in detail the larval-pupal-adult (LPA)

of the flour beetle.
L(n+1) =bA(n)exp(—cgaA(n) — cgr.L(n)),
Pn+1)=(1—pur)L(n), (5.3.11)
A(n+1) = P(n) exp(—cpad(n)) + (1 - pa) A(n).

Kuang and Cushing [83] considered the simplified case when larval

cannibalism of eggs is not present, i.e., cgr, = 0. Problems 3 though 5
refer to this simplified model.
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Prove that (5.3.11) reduces to
z(n+1) —ax(n) — fr(n—2) exp(—c1z(n —2) —caz(n)) =0, (5.3.12)

where o = 1—pa, 8= b(l—liL>7 €1 = Cpa, C2 = cpa, z(n) = A(TH‘Q),
n > —2.

Then show that if o + 5 < 1, equation (5.3.12) has only the trivial
equilibrium 27 = 0. Furthermore, if « + 3 > 1, then (5.3.12) has two
equilibria, 27 = 0 and «3 > 0, with «5 = (1/¢1 + c2) In(8/(1 — )).

. Show that the linearized equation of (5.3.12) around an equilibrium

point xz* is given by

y(n+1) — [ — Beaz™ exp{—(c1 + c2)2" Hy(n)
— B(1 = c1z”) exp{—(c1 + e2)z" }y(n — 2) = 0.

. Prove that:

(i) The trivial solution z7 = 0 is asymptotically stable
b(1 —
b= pw) g
Hna
(ii) The positive equilibrium x5 = (1/¢; + c2)In(8/(1 — «)) is
asymptotically stable if and only if
|[A+B| <1, |A-3B|<3, and B(B—A)<1, (5.3.13)

where

a-cel=a (m b )—a,

c1+co 11—«

B=(1-a) Llicg <1n1fa>1].

Consider the difference equation N(n+1) — N(n) = N(n)[a+bN(n—
k) — cN?(n — k)], n € Z*, where a,c € [0,00) and b € R, k € Z*.

(a) Prove the equation has a unique positive equilibrium N*.

(b) Show that N* is (locally) asymptotically stable if

N*/b? + dac < 2(:08[

Consider the rational difference equation

k k
z(n+1) = <a+2aix(ni)> / <b+Zb¢x(ni)> ,
i=0 =0

where k is a nonnegative integer, ag, a1, . .., ak, bo, b1, ...,bx € [0,00),
a,b € (0,00), Zf:o a; =1 and B = Zf:o b; > 0. Find the pos-

km
2k+1]°
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itive equilibrium point z* of the equation. Then show that z* is
asymptotically stable if b > 1.

Consider the rational difference equation
z(n+1) =[a+bx(n)]/[A+ z(n — k), (5.3.14)

n€Z% a,be[0,00), witha+b >0, A€ (0,00), and k is a positive
integer. Problems 8, 9, and 10 refer to equation (5.3.14) with the above
assumptions.

8. (i) Show that if either a > 0 or a = 0 and b > A, equation (5.3.14)
has a positive equilibrium x*. Then find z*.

(ii) Show that z* is (locally) asymptotically stable if either b = 0 or
a =0 and

km
b>A>b(1-2 — .
> > ( CcosS 3 k:—|—1>
9. Show that the positive equilibrium z* of equation (5.3.14) is asymp-
totically stable if either ¥ = 1 and ¢ > 0 or k > 2 and A >
b.

*10. Show that for any positive solution z(n) of equation (5.3.14) there
exists positive constants C' and D such that C < z(n) < D, n € ZT
provided that b > 1.

5.4 Global Stability of Nonlinear Equations

Results on global asymptotic stability are scarce and far from complete. In
Chapter 4 we have seen how Liapunov functions can be used to establish
both local and global asymptotic stability. In this section we will utilize
the special nature of scalar equations to present a few results that can
deal with several types of equations. Roughly speaking, we will be mainly
concerned with “monotone” equations. A more general investigation on
monotone discrete dynamical systems is beyond the scope of this book
and the interested reader is referred to the work of Hal Smith [138]. More
detailed expositions may also be found in Sedaghat [133], Kocic and Ladas
[80], and Kulenovic and Ladas [85].
Consider the following difference equation of order (k + 1),

z(n+1)= f(z(n),z(n—-1),...,2(n—k)), (5.4.1)

n € ZT and k > 1 is a positive integer. The main result in this section is
due to Hautus and Bolis [65]. (See also Kocic and Ladas [80] and Kulenovic
and Ladas [84].)
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Theorem 5.17. Consider (5.4.1) with f € C(I**1,R), where I is an open
interval in R and x* € I is an equilibrium point. Suppose that f satisfies
the following assumptions:

(i) f is nonincreasing in each of ils arguments, i.e., if a < b, then
fGiay ) <(fCyeybyeny ).
(i) (u—a®)[f(u,u,...,u) —u] <0 for all uw € I/{z*}.

Then with initial values (x(0),z(—1),...,x(—k)) € I, we have x(n) € I
forn >0 and lim,,_,o z(n) = x*.

PrOOF. Condition (ii) ensures that «* is the only equilibrium point in 1.
For if y* € I is another equilibrium point, then (y* —2*)[f(y*, y*,...,y*) —
y*] = 0 which violates condition (ii). Let x(n) be a solution of (5.4.1)
with 2(0),2(=1),...,z(—=k) € I. Set m = min{z*, z(0),...,2(-k)}, M =
max{z*,z(0),...,z(—k)}. By condition (ii) and since m < z*, we have m <
flm,;m,...,m). Moreover, by condition (i) we obtain f(m,m,...,m) <
f(z(0),z(=1),...,2(=k)) = (1). Thus m < f(m,m,...,m) < z(1). Sim-
ilarly, one may show that z(1) < f(M,M,...,M) < M. By induction
on n, it is easy to show that m < x(n) < M for all n > —k. In partic-
ular, since [m, M] C I, it follows that z(n) € I, for all n > —k. Since
z(n) is bounded, both lim,_ inf x(n) = L; and lim,, o supxz(n) = Lo
exist. Furthermore, m < Ly < Ly < M. Let ¢ > 0 be sufficiently small
such that [m 4+ ¢, M + €] C I. There exists a positive integer N such
that L1 —e < x(n — k) for all n > N. This implies by condition (i) that
fli—e,L1—¢,....L1 —¢) < f(z(n),z(n—1),...,x(n — k)) =x(n+1),
for all n > N. Consequently, f(L; —e, L1 —¢,...,L1 —¢e) < Ly. Since f is
continuous, and ¢ is arbitrary, it follows that f(Li,L1,...,L;) < L;. This
implies by condition (ii) that * < L;. By a similar argument (Problem
12). one may show that Ly < z* and, consequently, Ly < 2* < L;. Hence
x* = Ly = Ly, and lim,,_, o, z(n) = z*. O

Example 5.18. The Beverton-Holt model [10]

rKz(n)
z(n+1)= m, K>0, r>Q0, (5.4.2)
has been used to model populations of bottom-feeding fish, including the
North Atlantic plaice and haddock. These species have very high fertility
rates and very low survivorship to adulthood. Furthermore, recruitment is
essentially unaffected by fishing.
Local stability analysis (Theorem 1.13) reveals that:

i) if 0 < r < 1, then the zero solution z] = 0 is asymptotically stable,
1
ii) if » > 1, then the equilibrium x5 = K is asymptotically stable.
2

Using Theorem 5.17 one can say more about z3. Since f(z) =rKz/K +
(r — 1)x is monotonically increasing for » > 1, condition (i) in Theorem
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5.17 holds. Now for any u € (0, 00),

(u— K)(f(u) — ) = <u—K>(

rKu—u(K + (r — 1)u)>

K+ (r—1u
B (K —u)?

and condition (ii) in Theorem 5.17 is satisfied. It follows that zj = K is
globally asymptotically stable.

Cushing and Henson [26] used more elementary methods to prove the
above results.

Now consider the second-order (modified) Beverton—Holt model

rK(az(n) + fz(n —1))

K+ (r—-1zn-1)
where r > 0, K >0, and a4+ 3 =1.

In this model, the future generation z(n + 1) depends not only on the
present generation x(n) but also on the previous generation z(n — 1). This
model has two equilibrium points as before 27 = 0 and x5 = K.

We first investigate the local stability of these two equilibria. Using
Theorem 5.15, we have the following conclusions:

z(n+1) = (5.4.3)

(a) The zero solution z7 = 0 of (5.4.3) is locally asymptotically stable if
and only if 0 < r < 1.

(b) The equilibrium a3 = K is locally asymptotically stable if and only if
> 1.

In fact, one can say more about x5 = K. Following the same analysis used
for (5.4.2), one may conclude by employing Theorem 5.17 that 3 = K is in
fact globally asymptotically stable. A higher-order Beverton—Holt equation
has been investigated in [81].

The second result that we will present is of a different flavor. It is much
more flexible than Theorem 5.17 since it allows f to be either nondecreas-
ing or nonincreasing in its arguments. This leads to the notion of weak
monotonicity.

Definition 5.19. The function f(u1,us,...,uxt1) is said to be weakly
monotonic if f is nondecreasing or nonincreasing in each of its arguments,
i.e., for a given integer j, 1 < j < k41, if a < b, then either

fG a0 < f(,..00b,..,0) or

f("""a7"'7') 2f('?"'7b7""')’
where a and b are in the jth slot, and all the other slots are filled with fixed

numbers 21, 22, ..., 2j—1, 2, -+ Zk+1-

Theorem 5.20 [60]. Suppose that f in (5.4.1) is continuous and weakly
monotonic. Assume, in addition, that whenever (m, M) is a solution of the
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system
m= f(mi,ma,...,mg+1) and M= f(My,Msy,..., Mki1),
where, for eacht=1,2,... . k+1,
L if f is nondecreasing in z;,
e {M if [ is nonincreasing in z;,
and

M; =

M if f is nondecreasing in z;,
m if f is nonincreasing in z;,

then m = M.
Then (5.4.1) has a unique equilibrium point x* = m which is globally
attracting.

PrOOF. Let m® =a, M? =0, and for each i = 1,2, ... set

M= f(M{7 Myt M)

and
mt = f(mffl,n”ﬂ;17 ... ,m;;lﬁa
where
0 a if f is nondecreasing in the ith slot,
m, =
’ b if f is nonincreasing in the ith slot,
and
A0 b if f is nondecreasing in the ith slot,
Y la it f is nonincreasing in the ith slot.
For r > 0,
i, m;_l if f is nondecreasing in the ith slot,
m, =
‘ M; ~1 if f is nonincreasing in the ith slot,
and

%

o {M:l if f is nondecreasing in the ith slot,

r—1

; if f is nonincreasing in the ith slot.

m
It follows from the assumptions on f that, for i > 0,

ml<ml <. <mi<- .. <M <... <M< MO,



5.4 Global Stability of Nonlinear Equations 265

Furthermore, m® < z(n) < M* for n > 2i + 1. Set m = lim;_,,, m* and
M = lim;_,oo M*. Then M > limsup,, ,., x(n) > liminf, ,. x(n) > m.
Since f is continuous, it follows that m = f(my,ma,...,mgy1) and M =
f(My, Ma, ..., Myy1). Hence * = m = M is the unique equilibrium point
of (5.4.1). Moreover, lim,,_, 2(n) = 0 and the proof of the theorem is now
complete. O

Example 5.21 [85]. Consider the difference equation

yn+1) = py(n) +y(n - 1), p>0, neZt. (5.4.4)

p+yn—1)
This equation has only two fixed points yi = 0 and y5 = 1. Local stability
analysis shows that y; is locally asymptotically stable. Now assume that
y(n) is a solution of (5.4.4), such that y(n) > 1 for all n € Z*. Then from

(5.4.4) we have y(n + 1) —y(n) = (1 — y(n))% < 0. This implies

that y(n) is nonincreasing and thus has a limit in [1,00). But this leads
to a contradiction since 0 < y5 < 1. Hence for some positive integer N,
y(N) € (0,1). Writing (5.4.4) in the form

p
N2
]p +y(n—1)
we conclude that y(N +r) € (0,1) for all » € Z*. Now in the interval
(0,1), the function f(u,v) = p“_:'f is increasing in both arguments and, by
Theorem 5.20, 3 is globally asymptotically stable.

y(n+1) —1=[y(n) -

The following corollary of Theorem 5.20 is easy to apply to establish the
global asymptotic stability of the zero solution.

An independent proof of this conclusion may be found in Grove et al.
[61].

Corollary 5.22. Contemplate the difference equation

:c(nJrl):Zx(nfi)fi(x(n),x(nf1),...,:1:(nfk)), neZ", (5.4.5)

with initial values x(0), x(—1),...,2(—k) € [0,00) such that
(i) kezZt;
(ii) fo, f1,---, fu € C[[0,00)**,[0,1)];

k
0

(iii) fo, f1,- .., fx are nonincreasing in each argument;

(iv) Zf:o filug,ur, ..., ug) <1 for all (ug,us,...,us) € (0,00)k*1;

(v) fo(u,u,...,u) >0 for allu > 0.

Then the trivial solution x* = 0 of (5.4.5) is globally asymptotically stable.

ProoF. This will be left as Exercises 5.4, Problem 13. O
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Example 5.23. Consider again (5.4.4). If p+ 1 < ¢, then y7 = 0 is
the only equilibrium point in [0,00). By Theorem 5.15, y7 = 0 is locally
asymptotically stable. Now we write (5.4.4) in the form

). P .
y(n+1) =y(n) quy(n_l)er(n 1) pE—
Hence
1
fo(u,v): (]+'U’ fl(yav): q+v

It is easy to show that fo and f; satisfy all the conditions (i) through (iv) in
Corollary 5.22. Hence by Corollary 5.22, y; = 0 is globally asymptotically
stable.

Exercise 5.4

1. Consider a modified Beverton—Holt equation

rK(az(n) + fz(n — 1))
K+(r—-1Dzn-1)

x(n+1)= a+pB=1, a,B>0.

Show that the zero solution is globally asymptotically stable if 0 < r <
1.

2. Show that the zero solution of the equation z(n + 1) = axz(n —
k)exp[-b(z%(n) + -+ + 2%(n — m))], la| < 1, b > 0, is globally
asymptotically stable.

3. Consider the LPA model of the flour beetle (5.3.11) with no larval
cannibalism on eggs:

z(n+1) = az(n) + Bx(n — 2) exp[—c1z(n — 2) — cox(n)]

where o = 1—pa, B =0b(1—pur), c1 = cga, ca = cpa, z(n) = A(n+2).
Show that the zero solution is globally asymptotically stable if a4 3 <
1 and g > 0.

4. The following equation describes the growth of a mosquito population:
z(n+1) = (ax(n) 4+ bx(n — 1)e 2Dy~ p e 7t

where a € (0,1), b € [0,00). Prove that the zero solution is globally
asymptotically stable if a +b < 1.

5. A variation of the mosquito model in Problem 4 is given by the
equation

z(n+1) = (azx(n) + bz(n —1))e™ "™ nezt, (5.4.6)

where a € [0,1), b € (0,00). Prove that the zero solution is globally
asymptotically stable if a +b <1 and b < 1.
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Show that the positive equilibrium of the equation
p+qz(n—1)
1) = , D,q>0,
z(n+1) T+ () p.q

is globally asymptotically stable if ¢ < 1.
Show that the positive equilibrium of the equation

p+an—1)
qr(n) + z(n —1)’
is globally asymptotically stable if ¢ < 1+ 4p.

z(n+1) = p,q >0,

Consider equation (5.4.4). Show that if y(—1)+y(0) > 0 and p+1 > ¢,
then the positive equilibrium y* = p+ 1 — ¢ is globally asymptotically
stable.

Consider the equation
x(n) +p
z(n) 4+ gr(n —1)

Show that the positive equilibrium point of the equation is globally
asymptotically stable if ¢ < 1+ 4p.

z(n+1) = . p,g>0, ncZ".

Show that the positive equilibrium point of the equation
p+qx(n) +

1) = , ,q >0, S/
zn+1) 1+z(n-1) pq " ’

is globally asymptotically stable if one of the following two conditions
holds:

(i) ¢ <1,
(ii) ¢ > 1 and either p < qor g < p < 2(q+ 1).
Show that the positive equilibrium of the equation

px(n)+x(n—1)
qr(n) + z(n —1)’
is globally asymptotically stable if ¢ < pg+ 1+ 3p and p < q.

r(n+1) = p,q>0, ncZt,

Complete the proof of the Theorem 5.17 by showing that Lo < x*.

Prove Corollary 5.22.

*14. (Term project). Consider equation (5.4.6) with the assumption a+b >

1 and b < 2§ (where e” is the exponential function). Show that the
positive equilibrium is globally asymptotically stable, with basin of

attraction [0, 00) x [0,00)/{(0,0)}.

'Problems 6-11 are from Kulenovic and Ladas [85].
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*15. Conjecture [85]. Prove that every positive solution of the equation

a+ fz(n) +yx(n—1)

n+1)= cx(n—1) ’

where n € Z*, ac > 0, converges to the positive equilibrium of the
equation.

*16. Conjecture [85]. Consider the equation

a+yx(n—1)
1) =
zn+1) A+ Bz(n) 4+ Cz(n—1)’
where a, v, A, B,C > 0. Prove that if the equation has no solutions of
prime period 2, then the positive equilibrium is globally asymptotically
stable.

(Open Problems: Kulenovic and Ladas.) Assume that p,q,r € [0,00),
k > 2 is a positive integer. Investigate the global stability of the following
equations.

* _ + n
17.y(n+1) = 1+y(€L) f?jfy()n_k).

" _ +qy(n —k
18.y(n+1) =1 +Zg)/(n)qg{|—( ry(n)— k)

19.yn+ 1) = REETHEE

5.5 Applications

5.5.1 Flour Beetles

In this section we consider again the LPA model [83] of the flour beetle
(5.3.12) with no larval cannibalism on eggs:

z(n+1) = az(n) + Bx(n — 2) exp[—c1z(n — 2) — cox(n)]
= f(z(n),z(n —1),z(n —2)) (5.5.1)

where « =1 — pa, =01 —pur), ¢c1 = cga, ca = cpa, x(n) = A(n + 2).
Using the Schur-Cohn Criterion one may show that the positive equilib-

rium a3 = ﬁ In (%) is (locally) asymptotically stable if and only if
the following conditions hold:

|[A+B| <1, |A-3B|<3, B(B-A4)<l, (5.5.2)
where

A:Ci(l_;a) (1111? >a, B(la){ a <ln f )1}
1T C2 « c1+co l—«
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In the sequel, we will go one step further and prove that the equilib-
rium point z3 is in fact globally asymptotically stable under the following
assumptions:
Ar:a+p>1 and [ <min{e(l —a),exci/ca},
As : max{z(—2),z(-1),z(0)} > 0.
The following two lemmas from Kuang and Cushing [83] will facilitate
the proof of the main result and make it more transparent.

Lemma 5.24. Ifa+ (3> 1, then
B

li < —
1TanHSOLip z(n) e

(5.5.3)

PrROOF. Consider the function h(x) = ciexe*. This function has a
critical point x., where

B (x.) = crel ™% — 2y el = (.

Hence z. = é, and h (%) =1 is the maximum value of h. It follows that
crexe” 1" <1 and, consequently,

1
ze T < —. (5.5.4)
cie
Going back to equation (5.5.1) we obtain

z(n+1) < az(n) + fx(n — 2) exp(—c1z(n — 2))

< azx(n) + P (by (5.5.4)). (5.5.5)
1
By (1.2.8), the solution of (5.5.5) is given by
n B n
<a” — (1 —-a"
o) < a"a0) + (1~ a")
and since a € (0, 1), it follows that
A 0

limsupz(n) <

n—>00 cre(l —a)’
The next lemma shows that (5.5.1) satisfies condition (ii) in Theorem
5.17.

Lemma 5.25. For any u > 0, u # 23,
(u — 23)[f (u, u,u) — u] <O. (5.5.6)
Proor. Let g(u) = f(u,u,u,) — u. Then
9(u) = ulor+ Bexp(—(c1 + c2)u) —1].

Clearly g(u) = 0 if and only if u = 0 or u = 5. We now have two cases to
consider.
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Case (a): f0<u<zy=——1In (%), then

c1ten
o+ Bexp[—(c1 + ea)u] —1 > a+ fe~(atelea _1 =,
and (5.5.6) holds true.
Case (b): If u > a3, then
a+ Bexp[—(c1 +e2)u] =1 < a+ Bexp[—(c1 +e2)x5] —1 =0,
and (5.5.6) holds true. O
We are now ready to prove the following theorem.
Theorem 5.26. If conditions Ay and As hold, then

. %
nhﬁn;(} z(n) = 3.

PRrROOF. By virtue of Lemma 5.25 it remains to show that condition (ii)
of Theorem 5.17 holds. To accomplish this task we need to show that

85(];), ('):r(é"nffl)’ 830(‘2512) > 0 on a region D. Simple computations show that
of
32 () = a — cafz(n — 2) exp[—c1z(n — 2) — cax(n)],
L,
dx(n—1)
_or = 0(1 — c1z(n — 2)) exp[—c1z(n — 2) — caz(n)]
dx(n — 2) ! plma 2

Now by Lemma 5.24, limsup,,_,., z(n) < lcie(1 — a)] L. Since 8 < e(1 —
a), this implies that limsup,,_, . < é Hence, for n > N, for some integer
N greater than 2, z(n —2) < . Let I = (0,¢) and D = I*. Then 23 € [
and % > 0 for i = 1, 2. Furthermore, 857({1) > a — cofexp(—ciz(n —
2)) > a-— 2—5 > (. This shows that f is nondecreasing in each of its
arguments restricted to D. Since max{x(—2),x(—1),z(0)} > 0, there is ng
such that for n > ng, 0 < z(n—2) < % Let 2(0) = x(no), £(—1) = x(no —
1), #(—2) = 2(no—2). Then since the equation is autonomous, &(n) = z(n)
for n > ng. By Theorem 5.17, we have lim,,_, o z(n) = 3. O

5.5.2 A Mosquito Model
Counsider the following mosquito model [61]
z(n+1) = [ax(n) + bx(n — 1) exp(—z(n — 1))] exp(—z(n)), (5.5.7)
where
a€(0,1), be([0,00), neZt.

This equation describes the growth of a mosquito population. Mosquitoes
lay eggs, some of which hatch as soon as conditions are favorable, while
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others remain dormant for a year or two. In this model, it is assumed that
eggs are dormant for one year at most.

Clearly 7 = 0 is an equilibrium point. The positive equilibrium point
may be obtained by solving the equation

(a4+be e ™ =1.
Let g(z) = (a+be *)e”* — 1. Then since ¢'(z) = —e *[a+2be~*] < 0 and
g9(0) =a+ b— 1, a positive root of g exists if and only if
a+b>1. (5.5.8)

Moreover, the positive equilibrium point is given by

. <a +Va? + 4b>
y=In| ——— |.
2
Note also that if z(n) is a solution of (5.5.7) with x(—1) + x(0) > 0, then

xz(n) >0 for all n > 1.
Our main objective in this subsection is to prove the following result.

Theorem 5.27. Suppose that
ale —a)
a+1

Then the positive equilibrium x% of (5.5.7) is globally asymptotically stable
whose basin of attraction is (0,00).

l—a<b< (5.5.9)

PROOF. The proof is divided into two parts. The first part establishes lo-
cal asymptotic stability and the second part establishes global attractivity.
Here we denote x5 by x*.

Part I: Local stability analysis.
By criterion (5.1.9), it follows that the equilibrium point 3 is locally
asymptotically stable if and only if the following three inequalities hold:

b—br* —e** < ae” —axr*e” —bx*, (5.5.10)
ae® —az*e® —br* < e — b+ ba*, (5.5.11)
be* —b < e, (5.5.12)

Observe that z* satisfies the equation
& = (az* 4+ br*e™® e
or, equivalently, if x5 # 0,
e* = ae® +b. (5.5.13)
Inequality (5.5.11) is satisfied since by using (5.5.13) we obtain

2™ — b+ 2bx* + az*e® — ae® = 2bx* +ax*e® > 0.
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Inequalities (5.5.10) and (5.5.12) both hold using (5.5.13) if 0 < z* < 2.
But this is true in general for any positive solution z(n) since from (5.5.7)
it follows that

b b
z(n+1) < az(n)e ™™ 4 bx(n — 1)e "D < g + o= aj; )

(Why?) (The function % attains its maximum at = = 1.) But by assump-
tion (5.5.9), b < % <e—a,and so “ < 1. Hence z* < 2 and z* is
thus locally asymptotically stable.
Part II: Global attractivity.
We set I = (0, %) and D = I'x I and let our function be f : D — (0, 00)
defined as
flu,v) = (au + bve™")e™ ™.

Then clearly z* € I.
Now 2L (u,v) = befuw > 0 since v — ve™ " is increasing on [0, 1].

ov
Hence f is nondecreasing in v for v € I. Moreover,
af “
—(u,v) =e “(a—au—bve™?) >0
L (u,0) = e =

if (au + bve™") < a for all u,v € (0, ’%b) But

b b
au+bve‘”<a(a+ >—|—
e e

< a*(a+1)+a?*(e—a)+ale —a)
- e(a+1)
Hence f is nondecreasing in u, for v € I.
This shows that condition (i) in Theorem 5.17 is fulfilled. Condition (ii)
in Theorem 5.17 can easily be established and will be left to the reader to
verify. The proof of the theorem is now complete. O

= a.
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The Z-Transform Method and
Volterra Difference Equations

In the last five chapters we used the so-called time domain analysis. In
this approach we investigate difference equations as they are, that is, with-
out transforming them into another domain. We either find solutions of
the difference equations or provide information about their qualitative
behavior.

An alternative approach will be developed in this chapter. The new ap-
proach is commonly known as the transform method. By using a suitable
transform, one may reduce the study of a linear difference or differen-
tial equation to an examination of an associated complex function. For
example, the Laplace transform method is widely used in solving and an-
alyzing linear differential equations and continuous control systems, while
the Z-transform method is most suitable for linear difference equations
and discrete systems. It is widely used in the analysis and design of digital
control, communication, and signal processing.

The Z-transform technique is not new and may be traced back to De
Moivre around the year 1730. In fact, De Moivre introduced the more
general concept of “generating functions” to probability theory.

273
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6.1 Definitions and Examples

The Z-transform of a sequence x(n), which is identically zero for negative
integers n (i.e., z(n) =0 for n = —1,-2,...), is defined by

#(2) = Z(a(n)) = Y ()=, (6.1.1)

Jj=0

where z is a complex number.

The set of numbers z in the complex plane for which series (6.1.1) con-
verges is called the region of convergence of z(z). The most commonly used
method to find the region of convergence of the series (6.1.1) is the ratio
test. Suppose that

|+ 1
lim |2V R
oo | a(j)
Then by the ratio test, the infinite series (6.1.1) converges if
. 1 —j—1
tim |29V
jmoo | a(f)z
and diverges if
lim |ZUT DT
jmoo|  x(f)e

Hence the series (6.1.1) converges in the region |z| > R and diverges for
|z] < R. This is depicted in Figure 6.1, where Re z denotes the real axis
and Im z represents the imaginary axis.

The number R is called the radius of convergence of series (6.1.1). If R =
0, the Z-transform Z(z) converges everywhere with the possible exception
of the origin. On the other hand, if R = oo, the Z-transform diverges
everywhere.

We now compute the Z-transform of some elementary functions.

Example 6.1. Find the Z-transform of the sequence {a™}, for a fixed real
number a, and its region of convergence.

Solution Z(a™) = Zaj 277, The radius of convergence R of Z(a") is given

7=0
by
1
R=lim |& = |al.
j—o0 al
Hence (Figure 6.2)
= rand 1
2@ =3 (%) = = for |2| > |al. 6.1.2
@ =3 (%) = m ey Bkl (612
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Region of
convergence

Region of
divergence

FIGURE 6.1. Regions of convergence and divergence for Z(z).

Region of
convergence

Region of

1al

divergence

FIGURE 6.2. Regions of convergence and divergence for Z(a").

A special case of the above result is that of ¢ = 1. In this case we have

z

Example 6.2. Find the Z-transform of the sequences {na"} and {n%a"}.

Solution Recall that an infinite series Z(a™) may be differentiated, term by
term, any number of times in its region of convergence [20]. Now,

Za,jz*j == for |z| > |al.
(z—a)
7=0
Taking the derivative of both sides yields

o0

Z—jajz_j_l = _7&2 for |z| > |al.
2 G-a
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Hence
(o) (o)
Z(na") = Zjajz_j = —ZZ —jalz=I7t,
Jj=0 j=0

Therefore,
az

(z—a)?

Again taking the derivative of both sides of the identity

Z(na") = for |z| > 1. (6.1.3)

= az
Zjajzﬂ = —— for|z| > |q]
= (z —a)

yields

az(z + a)
(z—a)?

Example 6.3. The unit impulse sequence, or the Kronecker delta sequence,

is defined by
1 ifn=k,
Ok(n) = ,
0 ifn#k.

Z(n%a™) = for |z| > |al. (6.1.4)

The Z-transform of this function is
Z(0k(n)) = Z5k(j)z_j =z "
=0

If £ = 0, we have the important special case
Z(8p(n)) = 1. (6.1.5)
Notice that the radius of convergence of Z(d;(n)) is R = 0.

Example 6.4. Find the Z-transform of the sequence {sin(wn)}.

Solution Recall that the Euler identity gives e = cos @+ sin @ for any real
number 6. Hence e* = cosf — isin . Both identities yield
0 —if 0 —if
cos@zi and sin@z&.
2 21

Thus
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Using formula (6.1.2) we obtain

Z(sinwn):i, = Z_, for |z| > 1

2 |z —ew z—eW

_ zsinw

(2 —ew)(z — emiw)

B zsinw

22— (ew femiw)z 4+ 17

or
Z(sinwn) = ——— 0 for |2| > 1. (6.1.6)

22 —2zcosw + 1

6.1.1 Properties of the Z-Transform

We now establish some useful properties of the Z-transform that will be
needed in the sequel.

(i) Linearity.
Let Z(z) be the Z-transform of z(n) with radius of convergence Ry,
and let §(z) be the Z-transform of y(n) with radius of convergence Ry.
Then for any complex numbers «, 3 we have

Zlax(n) + By(n)] = ai(z) + By(z) for |z| > max(R1, R2). (6.1.7)

The proof of property (6.1.7) is left to the reader as Exercises 6.1,
Problem 18.

(ii) Shifting. Let R be the radius of convergence of Z(z).
(a) Right-shifting: If x(—i) =0 for i = 1,2,..., k, then

Zlz(n — k)] = 27%2(2) for |2| > R. (6.1.8)

(b) Left-shifting:

Zlx(n+ k) =2"8(2) =) x(r)z""  for |z| > R.| (6.1.9)

The proofs are left as Exercises 6.1, Problem 16. The most commonly
used cases of formula (6.1.9) are

Zlx(n+1)] = z2(z) — zz(0)  for |z| > R,
Zlx(n +2)] = 2%(2) — 222(0) — zz(1) for |z| > R.
(iii) Initial and final value.

(a) Initial value theorem:

lim Z(z) = z(0). (6.1.10)

|z| =00
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(b) Final value theorem:

z(o0) = lim z(n) = lim(z — 1)Z(2). (6.1.11)

n—o00 z—1

The proof of formula (6.1.10) follows immediately from the definition
of Z(z). To prove formula (6.1.11) we first observe that

Zle(n+1) —a(n)] =Y _[e(j+1) - 2(j)]= 7.

to
(2 = DE(2) = 22(0) + Y _[2(j + 1) — x(j)]z™7
§j=0
Thus
lim (2 — 1)i(z) = 2(0) + > [w(j + 1) = 2(j)] = lim x(n).
j=0

(iv) Conwvolution.
The convolution* of two sequences x(n),y(n) is defined by

z(n) xy(n) =Y w(n—jy(G) = Y _z(n)y(n - j).

Jj=0 Jj=0

Now,

Zla(w) xy(m)] = 3 |3 alm—iwG)| =

Interchanging the summation signs yields

Zla(n) * y(n)] =Y _y(j) Y @lm—j)z""
=0 m=j

And if we put m — i = s, we obtain

Zla(n) xy(n)] = Zy(j)z_j <Zl‘(8)2_s>,

s=0

| Z[w(n) + y(n)] = #(2)i(=). | (6.1.12)




6.1 Definitions and Examples 279

It is interesting to know that one may obtain formula (6.1.12) if the
convolution is defined as

oo
Zx n—7jy
7=0

(v) Multiplication by a™ property.
Suppose that Z(z) is the Z-transform of z(n) with radius of
convergence R. Then
Z)
a

The proof of (6.1.13) follows easily from the definition and will be left
to the reader as Exercises 6.1, Problem 19.

Zla"x(n))

I
S

for |z| > |a|R. (6.1.13)

Example 6.5. Determine the Z-transform of
g(n) =a"sinwn, n=0,1,2,....
Using Example 6.4 and formula (6.1.13) we have
(z/a)sinw
(z/a)? — 2(z/a) cosw + 1
azsinw

- 22 — 2azcosw + a?’ for |z| > |al. (6.1.14)

§(z) = Z(a" sinwn) =

(vi) Multiplication by n.
In Example 6.2 it was shown that Z(na™) = 252> which may be
written in the form

Z(na") = —Z%Z(a”)

Similarly, formula (6.1.4) may be written in the form

Generally speaking, we write

() - (o (o (- () )

It may be shown (Exercises 6.1, Problem 7) that

k
Z[n*z(n)] = <—zjz> Z(x(n)). (6.1.15)
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Exercises 6.1

1. Find the Z-transform and its region of convergence of the given
sequence {z(n)}.

(a) cos wn. (b)n sin 2n. (c)n.
2. Find the Z-transform and its region of convergence of the sequence
1 forn=1,3,5,
-
0 for all other values of n.
3. Find the Z-transform and its region of convergence of the sequence
0 forn=0,-1,-2,...,
f(n)=4¢ -1 forn=1,
a® forn=2,3,4,....

4. Let 2(n) be a periodic sequence of period N, i.e., z(n+ N) = z(n) for
all n € Z*. Prove that Z(z) = [2"/(z" — 1)]Z1(2) for |z| > 1, where
Z1(z) = Z;V;Ol x(7)277(Z1)(2) is called the Z-transform of the first
period.

5. Determine the Z-transform of the periodic sequence shown in Figure
6.3.

6. Use Problem 4 to find the Z-transform and its radius of convergence
for the periodic sequence of period 4

) 1 forn=0,1,
n)=
—1 forn=23.

7. Let R be the radius of convergence of Z(z). Show that

Z[nkz(n)] = (—zi)k;ﬁ(z) for 2| > R.

4
<

o
-
N
w
AN

5 6 7 8 9 10 11
FIGURE 6.3. A periodic sequence.
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Prove that the Z-transform of the sequence

(n—1a"2, n=0,12,...,
z(n) = .
0 n=-1,-2..,

is #(z) = L for [z] > |al.

Find the Z-transform and its region of convergence of the sequence
defined by

(- -2)
z(n) = 2 ’
0 n=-1,-2...

n=0,1,2,...,

The first backward difference for a sequence x(n) is defined by Va(n) =
z(n) —z(n—1).

Find Z[Vz(n)], Z[V3x(n))].

Generalize the results of Problem 10 and show that Z[V¥z(n)] =
(224)" 7 (2).

Find Z[Axz(n)], Z[A%z(n)).

Show that Z[AFz(n)] = (z — 1)k3(2) — zZ ( 1)F=7=1AJ2(0).

Let y(n) = Y7, x(i),n € Z*. Show that j(z) = =
max{1, R}, where R is the radius of convergence of Z(

“12(z) for |z] >
z).

Let y(n) = >7 ixz(i). Prove that §(z) = 2% £ 3(2).
Prove formulas (6.1.8) and (6.1.9).

Find the Z-transform of:

(a) a(n) =Y, a" "sin(wr).
(b) >r_,cosw(n —r).

Prove expression (6.1.7).

Show that Z[a"x(n)] = & (£) for |z| > |a|R, where R is the radius of
convergence of Z(z).

Find the Z-transform and its radius of convergence of the sequence
g(n) = a™ cos(wn).

Use the initial value theorem to determine x(0) for the sequence {z(n)}
whose Z-transform is given by:

(a) 22, for |z| > a.

(b) 2%,  for|z| > 3.



282 6. The Z-Transform Method and Volterra Difference Equations

22. Extend the initial value theorem to finding x(1),2(2) by proving:

0) 2(1) = lim [:(#() - 2(0)],

(ii) z(2) = lim [2(Z(z) — z2(0) — z(1))].

|z|—00

6.2 The Inverse Z-Transform and Solutions
of Difference Equations

As we have mentioned in the introduction to this chapter, the Z-transform
transforms a difference equation of an unknown sequence x(n) into an
algebraic equation in its Z-transform #(z). The sequence x(n) is then ob-
tained from Z(z) by a process called the inverse Z-transform. This process
is symbolically denoted by

Z7 1 i(2)] = x(n). (6.2.1)

The uniqueness of the inverse Z-transform may be established as follows:
Suppose that there are two sequences x(n), y(n) with the same Z-transform,
that is,

Zx(z)zﬂ = Zy(i)zfi, for |z| > R.

1=0 =0
Then
> [x(i) —y(i)]z7 =0, for |z| > R.
1=0

It follows from Laurent’s theorem [20] that z(n) = y(n). The most
commonly used methods for obtaining the inverse Z-transform are:

1. power series method;
2. partial fractions method;
3. inversion integral method.

It is imperative to remind the reader that when finding the inverse Z-
transform, it is always assumed that for any sequence x(n), x(k) = 0 for k =
—-1,-2,....

6.2.1 The Power Series Method

In this method we obtain the inverse Z-transform by simply expanding
7(z) into an infinite power series in z~! in its region of convergence:
Z(z) = > 2pa;z"" for |z| > R. Then by comparing this with Z[z(n)] =
Yoo x(i)z" for |z| > R, one concludes that z(n) = a,, n=0,1,2,....
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If Z(z) is given in the form of a rational function Z(z) = g(z)/h(z), where
g(z) and h(z) are polynomials in z, then we simply divide g(z) by h(z) to
obtain a power series expansion #(z) in 2~!. The only possible drawback
of this method is that it does not provide us with a closed-form expression

of z(n).

Example 6.6. Obtain the inverse Z-transform of
. z2(z+1)
Z(z) = EEEER

Solution We first write x(z) as a ratio of two polynomials in 2~

14271

o(z) = 1—2z71 42727

Dividing the numerator by the denominator, we have

B(2)=1-32" 45224723 +9:7 411275+ ...

6.2.2 The Partial Fractions Method

This method is used when the Z-transform Z(z) is a rational function in z,
analytic at oo, such as

b A 012 T b1z + by

n n—1 . , m<n. (622)
2" +arz" 4t ap_12 + by

If Z(z) in expression (6.2.2) is expressed by a partial fraction expression,
I(z) = T1(2) + T2(2) + Z3(2) + -+,
then by the linearity of the inverse Z-transform one obtains
w(n) = Z7 #1(2)] + 27 [Z2(2)] + Z7 E3(2)] + -+

Then a Z-transform table (Table 6.1; see the end of this chapter) is used
to find Z~1[7;(2)],i=1,2,3,....

Before giving some examples to illustrate this method we remind the
reader that the zeros of the numerator of expression (6.2.2) are called zeros

of Z(z), and zeros of the denominator of expression (6.2.2) are called poles
of Z(z).

Remark: Since Z(z) is often an improper fraction, it is more convenient to
expand Z(z)/z rather than Z(z) into sums of partial fractions.
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Example 6.7. Simple Poles
Solve the difference equation

z(n+2)+3z(n+1)+2x(n)=0, z(0)=1, z(1)=-4
Solution Taking the Z-transform of both sides of the equation, we get

-1
i(z) = _#z-1)
(z+1)(z+2)
We expand #(z)/z into partial fractions as follows:

_ B (z—1) O as
Hz)/z= (z4+1)(z+2) z+1+z+2'

Clearing fractions, we obtain

z—1=ai(z+2)+az(z+1).
This reduces to
z—1= (a1 +a2)z + (2a1 + az).
Comparing coefficients of like powers of z, we get

al—i—ag:l,

20,1 + a9 = —1.
Hence a1 = —2, as = 3. Consequently,
—2z 3z

i(z) =

z—|—1+z—|—2'
Thus

xz(n) = =2(=1)" 4+ 3(-2)".
Remark: If £(z) has a large number of poles, a computer may be needed to
determine the constants ai,as, ... .
Example 6.8. Repeated Poles
Solve the difference equation
z(n+4) +9z(n + 3) + 30z(n + 2) + 44x(n + 1) + 24x(n) = 0,
z(0)=0, z(1)=0, z(2)=1, =z(3)=10.
Solution Taking the Z-transform, we get

- z(z—1)
¥(2) = ——m——-
(2) (z42)3(z+3)
It is convenient here to expand Z(z)/z into partial fractions as follows:

5(2))2 = z—1 b n ai n as n as
T (242)3(2+3) 2+3 (2423 (2422 242

(6.2.3)
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This time we use a smarter method to find ay, as, az, and a4. To find b we
multiply (6.2.3) by (2 + 3) and then evaluate at z = —3. This gives

p— LDy
(Z + 2)3 z=—3
To find a; we multiply (6.2.3) by (2 + 2)? to get
z—1 (z +2)3
= 2)? 2 4 6.2.4
z+3 as(z+2)" +az(z+2) +ar+ (z+3) ( )
and evaluate at z = —2. This gives
z—1
= = —3.
R =3
To find az we differentiate (6.2.4) with respect to z to get
4 r(2z +7)(z + 2)?
— =2 2 6.2.5
L az(z +2)+az + +3)° ( )
and again evaluate at z = —2. This gives
d (z—-1
= — =4.
“= 1 (z + 3>

z=—2

Finally, to find a3 we differentiate (6.2.5) to obtain

—8 d? (z+2)3
m = 2a3 + 4dz2((z—:—3))’
and if we let z = —2, then we have
1d*> (z2—1
=g ()|, =
Hence
—4z 4z 3z 4z

M) = et e i T aia
The corresponding sequence is (Table 6.1, at the end of this chapter)

x(n) = —4(=2)" —2n(-2)" + §n(n —1)(=2)" +4(-3)"

= (inQ - %n - 4) (—2; +4(=3)".

Remark: The procedure used to obtain aj,as, and az in the preceding
example can be generalized. If Z(z)/z has a pole of multiplicity m at z =
Zp, then the corresponding terms in the partial fraction expansion can be
written

ai e A

(z — zp)™ 2 — 2
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and a1, aq,...,a, can be found using the formula

Example 6.9. Complex Poles

Solve the difference equation
z(n+3)—z(n+2)+2z(n)=0, z(0)=1, =z(1)=1.
Solution Taking the Z-transform of the equation, we get
3

(22 =22+2)(2+1)

Z(z) =

Next we expand Z(z)/z as a sum of the partial fraction in the form

2

z a1 a2 as

Z(2)/z = =

Z - 2:42G+ D) F-0+9] F-0-0  G+1

Using the method of the preceding example we obtain

_ 22 _1
a3_22—2z+2Z:71_5’
22 1 2 1.
a1 = = :———l’
T -0+l 240 5
_ 2+1.
as =a1 = — + —1i.
2 1= T5
Hence
1
B(z) = S A2y E

where A\ = 1 + 4. Thus
1 _
z(n) = g(—l)” +a A"+ a A"
But

@ A" + @ A" = 2 Re(a1\") = 2a; |(V2)" cos (%r + argal) ,

where |a1] = /5 and arga; = tan™!(3) = 0.46 radians. Thus
1 n o 2 n nm
z(n) = g(—l) + g\/g(\/i) cos (I + 0.46) .
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6.2.3 The Inversion Integral Method*

From the definition of the Z-transform, we have

=0

Multiplying both sides of the above equation by 2"~ !, we get

F(2)" = Zx(i)z"ii*l
i=0
=z(0)2""' +2(1)2" P+ Fa(n)z Fan+ D)z 4
(6.2.6)
Equation (6.2.6) gives the Laurent series expansion of #(z)z""! around

z=0.

Consider a circle C, centered at the origin of the z-plane, that encloses
all poles of #(z)2"~!. Since x(n) is the coefficient of 27, it follows by the
Cauchy integral formula [20] that

1
z(n) = 5 y{i(z)z”fl dz, (6.2.7)
and by the residue theorem [20] we obtain
x(n) = sum of residues of#(2)z""'. (6.2.8)
Suppose that
F(2)z" 7 = M
9(2)

In evaluating the residues of #(2)2" "1, there are two cases to consider:

(i) g(2) has simple zeros (i.e., Z(z)2"~! has simple poles) (see Figure 6.4).
In this case the residue K; at a pole z; is given by

h
K; = lim |:(Z — zl)(z)} . (6.2.9)
iz 9(2)
(ii) g(z) has multiple zeros (i.e., Z(2)2"~! has multiple poles). If g(z) has
a multiple zero z; of order r, then the residue K; at z; is given by

1 dr—1! h(z)
Ki = i — Z; 1.
(r—1)! o der 1 {(z %) g(z }

'Requires some knowledge of residues in complex analysis [20].
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Imz

Re z

FIGURE 6.4. Poles of Z(z).

Example 6.10. Obtain the inverse Z-transform of

z2(z—1)

SR EE e}

Solution Notice that

~ n—1 __ (Z B 1)Zn
) = o)
Thus Z(z)z"~! has a simple pole at z; = —3 and a double pole at z, = 2.

Thus from formula (6.2.8), we get z(n) = K, + Ko, where K7, K3 are the
residues of 2(2)2" "1 at 21, 22, respectively. Now,

. (z+3)(z—1)2"] -4, .
o=, [ | B

1 d [(z—=2)%(z—1)z"
fa = 1 { (e - 22(: +3) }

2-1)! T
(24 3)(z+nz—n) —2(z — 1)]

= Iy =137
8+5N) e
Thus
—4 (8+5n)

—3)" 4 ——L(2)" ! =0,1,2,....
on) = 55 (3" + 2@ n=0,12,

T 25
Example 6.11. Electric Circuits or a Ladder Network

Consider the electric network shown in Figure 6.5. Here i(n) is the current
in the nth loop; R is the resistance, which is assumed to be constant in
every loop; and V is the voltage. By Ohm’s law, the voltage (or electric
potential) between the ends of a resistor R may be expressed as V = iR.
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FIGURE 6.5. A ladder network.

Now, Kirchhoff’s? second law states that “in a closed circuit the impressed
voltage is equal to the sum of the voltage drops in the rest of the circuit.”
By applying Kirchhoff’s law to the loop corresponding to i(n+1) we obtain

Rli(n+1) —i(n+2)] + R[i(n + 1) —i(n)] + Ri(n + 2) = 0,
in+2)—3i(n+1)+i(n)=0. (6.2.10)
For the first loop on the left we have
V = Ri(0) + R(i(0) — (1)),
1(1) = 2i(0) — % (6.2.11)

Taking the Z-transform of (6.2.10) with the data (6.2.11) yields the
equation

%4
2[#i(0) — 3i(0) +i(1)] |~ (1 + Ti(o)) z
22 —3z+1 o 22 -3z4+1

i(z) = i(0).  (6.2.12)

Let w > 0 be such that coshw = % Then sinhw = % Then expression
(6.2.12) becomes

22 — zcoshw
—2zcoshw + 1

n 2(70 VN[ 2 zsinhw
2 \/5 22 —2zcoshw +1

2Gustav Kirchhoff, a German physicist (1824-1887), is famous for his
contributions to electricity and spectroscopy.
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Taking the inverse Z-transform (Table 6.1, at the end of this chapter), we
obtain

um—ummmwm+CfU§Q<59$m@m

Exercises 6.2

1. Use the partial fractions method to find the inverse Z-transform of:

z

S En

z(z+1
e

2. Use the power series method to find the inverse Z-transform of:
z—2
() =hHem
(b) G—e—a)z*
3. Use the inversion integral method to find the inverse Z-transform of:

(a) 57

z(z+2)
®)&%ﬂwmbﬁ

4. Use the partial fractions method and the inversion integral method to
find the inverse Z-transform of:

(a) #i52

22 zZ
(b) (z—l)(t;—ri-i-l)'

In Problems 5 through 7, use the Z-transform method to solve the given
difference equation.

5. (The Fibonacci Sequence). z(n + 2) = x(n + 1) + z(n), z(0) =
0, z(1)=1
6. z(n+2) —3z(n+1) +2z(n) = d(n), =(0)==z(1)=0.
7. (n+Dz(n+1) —nz(n) =n+1, z(0)=0.
8. Consider the continued fraction
Qp, an ai
K=k(&)=%2, %
<bn) bo b1 + M‘li?aa
(e

ap a1 a2

T bot byt bot T

Let a; =b; =1 for all i € Z*, and z(n) = ;12 ... 2

(a) Show that z(n +1) = 1+ —+~. Find x(n).
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(b) Find K =1+ lim,—, 00 z(n).

9. Prove that the convolution product is commutative and associative
(e, xxy=yxxz;z*x(yxf)=(x*xy)*f).

10. Solve, using convolution, the equation z(n+1) = 244 "_ (n—r)z(r).

n—1

11. Solve the equation z(n) =1—Y"" e" " 1a(r).

6.3 Volterra Difference Equations of Convolution
Type: The Scalar Case?

Volterra difference equations of convolution type are of the form
z(n+1) :Ax(n)—i—ZB(n—j)aﬁ(j), (6.3.1)
j=0

where A € R and B : ZT — R is a discrete function. This equa-
tion may be considered as the discrete analogue of the famous Volterra
integrodifferential equation

2/ (t) = Ax(t) —|—/O B(t — s)x(s) ds. (6.3.2)

Equation (6.3.2) has been widely used as a mathematical model in popu-
lation dynamics. Both (6.3.1) and (6.3.2) represent systems in which the
future state z(n+1) does not depend only on the present state z(n) but also
on all past states x(n—1),z(n—2),...,2(0). These systems are sometimes
called hereditary. Given the initial condition x(0) = z, one can easily gen-
erate the solution z(n, zg) of (6.3.1). If y(n) is any other solution of (6.3.1)
with y(0) = zo, then it is easy to show that y(n) = z(n) for all n € Z*
(Exercises 6.3, Problem 8).

One of the most effective methods of dealing with (6.3.1) is the
Z-transform method. Let us rewrite (6.3.1) in the convolution form

z(n+1)=Az(n) + Bxx. (6.3.3)
Taking formally the Z-transform of both sides of (6.3.3), we get
22(2) — zx(0) = AZ(2) + B(2)#(2),
which gives
[z — A — B(2))(2) = 2z(0),
or

#(z) = z2(0)/[z — A — B(2)). (6.3.4)

3This section requires some rudiments of complex analysis [20].
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Let
g(z) = z— A — B(z). (6.3.5)

The complex function g(z) will play an important role in the stability
analysis of (6.3.1). Before embarking on our investigation of g(z) we need
to present a few definitions and preliminary results.

Definition 6.12. Let E be the space of all infinite sequences of com-
plex numbers (or real numbers) z = (x(0), z(1),z(2),...). There are three
commonly used norms that may be defined on subsets of E. These are

(i) the Iy norm: ||z|j1 = Yoo g [2(9)];
2]1/2.

(i) the Iz, or, Euclidean norm: ||z||2 = [372, |z (3)] ;
(iii) the oo norm: [|z|lee = sup;>q |2(7)].

The corresponding normed spaces are called [1,ls, and I, respectively.
One may show easily that (Exercises 6.3, Problem 6)

l1 Cly Cloo.

Definition 6.13. A complex function g(z) is said to be analytic in a region
in the complex plane if it is differentiable there. The next result establishes
an important property of [; sequences.

Theorem 6.14. If x(n) € l1, then:

(1) Z(2) is an analytic function for |z| > 1;

(i) [2(2)] = ]| for |2 = 1.

Proor.

(i) Since z(n) € 1, the radius of convergence of Z(z) =Y o~ x(n)z~" is
R = 1. Hence Z(z) can be differentiated term by term in its region of

convergence |z| > 1. Thus Z#(z) is analytic on |z| > 1. Furthermore,
since z(n) € Iy, Z(z) is analytic for |z| = 1.

(ii) This is left as Exercises 6.3, Problem 9. O

We now turn our attention to the function g(z) = z— A— B(z) in formula
(6.3.5). This function plays the role of the characteristic polynomial of
linear difference equations. (See Chapter 2.) In contrast to polynomials,
the function g(z) may have infinitely many zeros in the complex plane.
The following lemma sheds some light on the location of the zeros of g(z).

Lemma 6.15 [39]. The zeros of
9(z) =2 — A— B(2)

all lie in the region |z| < ¢, for some real positive constant c. Moreover,
g(z) has finitely many zeros z with |z| > 1.
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PROOF. Suppose that all the zeros of g(z) do not lie in any region |z| < ¢
for any positive real number ¢. Then there exists a sequence {z;} of zeros
of g(z) with |z;| = 0o as ¢ — co. Now,

|z — Al = |B(z)] < ) [B(n)|l=i ™ (6.3.6)
n=0

Notice that the right-hand side of inequality (6.3.6) goes to B(0) as i —
00, while the left-hand side goes to co as ¢ — oo, which is a contradiction.
This proves the first part of the lemma. O

To prove the second part of the lemma, we first observe from the first
part of the lemma that all zeros z of g(z) with |z| > 1 lie in the annulus
1 < |z| < ¢ for some real number c¢. From Theorem 6.14 we may conclude
that g(z) is analytic in this annulus (1 < |z| < ¢). Therefore, g(z) has only
finitely many zeros in the region |z| > 1 [39].

Next we embark on a program that will reveal the qualitative behavior
of solutions of (6.3.1). In this program we utilize (6.3.4), which may be
written as

#(2) = 2(0)zg7 1 (2). (6.3.7)

Let 7 be a circle that includes all the zeros of g(z). The circle v is guaranteed
to exist by virtue of Lemma 6.15. By formula (6.2.7) we obtain

2(n) = —— 7{ 2(0)2"g1(2) dz, (6.3.8)

" 2mi
and by formula (6.2.8) we get
x(n) = sum of residues of [2(0)z"g *(2)]. (6.3.9)

This suggests that

z(n) = Zpr(n)zf, (6.3.10)

where the sum is taken over all the zeros of g(z) and where p.(n) is a
polynomial in n of degree less than k — 1 if z, is a multiple root of order k.
To show the validity of formula (6.3.10), let z,. be a zero of g(z) of order k.
We write the following Laurent’s series expansion [20]:

o0

g Hz) = Z gn(z — z)", for some constants gy,

n=—=k



294 6. The Z-Transform Method and Volterra Difference Equations
The residue of £(0)z"g~! at 2, is 2(0) times the coefficient of (z — z,) 7! in
g~ (2)2". The coefficient of (z — z,.)~! in g~!(2)2" is given by

n n—k+1 n n—k+2 ny o,
_ _ R/ A . (6.3.11
g k<k—1> 2y +9-kt1 (k—2> 2y tootgan | ) 2 ( )

It follows from formula (6.3.9) that x(n) may be given by formula (6.3.10).
Formula (6.3.10) has the following important consequences.

Theorem 6.16 [39]. The zero solution of (6.3.1) is uniformly stable if
and only if:

(a) z— A—B(2) #0 for all || > 1, and

(b) if 2 is a zero of g(z) with |z.| = 1, then the residue of z"g~(2) at 2,
1s bounded as n — 0o.

PROOF. Suppose that conditions (a) and (b) hold. If z, is a zero of g(z)
with |z,| < 1, then from formula (6.3.10) its contribution to the solution
x(n) is bounded. On the other hand, if z, is a zero of g(z) with |z.| =1 at
which the residue of 2(0)2"g~1(z) is bounded as n — oo, then from formula
(6.3.9) its contribution to the solution z(n) is also bounded. This shows that
|z(n)] < L|xz(0)| for some L > 0, and thus we have uniform stability. The
converse is left to the reader as Exercises 6.3, Problem 10. O

We observe here that a necessary and sufficient condition for condition
(b) is that each zero z of g(z) with |z| = 1 must be simple (Exercises 6.3,
Problem 11).

The next result addresses the question of asymptotic stability.

Theorem 6.17 [39]. The zero solution of (6.3.1) is uniformly asymptot-
ically stable if and only if

z—A—B(z)#0, forall|z]>1. (6.3.12)

PROOF. The proof follows easily from formula (6.3.10) and is left to the
reader as Exercises 6.3, Problem 12. O

Exercises 6.3

1. Solve the Volterra difference equation z(n+1) = 2z(n)+>."_, 2" "x(r),
and then determine the stability of its zero solution.

2. Solve the Volterra difference equation z(n + 1) = —3z(n) +

Sor_3" ™ z(r), and then determine the stability of its zero solution.

3. Use Theorems 6.16 and 6.17 to determine the stability of the zero
solutions of the difference equations in Problems 1 and 2.
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Without finding the solution of the equation

s(n+1) = fix(n) + Z_% (;>_n (),

determine the stability of its zero solution.

Determine the stability of the zero solution of z(n + 1) = 2z(n) —
123" (n —r)z(r), using Theorem 6.16 or 6.17.

Prove that I; C ly Cl4.

Let x = {z,} and y = {yn} be two [ sequences. Prove that z xy € [
by following these steps:

(i) If Z:ﬁox(z) = a,z,fioy(i) = b, and c¢(n) = Z?zl z(n —
i)y(i), show that > . ¢(i) = ab.

(i) Prove that 3207 le(n)] < (2, [2(0))) (32520 Iy ) -

Prove the uniqueness of solutions of (6.3.1), that is, if (n) and y(n)
are solutions of (6.3.1) with z(0) = y(0), then z(n) = y(n) for all
nezt.

If 2(n) € l; show that |Z(2)| < ||z||; for |z] > 1.

Suppose that the zero solution of (6.3.1) is uniformly stable. Prove
that:

(a) g(z) =2 —A—B(z) #0 for all |2 > 1.

(b) If 2, is a zero of g(z) with |z,.| = 1, then the residue of z"g~!(z)
at z, is bounded.

Prove that a necessary and sufficient condition for condition (b) in
Theorem 6.16 is that z, be a simple root of g(z).

Prove Theorem 6.17.

6.4 Explicit Criteria for Stability

of Volterra Equations

The stability results in Section 6.3 are not very practical, since locating the
zeros of g(z) is more or less impossible in most problems. In this section
we provide explicit conditions for the stability of (6.3.1). The main tools
in this study are Theorems 6.17 and Rouché’s Theorem (Theorem 5.13).
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Theorem 6.18 [39]. Suppose that B(n) does not change sign forn € Z™.
Then the zero solution of (6.3.1) is asymptotically stable if

Z B(n)
n=0

PrROOF. Let 8 =32 B(n) and D(n) = $7'B(n). Then Y>> D(n) =
1. Furthermore, D(1) = 1 and |D(z)| < 1 for all |z| > 1. Let us write g(z)
in the form

|A| + <1 (6.4.1)

g(z) =z — A—BD(2). (6.4.2)

To prove uniform asymptotic stability of the zero solution of (6.3.1), it
suffices to show that g(z) has no zero z with |z| > 1. So assume that
there exists a zero z. of g(z) with |z.] > 1. Then by (6.4.2) we obtain
|z, — A| = |3D(2)| < |8]. Using condition (6.4.1) one concludes that |z,.| <
|A| 4+ |8] < 1, which is a contradiction. This concludes the proof of the
theorem. O

Unfortunately, we are not able to show that condition (6.4.1) is a neces-
sary condition for asymptotic stability. However, in the next result we give
a partial converse to the above theorems.

Theorem 6.19 [39]. Suppose that B(n) does not change sign forn € ZT.
Then the zero solution of (6.3.1) is not asymptotically stable if any one of
the following conditions holds:

() A+, B = 1.
(ii) A4+ Y07 ,B(n) < —1 and B(n) > 0 for some n € Z™.

(iil) A+ .7, B(n) < =1 and B(n) < 0 for somen € Z*, and Y, B(n)
1s sufficiently small.

PRrROOF. Let 8 and D(n) be as defined in the proof of Theorem 6.18.

(i) Assume condition (i). If A4+ 8 =1, then clearly z = 1 is a root of g(z)
defined in (6.4.2). Hence by Theorem 5.17 the zero solution of (6.3.1)
is not asymptotically stable. If A+ 3 > 1, say A+ 3 = 1+ 9, then
there are two areas to consider.

(a) If B < 0, then we let v be the circle in the complex plane with
center at A and radius equal to |3 + 34. Then on v (Figure 6.6)
we have |z| > 1 and thus

|BD(2)| < 18] < |z — Al. (6.4.3)

Let h(z) = —3D(z), f(z) = z — A. Then from inequality (6.4.3)
|h(2)| < |f(2)| on 7. Hence by Rouché’s Theorem (Theorem 5.13),
g(2) = f(z) + h(2) and f(z) have the same number of zeros inside
~. Since A is the only zero of f(z) inside v, then g(z) has exactly
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FIGURE 6.6. A circle with center A and radius |3] + 2.

one zero zp inside 7 with |zg9| > 1. Again by using Theorem 6.16,
the zero solution of (6.3.1) is not asymptotically stable.

(b) Suppose that 8 > 0. Since A + 8 > 1, it follows that g(z) =
1—A— 3 < 0. Moreover, [D(A + )| < 1. Thus g(A + 3) =
B[1 — D(A + B)] > 0. Therefore, g(z) has a zero between 1 and
A + ( and, consequently, by Theorem 6.17, the zero solution of
(6.3.1) is not asymptotically stable. This completes the proof of
condition (i).

Parts (ii) and (iii) are left to the reader as Exercises 6.4, Problems 7
and 8. |

The above techniques are not expendable to uniform stability. This is
mainly due to the lack of easily verifiable criteria for condition (b) of The-
orem 6.16. Therefore, new techniques are needed to tackle the problem of
uniform stability. These techniques involve the use of Liapunov functionals
(functions), which we have encountered in Chapter 4.

Let E by the space of all infinite sequences of complex numbers as
defined in Definition 6.12. Then a function V' : E — R is said to
a Liapunov functional if, for z = {z(n)} € E,

(i) V(z) is positive definite (Chapter 4),
(ii) AV(z) <0,

where AV (z) = V(&) — V(x) and #(n) = z(n+ 1) for all n € Z*.
The next result illustrates the use of Liapunov functionals in stability
theory.

Theorem 6.20 [39]. The zero solution of (6.3.1) is uniformly stable if

JA[+ ) IB(j)| <1 foralln e Z". (6.4.4)
j=0
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Proor. For x € F, let

n—1 oo

V() =lz(n)+ > |B(s —r)lla(r)]. (6.4.5)

r=0 s=n
Then

n

AV(z) = [Az(n) + ) B(n =)+ D> |1B(s —r)llz(r)

=0 r=0s=n+1
= |z(n)| = Z_: > 1Bls = r)llz(r)] (6.4.6)
r=0 s=n
< 141+ XBG) - 1) kel (6.4.7)
j=0

By assumption (6.4.4) we thus have
AV (z) <0. (6.4.8)

From (6.4.5) we obtain |z(n)] < V(z). Using inequality (6.4.8) and
expression (6.4.5) again we obtain

|z(n)] < V() <]z(0)].

Consequently, the zero solution is uniformly stable (Chapter 4). a

Exercises 6.4

Use Theorem 6.19 to determine the stability and instability of the zero
solution of the equations in Problems 1, 2, and 3.

L oz(n+1)=—3z(n)+ >, (%)HH_T x(r).
2. z(n+1)=1z(n) + > r_o(n—r)a(r).

3. z(n+1) = fx(n) + Y1 e "a(r).

4

. Find the values of a for which the zero solution of the equation z(n) =
S (n =1 —)a* " (r) is:

(i) uniformly stable,
(ii) asymptotically stable,
(iii) not asymptotically stable.

5. Determine the values of a for which the zero solution of the equation
Az(n) = —2x(n) + Y (n —r)2a" "x(r) is asymptotically stable.

6. Prove Theorem 6.18 using the method of Liapunov functionals used in
the proof of Theorem 6.20.
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7. Prove part (ii) of Theorem 6.19.
8. Prove part (iii) of Theorem 6.19.

9. Provide details of how inequality (6.4.7) is obtained from inequality
(6.4.6).

10. (Open problem). Discuss the stability of the zero solution of (3.5.1)
under the condition A+ Y 0" /B(n) = —1and ).~ B(n) < 0.

11. (Open problem). Can we omit the assumption that > - B(n) is
sufficiently small in Theorem 6.19, part (iii)?

12. (Open problem). Develop a necessary and sufficient condition for the
asymptotic stability of the zero solution of (6.3.1).

6.5 Volterra Systems

In this section we are mainly interested in the following Volterra system of
convolution type:

z(n+1) zAx(n)—l—ZB(n—j)x(j), (6.5.1)
=0

where A = (a;;) is a k x k real matrix and B(n) is a k x k real matrix
defined on Z*. Tt is always assumed that B(n) € Iy, i.e., .72 | B(j)| < .

The Z-transform for sequences in R* and matrices R¥** is defined in the
natural way, that is,

Zla(n)] = (Z(x1(n)), Z(x2(n)), ..., Z(zx(n))) ",
Z[B(n)] = (Z(bi;(n)).

Thus all the rules and formulas for the Z-transform of scalar sequences
hold for vector sequences and matrices.
Taking the Z-transform of both sides of (6.5.1), one obtains

28(2) — 22(0) = AZ(2) + B(2)#(2), |2| > R,
which yields
#(2) = [2I — A— B(2)]"'22(0), |z| > R. (6.5.2)

Theorem 6.17 for scalar equations has the following counterpart for
systems.

Theorem 6.21. A necessary and sufficient condition for uniform
asymptotic stability is

det(zI — A— B(2)) #0, forall [z] > 1. (6.5.3)
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PROOF. See [39]. O

An application of the preceding theorem will be introduced next. This
will provide explicit criteria for asymptotic stability. But before introducing
our result we need the following lemma concerning eigenvalues of matrices.

Lemma 6.22 [14]. Let G = (g;5) be a k x k matriz. If zo is an eigenvalue
of G, then:

(i) I20 = giillzo = 551 < 320 19ir| 327 19, for some i, j,i # j, and
(11) |ZO - gttHZO - st| S Z'Ir‘ |th| Z:n |grs|7 fOT some ta Sat 7& S,
where Z; gir Mmeans (Zle gir) — Gii-
Using the above lemma we can prove the next result. Let
[ee]
Bij = lbi(n)l, 1<ij<k.
n=0
Theorem 6.23 [39]. The zero solution of (6.5.1) is uniformly asymptot-
ically stable if either one of the following conditions holds:
(i) Z§:1(|aij| + B3ij) <1, for each i,1 <i <k, or

(ii) Zle(\aiﬂ + Bij) <1, for each j,1 < j <k.

PRrROOF. (i) To prove uniform asymptotic stability under condition (i) we
need to show that condition (6.5.3) holds. So assume the contrary, that is,

det(zol — A — B(zo)) =0 for some zg with |zo| > 1.

Then zg is an eigenvalue of the matrix A + B(zg). Hence by condition (i)
in Lemma 6.22, we have

/ i
|20 — @i — bii(20)[120 — az; — by (20)| < Y lair +bir(20)] D laje + bjr(20)]-

(6.5.4)
But
|20 — @i — BH(ZO)| > |zo| — |ai] — |l~7n(Zo)| >1—lai| — \Bu(zoﬂ
/
> Z(|air\ +[8ir)|  (by condition (i)).
Similarly,

/

20 — aj; — bji(20)] > Y (laje| + Bjr)-

T
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Combining both inequalities, we get

!/

|20 — aii — bii(20)]|20 — aj; — bjj(20)| > Z(\GM + Bir) Z(er\ + Bjr)-

T

It is clear that this contradicts inequality (6.5.4) if one notes that for any
1<s,m<k,

|ast| + ﬁst Z |ast‘ + |Bst(30)| 2 ‘ast + Est(ZO)|- o

As in the scalar case, the above method may be extended to provide
criteria for uniform stability. Again, the method of Liapunov functionals
will come to the rescue.

Theorem 6.24 [39]. The zero solution of (6.5.1) is uniformly stable if

k

i=1

forallj=1,2,... k.
PROOF. Define the Liapunov functional

k n—1 o

k
=57 )]+ 32575 bij(s — 1)l ()]

=1 j=1r=0s=n

Then

k
AVigs)(@ Z&Mmng|

i=1"j=1
30D bij(s — )|z (n )@. (6.5.6)
j=1s=n
A crucial but simple step is now in order. Observe that

k Kk

k k
22 lalles )l =33 laslleit)
i=1 j=1 j=1

and

HM»
HM»

k k %)
DTS b (s — n)l|zj(n)

i=1 j=1s=n

Z n)|fzi(n)]

(Exercises 6.5, Problem 1).



302 6. The Z-Transform Method and Volterra Difference Equations

Hence inequality (6.5.6) now becomes

k

k
Vie.5.1) Z Z\ajz‘|+bji—1 |zi(n)|

i=1 | j=1
<0 (by condition (6.5.5)).
This implies that

E

| (n) Z 0) = [l=(0)],

which proves uniform stability. O
Example 6.25. An Epidemic Model [89]

Let x(n) denote the fraction of susceptible individuals in a certain popula-
tion during the nth day of an epidemic, and let a(k) > 0 be the measure
of how infectious the infected individuals are during the kth day. Then the
spread of an epidemic may be modeled by the equation

1 n

In———— =Y (1+e—az(n—j)alj), (6.5.7)

z(n+1) =
where ¢ is a small positive number, n € ZT.

To transform (6.5.7) into a Volterra-type equation, we put x(n) = &¥(").
Then we obtain

n

y(n+1) = a(n—j)(1+e—e"?). (6.5.8)
=0

Since z(n) € [0,1], we have y(n) > 0 for all solutions of (6.5.8). Observe
that during the early stages of the epidemic x(n) is close to 1 and, con-
sequently y(n) is close to zero. Hence it is reasonable to linearize (6.5.8)
around zero. So if we replace e¥() by 1 — y(4), (6.5.8) becomes

y(n+1) =Y aln—j)(e+y(5)), y(0)=0. (6.5.9)
7=0

Taking the Z-transform of both sides of the equation yields
~ ~ £z ~ ~
2i(2) = () + ()i,
_ ez a(z)
Z) =
T =G 0G -at)

If a(n) has a simple form one may be able to compute y(n). For example,
if a(n) = ca”, then a =

(6.5.10)

ec z ec 1 a-+c

y(z):(z—l)(z—(a—i—c)):l—a—c z—=1 z-a-c
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Thus
gc
= — |1 — . .5.11
) = T 1= (a4 )] (6.5.11)
Now if 0 < a4 ¢ < 1, then lim y(n) = L, and hence the spread
n— o0 1-— (a + C)

of the disease will not reach epidemic proportions.

Let us now turn our attention to the nonlinear equation (6.5.8). Let §(n)
be the solution of (6.5.8) with ¢(0) = 0. Then the global stability of §(0)
is established by the following result (Kocic and Ladas [80]).

Theorem 6.26. Assume that

Z a(n) <1
n=0

Then §(n) is a globally asymptotically stable solution of (6.5.8).

ProOOF. We first make the change of variable u(n) = y(n)—g(n) in (6.5.8).
Then we have

n
u(n +1) Za n —§)e"9) (1 — g9y, (6.5.12)
7=0

By induction on n, one may show that u(n) = y(n) — g(n) > 0.
Consider the Liapunov function

n—1 oo

V(n,u(n)) = (1 —a)"*(u(n) + Z Z a(s — r)u(r). (6.5.13)

r=0 s=n

Then

AV (n,u(n)) =V(n+ Lu(n+1)) — V(n,u(n))

n

_ (1 . a)fl |:Za(n j)é’l}(J)( (J))

Jj=0

+§n: i als —r)u(r)}

r=0 s+n+1
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<=0 Lo+ 3 S a(s—r)u
j=0 r=0 s=n+1
+ 3 als —n)u(n) — j(n)
s=n-+1
n—1 oo n—1
— Z a(s —r)u(r) — a(n — T)u(r)]
r=0 s=n-+1 r=0
<(A-a)' > as—n)- 1>u(n)

<(1—a)a—1u(n) < —u(n).
Hence by Theorem 4.20,% the zero solution of (6.5.8) is globally asymptot-
ically stable. O
Exercises 6.5
1. Prove that
k [e's)
ZZZI% n)|;(n I—ZZZ\% n)l[zi(n)].
i=1 j=1s=n i=1 j=1s=n

In Problems 2 through 6 determine whether the zero solution of the given
equation is uniformly stable or uniformly asymptotically stable.

2. z(n+1)= Zj oB(n—j)x(j), where B(n) = (eg €1n>.

1
0 -
3. a(n+1) = Az(n) + X5, B(n — j)a(j), where A = | =~ 51,
o 3 4
B(n) = (4 0 321>
" ) ' —1 47" 1

4. z(n+1) = ZFOB(n —j)z(j), where B(n)= ( 0 3_n_1>.

2—n—1 e—n—l
5. x(n+1) =37 B(n—j)z(j), where B(n)= < 0 5n1>.

4Observe that Theorem 4.20 is valid also for nonautonomous equations as well
as Volterra difference equations. The proof is a slight modification of the proof
in the text.
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*6. Theorem ([14]). Let G = (g;;) be a real k x k matrix. Then detG > 0
if gis > 0, giigj; > Z; |gW|Z; lgjr], for all 1 < 4, j < k, i # j.
Assume that v;; = Y7 (bi;(n) < oo for 1 < i, j < k. Suppose that
the following two conditions hold:

(1) ai;i +v >1, 1 <i<k.

(11) (aii"f‘l/ii—].)(ajj—‘rl/jj—].) > Z;, |air+Vir| for 1 <1, 1<k, 75 J.
Prove that:

(a) If k£ is odd, then the zero solution of (6.5.1) is not
asymptotically stable.

(b) If k is even, then the zero solution of (6.5.1) may or may not
be asymptotically stable.

*7. (Open problem). Discuss the stability of the zero solution of (6.5.1)
under the condition a;; + v;; < 1, 1 < i < k. Consider the Volterra
system with infinite delay

z(n+1) = Az(n) —|—ZB(n—j)m(j). (6.5.14)
j=0

8. Mimic the proof of Theorem 6.23 to find criteria for the asymptotic
stability of the zero solution of (6.5.7).

9. Mimic the proof of Theorem 6.24 to find criteria for the uniform
stability of the zero solution of (6.5.7).

10. Prove Theorem 6.23 using the method of Liapunov functionals (as in
Theorem 6.24).

6.6 A Variation of Constants Formula

Associated with the homogeneous system (6.5.1) we contemplate the
following nonhomogeneous system:
y(n+1) = Ay(n) + > Bln— j)y(j) + g(n), (6.6.1)
j=0

where g(n) € R¥.

The existence and uniqueness of solutions of system (6.5.1) may be es-
tablished by a straightforward argument (Exercises 6.6, Problem 13). Let
e; = (0,...,1,...,0)T be the standard ith unit vector in R¥, 1 < i < k.
Then there are k vector solutions z1(n), z2(n),x3(n),...,zx(n) of system
(6.5.1) with z;(n) = e;,1 < i < k. The solutions are linearly independent
on ZT. For if there is a nontrivial linear relation c¢;z1(n) + cowa(n) + -+ +
ckxi(n) = 0 on Z*, then at n = 0 we have cie; + caea + -+ + cpep = 0.
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This proves that ¢; = ¢ = -+ = ¢ = 0, which is a contradiction. The
k x k matrix X (n) whose ith column is x;(n), is called the fundamental
matriz of system (6.5.1). Notice that X (n) is a nonsingular matrix with
X (0) = I. Moreover, z(n) = X(n)xo is a solution of system equations
(6.5.1) with z(0) = x¢ (Exercises 6.6, Problem 1). Furthermore, the funda-
mental matrix X (n) satisfies the matrix equation (Exercises 6.6, Problem
2)

X(n+1) :AX(n)JrZB(nfj)X(j). (6.6.2)

It should be pointed out that the fundamental matrix X (n) enjoys all
the properties possessed by its counterpart in ordinary difference equations
(Chapter 3).

Next we give the variation of constants formula.

Theorem 6.27. Suppose that the Z-transforms of B(n) and g(n) exist.
Then the solution y(n) of system (6.6.1) with y(ng) = yo is given by

n—1

y(n,0,50) = X(n)yo + > X(n —r—1)g(r). (6.6.3)
r=0

PROOF. We first observe that (Why?)

X(n+1)=AX(n)+ Zn: B(n —r)X(r). (6.6.4)
r=0

Taking the Z-transform of both sides of (6.6.4), we obtain, for some R > 0,
2X(2) — 2X(0) = AX(2) + B(2)X(2), |2| > R.
This yields
[2] — A— B(2)|X(2) = 2I, |z| > R. (6.6.5)

Since the right-hand side of (6.6.5) is nonsingular, it follows that the matrix
zI — A — B(z) is also nonsingular. (Why?) This implies that

X(2) =2z - A-B(2)]"%, |2| >R (6.6.6)

In the next step of the proof we take the Z-transform of both sides of
system (6.6.1) to obtain

§(z) = [z = A= B(2)] 'lago + §(2)],  |2| > R,

for some R; > R, and by using formula (6.6.6) this gives

i) = X (o + 53X ()32, |2l > B
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Thus
i) = 2 Xl + 27 | 3R (3(0)
n—1
= X(n)yo + Y X(n—r—1)g(r)
r=0
(using formulas (6.1.4) and (6.1.8)). O

Exercises 6.6

1. Let X (n) be the fundamental matrix of system equation (6.5.1). Prove
that z(n) = X (n)zg is a solution of (6.5.1) for any vector x € R*.

2. Prove that the fundamental matrix X (n) satisfies (6.6.2).

3. Prove that the zero solution of (6.5.1) is uniformly stable if and only
if |x(n, no, xo)| < M|xo| for some M > 0.

4. Prove that the zero solution of (6.5.1) is uniformly asymptotically sta-
ble if and only if there exist M > 0, v € (0, 1) such that |x(n, ng, zg)| <
Myn—no,

5. Solve the equation
z(n+1) = —Qﬁx(n)—&—z 2nr (3%) z(r)+2"(3"2), 2(0) =0:
r=0

(a) by the Z-transform method,
(b) by using Theorem 6.27.
6. Solve the equation z(n + 1) = sz(n) + > (n — r)z(r) + n:
(a) by the Z-transform method,
(b) by using Theorem 6.27.

7. Consider the planar system z(n + 1) = Az(n) + Z?:o B(n—j)z(j) +
g(n), (0) = 0, where

V2 0 2-"/2
AZ( 0 ﬁ)’ BW:( 0 6”/2>'

(a) Find the fundamental matrix X (n) of the homogeneous equation.

n
(b) Use Theorem 6.27 to solve the equation when g(n) = <0> .

8. Consider the system Ax(n) = Z?:o B(n — j)z(j) + g(n), where

B(n) = ((1) 22) .
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(a) Solve the homogeneous part when g(n) = 0.

(b) Use Theorem 6.27 to find the solution of the nonhomogeneous

a
equation when g(n) = (O)’ where a is a constant.

9. Consider the system
y(n+1) = Ay(n) + g(n), y(0)=yo. (6.6.7)
Use the Z-transform to show that:
(a) A" = Z7z(2 — A)71].
(b) Srg Anrig(r) = Z7 (2] — A)Lg(2)).

(c) Conclude that the solution of the given equation is given by y(n) =
Z7 a(2l = A) yo + Z7H (21 — A)71g(2)].

10. Use (6.6.5) to show that for some R > 0,det(zI — A — B(z)) # 0 for
|z| > R.

Apply the method of Problem 9 to solve equation (6.6.7) in Problem 9
if A and g(n) are given as follows:

1 0

A w0
AT o o0s) IVYTH

11.A:<3 _2>, gn)= 13|, y0) =o0.
0

13. Prove the existence and uniqueness of the solutions of (6.6.1).

6.7 The Z-Transform Versus
the Laplace Transform®

The Laplace transform plays the same role in differential equations as does
the Z-transform in difference equations. For a continuous function f(t), the
Laplace transform is defined by

f(s) = L(£(t)) = /0 st e d.

If we discretize this integral we get Y. e 5" f(n). If further we let
z = €°, we get the Z-transform of f(n), namely > >~ f(n)z~". Hence

®This section may be skipped by readers who are not familiar with the Laplace
transform.
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given s = a+ i3 in the s-plane (commonly called the frequency domain in
engineering), then

2=t = gx . ¢ = o> B2y e 7

Hence a point in the z-plane corresponds to infinitely many points in the s-
plane. Observe that the left half of the s-plane corresponds to the interior
of the unit disk |z|] < 1 in the z-plane. Thus asymptotic stability of a
differential equation is obtained if all the roots of its characteristic equation
have negative real parts. In difference equations this corresponds to the
condition that all the roots of the characteristic equation lie inside the unit
disk.

There is another method that enables us to carry the stability analysis
from the s-plane to the z-plane, i.e., from differential equations to difference
equations. Suppose that the characteristic equation of a difference equation
is given by

P(z)=apz" +a12" ' +---+a, =0.
The bilinear transformation defined by

s+ 1
s—1

maps the interior of the unit disk to the left half-plane in the complex plane
(Figure 6.7). To show this we let s = o + ¢3. Then

a+if+1

=g =1

<

Im z

Re s

FIGURE 6.7. A bilinear transformation.
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or
(a+1)%+ 32
7((} )it <1,

which gives a < 0.
Now substituting z = £t1 into P(z) we obtain

s+1\" s+1\"!
ao +ap +--+a, =0,
s—1 s—1

Q(s) =bos™ +bys" P44 b, =0.

We now can apply the Routh stability criterion [102] to Q(s) to check
whether all the zeros of Q(s) are in the left half-plane. If this is the case,
then we know for sure that the zeros of P(z) all lie inside the unit disk. We
are not going to pursue this approach here, since the computation involved
is horrendous.

or
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TABLE 6.1. Z-transform pairs.
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z(n) forn =0,1,2,3,...

No. z(n)=0forn=-1,-2,-3,... () = 2o 2(n)z
1. 1 z/z—1
2. a” z/z—a
3. an—l T
4. n z/(z — 1)?
5. n? 2(z+1)/(z—1)°
6. n® 222 +4z4+1)/(z—1)*
2 n* (-1)'D* (%);D== &
8. na™ az/(z — a)?
9. n’a” az(z+a)/(z — a)®
10. n’a" az(2® + daz +a*)/(z — a)?
11. nka” (-)'D* (=)iD=2 &
12. sin nw z sin w/
(2 — 2z cos w +1)

13. cos nw z(z — cos w)/

(22 =2z cos w + 1)
14. a” sin nw az sin nw/

(2% — 2az cos w + a?)
15. a™ cos nw z(z —a cos w)/

(2% —2az cos w + a?)
17. Om(n) 2™
18. a” /n! =
19. cosh nw z(z — cosh w)/

(22 =2z cosh w + 1)
20. sinh nw z sinh w/

(22 =2z cosh w + 1)
21. L n>0 In (z/2—-1)
22. e “"z(n) z (e¥z)
23. n® =n(n—1) 2z/(z —1)°
24. n® =n(n—1)(n—2) 3lz/(z —1)*
25. n® =nn—-1)---(n—k+1) klz/(z — 1)FH1
26. z(n —k) 27 3 (2)
27. z(n+ k) Fa(z) - SFT) w(r)F T







7
Oscillation Theory

In previous chapters we were mainly interested in the asymptotic behav-
ior of solutions of difference equations both scalar and nonscalar. In this
chapter we will go beyond the question of stability and asymptoticity. Of
particular interest is to know whether a solution z(n) oscillates around an
equilibrium point z*, regardless of its asymptotic behavior. Since we may
assume without loss of generality that x* = 0, the question that we will
address here is whether solutions oscillate around zero or whether solutions
are eventually positive or eventually negative.

Sections 7.1 and 7.3 follow closely the paper of Erbe and Zhang [53] and
the book of Gyori and Ladas [63]. In Section 7.2 we follow the approach
in the paper of Hooker and Patula [67]. For more advanced treatment of
oscillation theory the reader is referred to [3], [63], [64], [79].

7.1 Three-Term Difference Equations

In this section we consider the three-term difference equation (of order
k+1)

z(n+1) —x(n) +p(n)z(n—k) =0, neZ", (7.1.1)

where k is a positive integer and p(n) is a sequence defined for n € Z*.

A nontrivial solution z(n) is said to be oscillatory (around zero) if for
every positive integer N there exists n > N such that z(n)ax(n + 1) <
0. Otherwise, the solution is said to be nonoscillatory. In other words, a
solution x(n) is oscillatory if it is neither eventually positive nor eventually

313



314 7. Oscillation Theory

negative. The solution x(n) is said to be oscillatory around an equilibrium
point z* if xz(n) — x* is oscillatory around zero. The special case, where
k =1 and p(n) = p is a constant real number, has been treated previously
in Section 2.5. In this case (7.1.1) may be written in the more convenient
form

z(n+2) —x(n+1)+px(n) =0. (7.1.2)
The characteristic roots of (7.1.2) are given by

)
1 1
5 + 5\/ 1-— 4p
Recall from Section 2.5 that all solutions of (7.1.2) oscillate if and only if
A1 and Ay are not positive real numbers. Hence every solution of (7.1.2)
oscillates if and only if p > 1.

Let us now turn our attention back to (7.1.1). This equation is the
discrete analogue of the delay differential equation

A =

Z'(t) + p(t)z(t — k) = 0. (7.1.3)

The oscillatory behavior of (7.1.3) is remarkably similar to that of its dis-
crete analogue (7.1.1), with one exception, when k& = 0. In this case, the
equation

z'(t) + p(t)z(t) =0

has the solution

o(0) = alt0) exp /t:p(s) ).

which is never oscillatory. However, the discrete analogue
z(n +1) = (1 - p(n))z(n)

has the solution z(n) = [H;L;io(l fp(j))} x(ng), which oscillates if 1 —
p(j) < 0 for all j > ny.
To prepare for the study of the oscillatory behavior of (7.1.1) we first

investigate the solutions of the following associated difference inequalities:
z(n+1)—z(n)+pn)x(n —k) <0, (7.1.4)
z(n+1) —z(n) + pn)x(n — k) > 0. (7.1.5)
In the sequel we make use of the notions of the limit superior and the
limit inferior of a sequence {a(n)}, denoted by lim sup a(n) and lim inf a(n),
n— oo n—00
respectively.

Definition 7.1. Let {a(n)} be a sequence of real numbers. Let 5(n) be
the least upper bound of the set {a(n),a(n+1),a(n+2),...}. Then either
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B(n) = oo for every n, or the sequence {3(n)} is a monotonically decreas-
ing sequence of real numbers, and thus lim,,_,, S(n). Similarly, let a(n) be
the greatest lower bound of the set {a(n),a(n + 1),a(n + 2),...}. Then:

(i) imsupa(n) = lim, o B(n).

n— oo

(ii) liminfa(n) = lim,_ a(n).
n— oo

Note that lim,, . a(n) exists if and only if limsupa(n) = liminf a(n) =
n— oo n—oo

lim a(n).

n—oo

Example 7.2. Find the limit superior and the limit inferior for the

following sequences:

S :0,1,0,1,....

Sy :1,-2,3, —4,...,(=1)"n,. ...
3 14 15 16 1
3'57_§a35_5717_1537_5a""

Solution

limsupS;1 =1, liminfS; =0,

n—00 n—0o0
limsup Sy = oo, liminf Sy = —oo0,
n—00 n—00

limsup S3 =1, liminfS; =0.

n—00 n—00

Theorem 7.3 [53]. Suppose that

k’k
liminfp(n) =p >

—_— .1.
n—o00 (k + 1)k+1 (7 6)

Then the following statements hold:

(i) Inequality (7.1.4) has no eventually positive solution.

(ii) Inequality (7.1.5) has no eventually negative solution.

ProOF. (i) To prove statement (i), assume the contrary, that is, there
exists a solution z(n) of inequality (7.1.4) that is eventually positive. Hence
there exists a positive integer N; such that z(n) > 0 for all n > Nj.
Dividing inequality (7.1.4) by x(n), we get, for n > Ny,

z(n+1)

xz(n —k)
z(n) ’

(7.1.7)
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If we let z(n) = %, then
x(n—k)  x(n—k) x(n—-k+1 z(n—1)
z(n)  zn—k+1)an—k+2 x(n)
=zin—Kz(n—k+1),...,2(n—1).

)
e

Substituting into inequality (7.1.7) yields

1
) <l-pn)zn—Fk)z(n—k+1)---2(n—1), n>N+k (7.1.8)
Now, condition (7.1.6) implies that there exists a positive integer N such
that p(n) > 0 for all n > Np. Put N = max{Ns, N7 + k}. Then for
n> N,z(n+ 1) —z(n) < —p(n)z(n — k) < 0. Consequently, z(n) is non-
increasing, and thus z(n) > 1. Let liminf z(n) = ¢. Then from inequality

n—oo
(7.1.8) we have

1
li = =1
171Ln_>so%p z(n)  liminfz(n) /a
n—oo
<1- lirginf[p(n)z(n —k)zn—k—1),...,2(n—-1)],
or
Lo,
q
which yields
q—1
JURS =y (7.1.9)

Let h(q) = (¢ —1)/¢"*!. Then h(q) attains its maximum at ¢ = (k -+ 1)/k.
Hence max,>1 h(q) = (k¥)/(k + 1)**1. Hence from inequality (7.1.9) we
have p < (k¥)/(k+1)**1, a contradiction. This completes the proof of part
(i) of the theorem. The proof of part (ii) is left to the reader as Exercises
7.1, Problem 6. O

Corollary 7.4. If condition (7.1.6) holds, then every solution of (7.1.1)
oscillates.

PROOF. Suppose the contrary and let 2(n) be an eventually positive solu-
tion of (7.1.1). Then inequality (7.1.4) has an eventually positive solution,
which contradicts Theorem 7.3. On the other hand, if (7.1.1) has an eventu-
ally negative solution, then so does inequality (7.1.5), which again violates
Theorem 7.3. m|

The above corollary is sharp, as may be evidenced by the following
example, where we let
kk

p(n) = m
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Example 7.5. Consider the difference equation

z(n+1) —z(n) + (K*/(k + ) ™z(n — k) = 0.

n—1
Then z(n) = (kiﬂ) ,n > 1, is a nonoscillatory solution of the equation.

Next we give a partial converse of Corollary 7.4.
Theorem 7.6 [53]. Suppose that p(n) > 0 and
kk

DRSS

Then (7.1.1) has a nonoscillatory solution.

supp(n) (7.1.10)

PROOF. As in the proof of Theorem 7.3, we let z(n) = z(n)/x(n + 1) in
(7.1.1) to obtain

1/z(n) =1—-pn)z(n—k)z(n—k+1)---z(n—1). (7.1.11)

To complete the proof, it suffices to show that (7.1.11) has a positive
solution. To construct such a solution we define

k) =22 k)= =20 =a="T1 51 (7.1.12)
and
2(1) =[1 —p(1)z(1 — k)z(2 — k) ---2(0)] " (7.1.13)
Then z(1) > 1 also. We claim that z(1) < a. To show this, we have
z(1) 1
a all —p(1)z(1—k)--2(0)]
< i =1

k
(k+1) [1 - g - (58]

Hence by induction, we may show that 1 < z(n) < a, withn=1,2,3,....
Moreover, z(n) is a solution of (7.1.11). Now let 2(1) = 1, 2(2) = =(1)/2(1),
z(3) = x(2)/2(2), and so on. Then z(n) is a nonoscillatory solution of
(7.1.1). 0

For the special case where p(n) = p is a constant real number we have
the following stronger result.

Theorem 7.7. Consider the equation
z(n+1) —xz(n) + pr(n —k) =0, (7.1.14)

where k is a positive integer and p is a nonnegative real number. Then every
solution of (7.1.14) oscillates if and only if p > k¥ /(k + 1)F+1.

PrOOF. Combining the results of Corollary 7.4, Example 7.5, and
Theorem 7.6 yields the proof. O
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Remark: Gyori and Ladas [63] showed that every solution of the kth-order
equation

z(n+k)+pxn+k—1)+--+pra(n) =0 (7.1.15)

oscillates if and only if its characteristic equation has no positive roots.
Based on this theorem (Exercises 7.1, Problem 8), they were able to show
that every solution of the three-term equation (7.1.14), where k € Z -
{—1,0}, oscillates if and only if p > k¥ /(k + 1)*+1.

Exercises 7.1

1. Find the limit superior and limit inferior of the following sequences:

(b) Sa: (—1)"+1,
(¢) S3:an/(1+ Bn).
(d) Sy: 1+ (=1)n+
2. Prove the following statements:
(a) lirlisolip(l/a(n)) = l/linrgiogf a(n).

(b) If a(n) > 0, then limsup(—a(n)) = — liminf a(n).

n— 00 n—00

(¢) liminfa(n) < limsupa(n).

n—0o0 n—00

3. Show that the difference equation
1

A’z(n— 1)+ —2(n) =0, n>1,
n

is oscillatory on [0, c0).
4. (a) Show that every solution of the equation
z(n+1) —xz(n) +px(n) =0
oscillates if and only if p > 1, where p € R.
(b) Show that every solution of the equation
z(n+1)—z(n)+pr(n—1)=0
oscillates if and only if p > %.
5. Consider the difference equation
A?z(n) +p(n)z(n +1) =0,

where p(n) > a > 0 for n € ZT. Show that every nontrivial solution of
the equation is oscillatory.

6. Prove part (ii) of Theorem 7.3.
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7. The characteristic equation of (7.1.14) is given by
Nt Ak L p =0, wherep > 0.

Show that the characteristic equation has no positive roots if and only
if p > k*/(k + 1)**1. Then give a proof of Theorem 7.7.

8. Show that every solution of (7.1.15) oscillates if and only if its
characteristic equation has no positive real roots.

*9. [53] Assume that
liminf p(n) = ¢ >0,

n— oo

and

limsupp(n) >1—q.

n—oQ

Prove that all conclusions of Theorem 7.3 hold.

In Problems 10 through 12 consider the equation with several delays
z(n+1) —x(n) +ij(n)x(nfk:j) =0, (7.1.16)
j=1
where k; are positive integers.
10. Suppose that p;(n) > 0 and

Z lim inf p;(n)
n—oo

i=1

(ki + 1)kett

{ (i)*i } -t
Show that every solution of (7.1.16) oscillates.

11. Suppose that p;(n) > 0 and

)E

1)k+1’

o . (k
liminf 3 pi(n) > Gy

J=1

where k = min{ky,ks,...,k,} > 1. Show that every solution of
(7.1.16) oscillates.

*12. Suppose that

and

n— oo

1imsupri(n) =1-—c
i=1

Prove that every solution of (7.1.16) oscillates.
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7.2 Self-Adjoint Second-Order Equations

In this section we consider second-order difference equations of the form
Alp(n — 1)Az(n —1)] + g(n)z(n) = 0, (7.2.1)

where p(n) > 0,n € ZT. Equation (7.2.1) is called self-adjoint, a name
borrowed from its continuous analogue

[p(t)a' (1)) + q(t)x(t) = 0.

Equation (7.2.1) may be written in the more familiar form

p(n)x(n+1) +pn —1x(n — 1) = b(n)z(n), (7.2.2)
where
b(n) = p(n — 1) + p(n) — q(n). (7.2.3)
As a matter of fact, any equation of the form
po(n)z(n+ 1) + p1(n)xz(n) + pa(n)x(n — 1) =0, (7.2.4)

with po(n) > 0, and pa(n) > 0, can be written in the self-adjoint form
(7.2.1) or (7.2.2). To find p(n) and ¢(n) from po(n),pi(n), and pa(n),
multiply both sides of (7.2.4) by a positive sequence h(n). This yields
po(n)h(n)x(n + 1) + p1(n)h(n)z(n) + p2(n)h(n)x(n — 1) =0.  (7.2.5)
Comparing (7.2.5) with (7.2.2), we obtain
p(n) = po(n)h(n),
p(n = 1) = pa(n)h(n).

Thus
p2(n + 1)h(n+ 1) = po(n)h(n),
hin+1) = 2. (7.2.6)
p2(n+1)
Hence
B n—1 po(j)
iln) = jgo p2(j +1)
is a solution of (7.2.6). This gives us
. n fomes Po(j)
p(n) = po )jgo G LT

Also from (7.2.3) we obtain
q(n) = pr(n)h(n) + p(n) +p(n - 1).
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In [64] Hartman introduced the notion of generalized zeros in order to
obtain a discrete analogue of Sturm’s separation theorem in differential
equations. Next we give Hartman’s definition.

Definition 7.8. A solution z(n),n > ng > 0, of (7.2.1) has a generalized
zero at r > ng if either z(r) = 0 or z(r — 1)z(r) < 0. In other words, a
generalized zero of a solution is either an actual zero or where the solution
changes its sign.

Theorem 7.9 (Sturm Separation Theorem). Let z1(n) and x2(n)
be two linearly independent solutions of (7.2.1). Then the following
statements hold:

(i) z1(n) and z2(n) cannot have a common zero, that is, if x1(r) = 0,
then xa(r) # 0.

(ii) If z1(n) has a zero at ny and a generalized zero at ng > ny, then xa(n)
must have a generalized zero in (nq, na).

(iii) If z1(n) has generalized zeros at ny and ny > ny, then xo(n) must have
a generalized zero in [ny, na).

PRrROOF.

(i) Assume that z1(r) = x2(r) = 0. Then the Casoratian

z1(r) z2(r)

- ri(r+1) @a(r+1) -0

W(r
It follows from Corollary 2.14 that z1(n) and z2(n) are linearly
dependent, a contradiction.

(ii) Assume that x1(n1) = 0,21(ne—1)z(n2) < 0 (or z1(n2) = 0). We may
assume that no is the first generalized zero greater than ni. Suppose
that z1(n) > 0 for ny < n < ng and z1(ng) <0.

Now, if x2(n) has no generalized zeros in (n1,nz], then xo(n) is either
positive in [n1,ng] or negative in [n1,ng]. Without loss of generality let
x2(n) > 0 on [ng, ng]. Now pick a positive real number M and r € (n1,n2)
such that z5(r) = Mx1(r) and z2(n) > Mz (n) in [ng, ng]. By the principle
of superposition, the sequence x(n) = z3(n) — Mxz1(n) is also a solution of
(7.2.1) with z(r) =0 and z(r — 1)x(r + 1) > 0, with r > ny. Letting n = r
in (7.2.1) we obtain

Alp(r — DAz(r —1)] + g(r)z(r) = 0.
Since x(r) = 0, we have
p(r —1)A%z(r — 1) + Az(r)Ap(r — 1) = 0,

p(r)z(r+1) = —p(r — L)a(r — 1). (7.2.7)
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Since z(r + 1) # 0,z2(r — 1) # 0, and p(n) > 0, equation (7.2.7) implies
that z(r — 1)z(r + 1) < 0, which is a contradiction. This completes the
proof of part (ii). The proof of part (iii) is left to the reader as Exercises
7.2, Problem 6. O

Remark: Based on the notion of generalized zeros, we can give an alterna-
tive definition of oscillation. A solution of a difference equation is oscillatory
on [ng,00) if it has infinitely many generalized zeros on [ng,00). An im-
mediate consequence of the Sturm separation theorem (Theorem 7.9) is
that if (7.2.1) has an oscillatory solution, then all its solutions are oscil-
latory. We caution the reader that the above conclusion does not hold in
general for non-self-adjoint second-order difference equations. For example,
the difference equation x(n 4+ 1) — z(n — 1) = 0 has a nonoscillatory so-
lution z1(n) = 1 and an oscillatory solution x2(n) = (—1)". Observe that
this equation is not self-adjoint. We are now ready to give some simple
criteria for oscillation.

Lemma 7.10. If there exists a subsequence b(ny) < 0, with ny, — oo as
k — oo, then every solution of (7.2.2) oscillates.

PROOF. Assume the contrary, that there exists a nonoscillatory solution
z(n) of (7.2.2). Without loss of generality, suppose that z(n) > 0 forn > N.
Then

p(ni)z(nk + 1) + p(ng — Dz (ng — 1) — b(ng)x(ng) >0,  for np > N,
which is a contradiction. O

One of the most useful techniques in oscillation theory is the use of the so-
called Riccati transformations. We will introduce only one transformation
that is needed in the development of our results. Two more transformations
will appear in the exercises. In (7.2.2) let

b(n+ zx(n+1) .

z(n) = o)) (7.2.8)
Then z(n) satisfies the equation
1
where
_ ()
c(n) = B £ 1) (7.2.10)

Next we give a crucial result that relates (7.2.2) with (7.2.9).

Lemma 7.11. Suppose that b(n) > 0 for n € Z+. Then every solution
xz(n) of (7.2.2) is nonoscillatory if and only if every solution z(n) of (7.2.9)
is positive for n > N, for some N > 0.
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PROOF. Suppose that z(n) is a nonoscillatory solution of (7.2.2). Then
z(n)z(n+ 1) > 0 for n > N. Equation (7.2.8) then implies that z(n) > 0.
Conversely, assume that z(n) is a positive solution of (7.2.9). Using this
solution we construct inductively a nonoscillatory solution x(n) of (7.2.2)
as follows: Let (N) = 1,2(n+1) = (p(n)/b(n+1))z(n)z(n), with n > N.
Then one may verify that z(n), with n > N, is indeed a solution of (7.2.2)
that is nonoscillatory. By the Sturm separation theorem, every solution
of (7.2.2) is thus nonoscillatory. We need a comparison result concerning
(7.2.9) that will be needed to establish the main result of this section. O

Lemma 7.12. Ifc(n) > a(n) > 0 for alln > 0 and z(n) > 0 is a solution
of the equation

then the equation

a(n)y(n) + m =1 (7.2.12)

has a solution y(n) > z(n) > 1 for alln € Z*.

PRrROOF. Since ¢(n) > 0 and z(n) > 0, it follows from (7.2.1) that 1/(z(n—
1)) < 1. This implies that z(n — 1) > 1 for all n > 1. We now define
inductively a solution y(n) of (7.2.12). Choose y(0) > z(0) and let y(n)
satisfy (7.2.11). Now, from (7.2.12) and (7.2.12), we have

am)y(n) + —is = eln):(n) +
So
a()y(1) + L c(1)z(1) + i
y(0) 0

Since y(0) > z(0), we have 1/y(0) < 1/2(0), and hence a(1)y(1) > ¢(1)z(1),

Inductively, one may show that
y(n) = z(n) > 1. o

Theorem 7.13. Ifb(n)b(n+1) < (4—¢)p*(n) for some e > 0 and for all
n > N, then every solution of (7.2.2) is oscillatory.

PrROOF. Ifb(n)b(n—1) < (4—¢)p?(n) for some & > 4, then b(n)b(n—1) <
0. The conclusion of the theorem then follows from Lemma 7.10. Hence we
may assume that 0 < ¢ < 4. Now assume that (7.2.2) has a nonoscillatory
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solution. Then by Lemma 7.11, (7.2.9) has a positive solution z(n) for
n > N. Using the assumption of the theorem in formula (7.2.10) yields
2 2
1
S () B () R U
b(n)b(n+1) = (4—¢)p?(n) 4—¢
Then it follows from Lemma 7.12 that the equation
1 1
— =1 7.2.13
)+ s (1213)
has a solution y(n),n > N, such that y(n) > z(n) > 1 for all n > N.
Define a positive sequence x(n) inductively as follows: (N) = 1,z(n+1) =

(1/v4 —e)y(n)x(n) for n > N. Then

y(n) =v4—c¢ (W) . (7.2.14)

Substituting for y(n) in (7.2.14) into (7.2.13) yields z(n+1)—+/4 — ex(n)+
z(n—1) =0, n > N, whose characteristic roots are

V4 —e¢ 5
Ao = LVE
’ 2 2
Thus its solutions are oscillatory, which gives a contradiction. The proof of
the theorem is now complete. O

It is now time to give some examples.

Example 7.14. Consider the difference equation

yin+1)+yn—1)= (2 + ;(—1)") y(n).

Here p(n) =1 and b(n) = (2+ 5(—=1)"):

b(n)b(n +1) = (2 + ;(—1)"> (2 + ;(_1)n+1>

3
=37

Thus b(n)b(n + 1) < (4 — 1) p*(n). By Theorem 7.13, we conclude that
every solution is oscillatory.

The following example will show the sharpness of Theorem 7.13 in the
sense that if ¢ is allowed to be a sequence tending to zero, then the theorem
fails.

Example 7.15 [67]. Consider the equation
z(n+1)+z(n)=0bn)z(n—-1), n=1,23,...,

where

- vn+1l4++v/n—1

b(n) NG



7.2 Self-Adjoint Second-Order Equations 325

Now,
b(n)b(n + 1)
Vi) +2) + /(-1 +2) +/nn+1) + V/n(n - 1)
n(n+1)

But lim,—, b(n)b(n + 1) = 4. Hence if one takes €, = 4 — b(n)b(n + 1),
then g,, — 0 as n — oo. However, Theorem 7.13 fails, since x(n) = /n,n >
1, is a nonoscillatory solution of the equation.

A partial converse of Theorem 7.13 now follows.

Theorem 7.16. If b(n)b(n + 1) > 4p®(n) for n > N, then every solution
of (7.2.2) is nonoscillatory.

PROOF. From formula (7.2.10) and the assumption we obtain c(n) < 1.

We now construct inductively a solution z(n) of (7.2.9) as follows: Put
z(N) =2, and

Observe that

2(N+1) = C(N1+ 5 <1 z(§\7)> 24(1 ;) =2.

Similarly, one may show that z(n) > 2 for n > N. Hence by Lemma 7.11,
we conclude that every solution of (7.2.2) is nonoscillatory. O

Example 7.17. Consider the difference equation

A(nAz(n—1) — %x(n) =0.

Here p(n) = n + 1 and ¢q(n) = L. Using formula (7.2.3) we obtain

1
b(n)=2n+1+ —.
n

Now,
b(n)b(n + 1) = <2n—|— 1+ 1) (2n+ 3+ 1)
n n+1
2n+4
n(n+1)
> 4p2(n) for alln > 1.

=4n? 4+ 8n+ T+

Hence by Theorem 7.16, every solution is nonoscillatory.

Exercises 7.2
In Problems 1 through 5 determine the oscillatory behavior of all solutions.

1. Al(n—Da(n—1)] + 2z(n) = 0.
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- W

5. Al(n — Dz(n—1)]+z(n

10.

*11.

12.

13.

14.

7. Oscillation Theory

zn+1)+z(n—1)=(2- 1) z(n).
e(n+1) +a(n—1) = (2+ ;) z(n).
A%[z(n—1)] + ﬁ(n)m(n 0

=0.
Prove part (iii) of Theorem 7.9.

[112] Show that if b(n) < min{p(n),p(n — 1)} for n > N, for some
positive integer N, then every solution of (7.2.2) is oscillatory.

Show that if b(n) < p(n) and p(n) is eventually nonincreasing, then
every solution of (7.2.2) is oscillatory.

Show that if b(n) < p(n — 1) and p(n) is eventually nondecreasing,
then every solution of (7.2.2) is oscillatory.

(A second Riccati transformation). Let z(n) = z(n+1)/x(n) in (7.2.2).
(i) Show that z(n) satisfies the equation

p@ﬂ@)+§2_3=bm) (7.2.15)

(ii) Assuming p(n) > 0, show that every solution of (7.2.2) is nonoscil-
latory if and only if (7.2.15) has a positive solution z(n),n > N,
for some N > 0.

Use the second Riccati transformation in Problem 10 to show that if

b(n) < p(n — 1) and limsup(p(n))/p(n — 1) > %, then every solution
n—oo

of (7.2.2) oscillates.

[67] Show that if b(n) > max{p(n —1),4p(n)}, for all n > N, for some
N > 0, then every solution of (7.2.2) is nonoscillatory.

Show that if p(ng) > b(nk)b(nk + 1) for a sequence ny, — oo, then
every solution of (7.2.2) is oscillatory.

As in formula (7.2.10), let

2
p*(n)
= > O-
") = et "2
Show that either one of the following implies that every solution of
(7.2.2) oscillates:

(i) limsupc(n) > 1.

n—oo

(i) limsup + >0, e(j) > 1.

n—oo
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15. Show that if p(n) is bounded above on [a, 00) and (7.2.1) is nonoscilla-

o0
tory on [a,00), then either " ¢(n) exists and is finite or it is equal
n=a+1
to —oo

16. Use Problem 15 to prove that (7.2.1) is oscillatory if either one of the

following conditions hold:

o0
(i) p(n) is bounded on [a,00) and > ¢(n) = oo, or
n=a-+1

(ii) p(n) is bounded on [a, c0) and

—oo < liminf Z ) < limsup Z

n— 00
s=a-+1 n—0oo s=a-+1

7.3 Nonlinear Difference Equations

In this section we will investigate the oscillatory behavior of the nonlinear
difference equation

z(n+1) —z(n) +pn)flz(n — k) =0, (7.3.1)
where k € ZT and N € Z*. The first theorem is due to Erbe and Zhang
[53].

Theorem 7.18. Suppose that f is continuous on R and satisfies the
following assumptions:

(i) zf(z) >0, «#0,
(i) iminf /% = L, 0 < L < oo,
z—0

see k . . . .
(iii) gL > (kJﬁW if k>1and pL >1if k=0, wherep = hnn_1>1£fp(n) >

Then every solution of (7.3.1) oscillates.

PROOF. Assume the contrary and let 2:(n) be a nonoscillatory solution of
(7.3.1). Suppose that x(n) > 0 for n > N. This implies by assumption (i)
that f(x(n)) > 0. Hence z(n+1) —x(n) = —p(n) f(x(n—k)) < 0, and thus
x(n) is decreasing. Hence lim,_,oc z(n) = ¢ > 0.

Taking the limit of both sides of (7.3.1) yields f(¢) = 0, which by as-
sumption (i) gives ¢ = 0. Hence lim,, o, 2(n) = 0. Dividing (7.3.1) by z(n)
and letting z(n) = z(n)/x(n + 1) > 1 yields

L )t —1)eea(n— k)w. (7.3.2)
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Let liminf z(n) = r. By taking the limit superior in (7.3.2) we obtain

n—oo

=S| =

<1 —erk,

or
r—1

pL < sl (7.3.3)

It is easy to see that the function h(r) = (r —1)/r**+1 attains its maximum
at r = (k +1)/k, and its maximum value is thus k*/(k + 1)**!. Hence
inequality (7.3.3) becomes

kk

L < —
Pe= ey

which contradicts assumption (iii). O

Remark: If we let liminf f(z)/a = 1, then the linearized equation associated
n—oo

with (7.3.1), where p(n) is equal to a constant real number p, is given by
y(n+1) —y(n) +py(n — k) =0, (7.3.4)

which has been studied in Section 7.1. We may now rephrase Theorem
7.18 as follows: Suppose that assumptions (i) and (ii) hold with L =1 and
that p(n) is constant. If every solution of (7.3.4) oscillates, then so does
every solution of (7.3.1). Gyori and Ladas [63] considered the more general
equation with several delays

m
z(n+1) —x(n) + > _pifi(zn — k) =0, (7.3.5)

i=1

where p; > 0, k; is a positive integer, and f; is a continuous function on R,

with 1 <4 < m. They obtained the following result.

Theorem 7.19. Suppose that the following hold:

(i) p; >0, k; € ZT, andzzl(pi—i—k‘i);él, 1<i<m,

(i) f is continuous on R, and xf;(x) >0, forx #0, 1 <i<m,

(iff) liminf 202 > 1, 1< <m,

r—

(v) S, p, Gty

i=1 P R
Then every solution of (7.3.5) oscillates.
To facilitate the proof of this theorem we present the following lemma.

Lemma 7.20 [63]. Suppose that condition (i) in Theorem 7.19 holds and
let {gi(n) : 1 <i<m} be a set of sequences of real numbers such that

liminf g;(n) > p;, 1<i<m. (7.3.6)

n—oo
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If the linear difference inequality
z(n+1) — +qu — k) <0, neZt, (7.3.7)

has an eventually positive solution x(n), then the corresponding limiting
equation

y(n+1) - +Zpl k) =0 (7.3.8)

also has an eventually positive solution.

PRrROOF. There are two distinct cases to consider
Case (a): Assume that k; = 0, 1 < 4 < m. Then (7.3.7) and (7.3.8)
simplify to

z(n+1) < (1 - qu(n)) x(n), (7.3.9)
y(n+1) (1 - Zpl> . (7.3.10)

Let z(n) be an eventually positive solution of (7.3.9). Then from (7.3.9) it
follows that, for sufficiently large n,

iql(n) < 1. (7.3.11)

Now, from assumption (7.3.6) for any € > 0 there exists N > 0 such that
0<p; <gqi(n)+e/m forn>N. (7.3.12)

This implies that
0<sz<th +e<1l4+e forn> N.

Since € was arbitrarily chosen,

0< ipz‘ <1
i=1

But from assumption (i) in Theorem 7.19, we have Y., p; # 1. Hence

m
0<> pi<l,
=1

and consequently, (7.3.10) has a positive solution.
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Case (b): Assume that k = max{ki, ko,...,kmn} > 1. Let u(n) =
z(n)/x(n —1). Then

en—k)  xn—k) an—k+1) amn-2) %
1)’H

en—1) zn—ki+1) z(n—k +2) zn— e u(n —j)
Making this change of variables in (7.3.7) yields
m ki—1
u(n+1) < 1= gl H ) (7.3.13)
i=1 j=1

Define u = limsupu(n). Then it follows from (7.3.13) that 0 < u(n) < 1
n—oo
and 0 < u < 1. We claim that

u—14Y put <o (7.3.14)
Now, from (7.3.6), for every € € (0, 1) there exists N, > 0 such that P;(n) >
(I —=¢€)pi, 1 <i<m,and n > N,. Substituting in (7.3.13) yields
m ki—1 1

un+1)<1-(1-¢) Zpl Hu(i for n > N..

o wn =)
Choose N. such that N, > N. + k and
u(n) < (1—e)u forn> N, — k.
Then, for n > ]\7 —k,

un+1)<1—(1—¢) Zp, i(1+4e)7k

=1

Consequently,
u<l1l-— 1—522]3z i14+¢e)” ki

Since € was arbitrarily chosen, it follows that

m
u<l-— Zpiu_ki7
=1

which proves claim (7.3.14).

To complete the proof of the lemma we consider the characteristic
polynomial of (7.3.8), p(A) = A —1+ 31", piA~k.

Observe that p(0%) = oo and p(u) < 0. This implies by the intermediate
value theorem that p(\) has a positive root and, consequently, (7.3.8) has
a positive solution. O
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PROOF OF THEOREM 7.19. Assume that (7.3.5) has a nonoscillatory
solution z(n). Without loss of generality, assume that x(n) is eventu-
ally positive. Then it follows from assumption (iii) that z(n + 1) <
z(n) — Y " pix(n — k;). As in the proof of Theorem 7.18, one may show
that lim z(n) = 0. We now need to put (7.3.5) in the form of (7.3.7). This

n— oo
can be accomplished by setting

_ pi fla(n— ki)

%(n) x(n — ki)

Thus from assumption (iii) we obtain
liminf ¢;(n) > p;.
n— oo

By Lemma 7.20, it follows that the limiting equation (7.3.8) also has an
eventually positive solution, which is a contradiction. This completes the
proof of the theorem. O

In fact, under additional conditions it was proved ([63, , Corollary 7.4.1])
that every solution of the nonlinear equation oscillates if and only if every
solution of the corresponding linearized equation oscillates.

We now apply the obtained results to study the oscillatory behavior of
the Pielou logistic delay equation. The stability of this equation has been
determined previously in Example 4.37.

Example 7.21 [63]. Consider the Pielou logistic delay equation

ay(n) L
)= —F7—F"—— 1 k t t . (7.3.1
y(n+1) T By k) a>1,8>0, a positive integer. (7.3.15)
Show that every positive solution of (7.3.15) oscillates about its positive
equilibrium point y* = (o —1)/8 if

a—1 o EF
(k+ 1)k+1°

Solution We follow Method 2 in Example 4.37 by letting y(n) = ((o —
1)/8)e*™ in (7.3.15). We obtain the equation

- (7.3.16)

o —

z(n+1) —xz(n) + 1f(ac(n —k)) =0, (7.3.17)

where

fa) = 2 1n<(a—1)ew+1>'

a—1 «

It may be shown that the function f satisfies conditions (i) and (ii) in
Theorem 7.18 with L = 1. Hence by Theorem 7.18 every solution of (7.3.17)
oscillates about 0. This implies that every solution of (7.3.15) oscillates
about the equilibrium point y* = (o — 1) /5.
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Exercises 7.3
1. Consider the difference equation
Az(n) + e —1=0.
Determine the oscillatory behavior of all solutions.

2. Consider the difference equation

x(n+1)x(n)exp{r<lx(an)>}, r>0, a>0, z(0)>0.

(a) Show that x* = « is the only positive equilibrium point.

(b) Show that every solution oscillates about « if r > 1.

(c¢) Show that if » = 1, every solution converges monotonically to a.
3. Consider the difference equation

z(n—1)

z(n+1) = xz(n)exp [r(l— )], r>0, a«a>0, z(0)>0.

a
Show that every solution oscillates about z* = « if r > i.

4. Consider the difference equation

z(n+1) = z(n) exp [r (1 _ w(na— 1) x(nﬁ— 2))} )

r>0, a>0, />0, z(0)>0.

Show that every solution oscillates about z* = (af)/(a + 8) if r >
4(a+ )/ (270 + 1653).

5. Consider the difference equation
Az(n) +p(l+z(n))z(n) =0, p>0, 1+xz(n)>0.

Show that every solution oscillates if p > 1.

6. Consider the difference equation
Az(n) +p(1+z(n))z(n—1)=0, p>0, 1+=z(n)>0.

Show that every solution oscillates if p > %.

7. [63] Consider the difference equation
Ax(n) + p(n)[1 + w(n)] 2(n — k) =0, p(n) >0,

forn > 1, z(n)4+1 > 0 for n > —k. Prove that every solution oscillates
if 1inl)infp(n) =c>k/((k+ 1)k,
n o0
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8. Consider the difference equation
B az(n)
1+ Bx(n — k) +yx(n —1)

with o > 1, 3> 0, v > 0, k € ZT. Find conditions under which all
solutions oscillate.

z(n+1)






8

Asymptotic Behavior of
Difference Equations

In Chapters 4 and 5 we were mainly interested in stability questions. In
other words, we wanted to know whether solutions of a difference equa-
tion converge to zero or to an equilibrium point. In asymptotic theory, we
are concerned rather with obtaining asymptotic formulas for the manner
in which solutions tend to zero or a constant. We begin this chapter by
introducing the reader to the tools of the trade.

8.1 Tools of Approximation

The symbols ~, 0, and O are the main tools of approximating functions and
are widely used in all branches of science. For the benefit of our readers,
we shall give our definitions for functions defined on the real or complex
numbers. Hence sequences will be treated as a special case of the general
theory.

We start with the symbol O (big oh).

Definition 8.1. Let f(¢) and g(¢) be two functions defined on R or C.
Then we say that f(t) = O(g(t)), t — oo, if there is a positive constant M
such that

]|f<t)| < M|g(t)| forall t > t.

Equivalently, f(t) = O(g(t)) if ‘% is bounded for ¢t > ty. In other
words, f = O(g) if f is of order not exceeding g.

335
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Example 8.2.

(a) Show that

" 1
o =0— ), n— oo, forneZ*.
t2 4+ n? tn

Solution Without loss of generality we assume ¢ > 1. We have t?4+n? =
(t —n)? + 2nt > 2nt. Hence

n \"_ 1 1 /1 1
< =— (=)< =, f €L, = > K.
(t2+n2> =@y T o <t") = orn

It follows that
n " 1
_ -0 =
(7)) = (#)

with the constant M = 1 being independent of n.

(b) Show that
sin(n7r+1> —O(1>, n — oo.
n n

Solution Recall that sin (n7 + L) = (—1)"sin +. Thus
sin (mr + %) _ sin %
1/n /n |’
in L .
If we let u = %, then lim,, o Sinﬁ = lim,_,¢ |S”Z“| =1.

Hence we conclude that |(sin1) /(1/n)| is bounded, which gives the
required result.
(c) Show that t?logt + 3 = O(3),t — oo.

t? log t+t>
t3

Solution

logt
t

Using the first derivative test one may show that the function y = logt/t
attains its maximum value 1 as ¢ = e. Hence [logt/t| < 1 < 1, and thus
|(t*logt + t%)/t3| < 2. This proves the required result.

Remark: We would like to point out here that the relation defined by O
is not symmetric, i.e., if f = O(g), then it is not necessarily true that
g = O(f). To illustrate this point we cite some simple examples such as
r = O(z?),r — oo, but 22 # O(z),r — oo, or e~% = O(1),r — oo, but
1#£0(e™™),z — 00, since 1/e™* — o0, x — 0.

However, it is true that the relation O is transitive, that is to say if
f=0(g) and g = O(h), then f = O(h) (Exercises 8.1, Problem 1). In this
case we say that f = O(h) is a better approximation of f than f = O(g).
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Next we give the definition of the symbol o (little oh).

Definition 8.3. If lim;_, % = 0, then we say that

F6) = olg(),  t— .
Example 8.4.
(a) Show that t?logt + t* = o(t*),t — .

t?logt +t3 log t 1
Solution lim;_, o % = limy_, (17% + limy 00 n

Using L'Hopital’s rule we have

logt 1
ogt _ .

A e = i g =0
Hence
2 3
lim t*logt 4+t ~0,
t—00 t4
and the required conclusion follows.
(b) Show that o(g(t)) = g(t)o(1),t — oco.
Solution Let f(t) = o(g(t)),t — oo. Then
im M =0,
t—oo g(t)
which implies that % = 0(1),t — oco. Consequently, f(t) = g(t)o(1),

t — 0.

The reader may sense correctly that the symbol o plays a much less
important role than the symbol O.

Finally, we introduce the asymptotic equivalence relation ~.

Definition 8.5. If lim;, % = 1, then we say that f is asymptotic to
g, t = oo, and we write f ~ g,t — oc.

Notice that if f ~ g as t — oo, then

i 48— 9(®)
tooe g(t)

=0.

This implies from Definition 8.3 that f(t) — g(t) = o(g(t)) = g(t)o(1)
(Example 8.4). Hence we have

f(#) =g®)[1+o(1)].

Thus, it appears that the symbol ~ is superfluous, since, as has been
demonstrated above, f ~ g can be conveniently written as f = g(1+o(1)).
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Example 8.6.

1
(a) Show that sinh¢ ~ iet,t — 0.

inht Ligt — et
Solution lim 31111 = lim ¥ =1.
t—o0 Eet t—o0 §et
(b) Show that t?logt + 3 ~ 3t — oo.
Solution
t2logt + t log t
lim Ls—i_ =1+ lim ot
t—o00 t—o00

=1+ 0 (using L’Hépital’s rule)
=1.

Notice that from Examples 8.2(c) and 8.6(b) we have 3 ~ t2logt + t3
and t?logt + t3 = O(t3). It is also true that t?logt + 2t> = O(¢?), but
t2logt + 2t3 is not asymptotic to ¢, since

. t*logt +2t3
lim ———— =

t—00 +3

2.

Before ending this section we will entertain the curious reader by intro-
ducing the prime number theorem, well known in the discipline of number
theory. It says that the number of primes 7(t) that are less than the real
number ¢ is asymptotic to t/(logt), t — oo, that is,

()~

- logt’
For a proof of this result the reader may consult [144].
Another interesting asymptotic result is Stirling’s formula

n!l ~n"V2rne ", n— oco.

— Q.

A proof of this formula may be found in [127].

Exercises 8.1

2 )
1. Show that Fs +log(1+¢*) = O(logt), t— occ.

2. Show that sinht = O(e?), t — oo.
=g

3. Show that O(g(t)) (t)O(1), t — 0.
4. Show that:
1 1 1
@) — =1l lio(t t—
S A7) >



10.

11.

12.

13.

14.
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Show that sinh (1) = o(1), t — oo.

Show that:
(i) [0 = O(t2) = oft?),
(i) t+o(t) = O(2).
Show that:
(i) sin(O(t~1)) = O(t7Y),
(ii) cos(t + a+o(1)) = cos(t + a) + o(1), for any real number .
Prove that ~ is an equivalence relation.
Prove that both relations o and O are transitive.

Suppose that f(t) = O(t),t — oo, and g(t) = O(t?),t — co. Show that
for any nonzero constants a, b, af(t) + bg(t) = O(g(t)),t — oc.

If f =0(g),t — oo, show that:
(i) O(o(f)) = o(O(f)) = o(g),
(i) O(f)olg) = o(f)o(g) = o(f9g)-

Let f be a positive nonincreasing function of ¢, and let f(t) ~ g(¢),
t — oo. Prove that sup ., f(s) ~ g(t), t = oo.

Suppose that the functions f and g are continuous and have convergent
integrals on [1,00). If f(t) ~ g(t),t — oo, prove that

/ f(s ds~/ g(s) ds, t— 0.
Consider the exponential integral E,,(z) defined by
e e} e—a:t
E,(z) = / tTdt’ (x > 0), where n is a positive integer.
1
(a) Show that E, (z) satisfies the difference equation

Epi1(z) = % le™" — zEn(z)] .

(b) Use integration by parts to show that

En(x):67 (1—1—0(1)), x — 00.
x x
(¢) Show that

B, (z) = ne:xl [1+0 (7112)} . n— oo
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15. Show that

< et 1 1 1
/ ¢ = — 1——|—O<2>}, T — 00.
o T+t x| x T

16. Show that

8.2 Poincaré’s Theorem

In this section we introduce to the reader the theorems of Poincaré and
Perron. Both theorems deal with the asymptotic behavior of linear differ-
ence equations with nonconstant coefficients. It is widely accepted among
researchers in difference equations that the theorem of Poincaré [123]
marks the beginning of research in the qualitative theory of linear differ-
ence equations. Thirty-six years later, Perron [117] made some significant
improvements to Poincaré’s theorem.

To motivate our study we will take the reader on a short excursion to
the much simpler linear equations with constant coefficients of the form

z(n+k)+przn+k—1)+ -+ prz(n) =0, (8.2.1)

where the p;’s are real or complex numbers. The characteristic equation of
(8.2.1) is given by

N p AW p =0 (8.2.2)

Let A1, Aa, ..., Ax be the characteristic roots of (8.2.2). Then there are two
main cases to consider.

Case 1. Suppose that distinct characteristic roots have distinct moduli, i.e.,
if )\z 75 )\j7 then |)\z| 75 ‘)‘jl for all 1 < i,j < k.
For the convenience of the reader we will divide Case 1 into two subcases.
Subcase (a) Assume that all characteristic roots are distinct. So, by
relabeling them, one may write the characteristic roots in descending order

|>\1| > |>\2| > > |>\k|
Then the general solution of (8.2.1) is given by

x(n) = 1 AT + 2y + - - + R AL (8.2.3)



8.2 Poincaré’s Theorem 341

Hence if ¢; # 0, we have

lim z(n+1) lim D R A A 2 i
nhoe x(n)  nise eI Ny o g
N n+1 A\ n+1
ClJrCQ(A—f) +...+Ck(TI;)
= lim )\1 T n
n— 00 Cl+02(%) +"'+Ck(%)
= A1, since |—| <1, 1=2,...,k.
1

Similarly, if ¢; = 0, ¢ # 0, we obtain
z(n+1)

li = lo.
R 2

And, in general, if ¢c; =co=---=¢;_1 =0, ¢; # 0, then
fim P04 D

n—o00 x(n)
Subcase (b) Now suppose that there are some repeated characteristic
roots. For simplicity assume that A; is of multiplicity r, s0 Ay = Ay = -+ =
Ars A1 = |A2] = - = |Ar] > |Arg1] > -+ > |Ak|. Then the general solution
of (8.2.1) is given by
z(n) = (c1+con+ -+ en DAY + et Al o+ AR
Then one may show easily that this case is similar to Subcase (a) (Exercises
8.2, Problem 1).
Case 2. There exist two distinct characteristic roots A, A\; with [A.| = [A;].
This may occur if A, and A; are conjugates, i.e., A, = a+i3, \; = a—1i for
some real numbers a and 3. For simplicity, let us assume that r = 1,5 = 2,
so A\ = A and A; = Ag. We write \; = a+1i8 = reie, Ao =a—iff = re*w,
where r = (a®+3?)"/2,6 = tan~! (g) Then the general solution of (8.2.1)
is given by
xz(n) = crre™ 4 core ™0 4 C3Ay + - F AL
Hence
1
lim 773(” + )
n—oo  x(n)
i ,r.n+1(clei(n+l)0 4 02671’(7%#1)9) + 03)\3”1 S Ck)\Z+1
~ i T (c1€0 + coeT ) 4 g NG + -+ AR

(8.2.4)

in in

Since e = cosnf + isinnf,e” = cosnf — isinnf do not tend to
definite limits as n — oo, we conclude that the limit (8.2.4) does not exist.
For particular solutions the limit may exist. For example, if |A1| = |A2| >
[Asz| > -+ > |Ag|, and
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1 )
(a) ¢1 #0,c0 =0, then lim M =ret? = )\,
1 )
(b) ¢1 =0,co #0, then lim M =re~ 0 = \,.
Case 2 may also occur if A\; = — ;. It is left to the reader as Exercises 8.2,

Problem 2, to verify that in this case, too, lim, . z(n + 1)/2(n) does not

exist.

We now summarize the above discussion in the following theorem.

Theorem 8.7. Let x(n) be any nonzero solution of (8.2.1). Then

i P04 D
n—00 x(n)

(8.2.5)

for some characteristic root \,,, provided that distinct characteristic roots
have distinct moduli. Moreover, if there are two or more distinct roots Ay, A;
with the same modulus (|[\r| = |X;]), the limit (8.2.5) may not exist in
general, but particular solutions can always be found for which the limit

(8.2.5) ewists and is equal to a given characteristic 100t Ay, .
Example 8.8. Counsider the difference equation
z(n+2) + px(n) = 0.
(a) If 4 = 32, then the characteristic equation is given by
2+ 52 =0.

Hence the characteristic roots are Ay = 8i = 3e'™/% and Ay = —3i =

Be~™/2. The general solution is given by
x(n) — Clﬁneinw/Q + c2ﬁne—imr/2.

So

i
oo z(n)

z(n+1) et FDT/2 o o) o—i(nt1)m/2
= Clemw/Q + 02671‘”77/2 )

which does not exist. However, if we pick the particular solution

T(n) _ Clﬂneinﬂ/2,
then
T(n+1)

i
noo T(n)

— ﬁeinﬂ/2 _ BZ

Similarly, for the solution &(n) = cp3%e="7/2,
i 22+ 1)
n—00 aj(n)

= —Bi.
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(b) If u = —f32, then the characteristic roots are A\ = 3, Ay = —3. The
general solution is given by z(n) = ¢18" + co(—0)™.

Hence

. z(n+1) af T+ ep(=0)"
lim ———~ = lim
n—o0 x(n) n—oco 18" + 02(—16)"
-1 n+1
8l AT
n—00 Cl‘i’CQ(*l)n

(8.2.6)

The limit (8.2.6) does not exist, since z(n + 1)/x(n) oscillates between
B(c1 4+ c2)/(c1 — ¢2) and B(c1 — ¢2)/(c1 + ¢2). Notice that for the solution
Z(n) = 10",

Z(n+1)

n—oo  T(n)

and for the solution Z(n) = ca(—5)",

7 1
lim w =—0.
n—00 x(n)
In 1885 the French mathematician Henri Poincaré [123] extended the
above observations to equations with nonconstant coefficients of the form

zn+k)+pi(n)zn+k—1)+---+pe(n)z(n) =0 (8.2.7)
such that there are real numbers p;, 1 < i < k, with

lim p;(n) = p;, 1<i<k. (8.2.8)
n—oo
We shall call an equation of the form (8.2.7), (8.2.8) a difference equation
of Poincaré type. The characteristic equation associated with (8.2.7) is

Nepp Nty pr=0. (8.2.9)

The underlying idea behind Poincaré’s theorem is that since the coefficients
of a difference equation of Poincaré type are nearly constant for large n,
one would expect solutions of (8.2.7) to exhibit some of the properties of
the solutions of the corresponding constant coefficient difference equation
(8.2.1) as stated in Theorem 8.7.

An important observation which carries over from autonomous to nonau-

tonomous systems is the following. If lim 2D —
n—oo ( )

characteristic root, i.e., a root of (8.2.9).

«, then o must be a

Theorem 8.9 (Poincaré’s Theorem). Suppose that condition (8.2.8)
holds and the characteristic roots Ai, e, ..., Ax of (8.2.9) have distinct
moduli. If x(n) is a solution of (8.2.7), then either x(n) = 0 for all large
n or
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1
lm 2D (8.2.10)
n—00 a’;(n)
for some i, 1 <i<k.
PrOOF. The proof will be given in Section 8.8. O

Note that Poincaré’s Theorem does not tell us whether or not each char-
acteristic root A; can be written in the form (8.2.10). In 1921, Oscar Perron
[117] gave an affirmative answer to this question.

Theorem 8.10 (Perron’s First Theorem).  Assume that py(n) # 0
for alln € Z* and the assumptions of Theorem 8.9 hold. Then (8.2.7) has

a fundamental set of solutions {x1(n),xa(n),...,xx(n)} with the property
i 1 .
im 20D i<k (8.2.11)
n—00 xz(n)

PROOF. A proof of this theorem may be found in Meschkowski [99, p. 10].
Theorem 8.10 is commonly referred to as the Poincaré—Perron Theorem.
Perron [117] later formulated and proved a result of a different nature that
does not suffer from the restriction on the characteristic roots. O

Theorem 8.11 (Perron’s Second Theorem). Suppose that pi(n) #
0 for all n € Z%*. Then (8.2.7) has a fundamental set of solutions
{z1(n),x2(n),...,xx(n)} such that

le sup V/|z:(n)] = |Ail- (8.2.12)

It is questionable whether Poincaré—Perron Theorem remains valid if
(8.2.7) has characteristic roots with equal moduli. Perron himself addressed
this question and gave the following example, which shows that Poincaré’s
theorem may fail in this case.

But in order to understand this example we need to make a detour to
infinite products.

8.2.1 Infinite Products and Perron’s Example

An expression of the form

oo

H(l +a(n)), a(n)# -1 forallnecZ", (8.2.13)

n=1

is called an infinite product. The partial products are H(l + a(j)). The
j=1

infinite product (8.2.13) is said to converge if lim,, H?Zl(l + a(y)) is

finite and nonzero. Otherwise, it is said to be divergent.
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Theorem 8.12. Consider the infinite series

i a(n (8.2.14)
i a*(n). (8.2.15)

Then the following statements hold:

(i) The convergence of any two of (8.2.13), (8.2.14), (8.2.15) implies that
of the third.

(ii) If 302 la(n)| converges, then both (8.2.13) and (8.2.15) converge.
(iii) If (8.2.14) converges conditionally, then:

(a) (8.2.13) converges if (8.2.15) converges,

(b) (8.2.13) diverges to zero if (8.2.15) diverges.
PROOF. See [109]. O

Example 8.13. Consider the difference equation

z(n+2) — (1 + (n—|1—):> z(n) =0, n>0. (8.2.16)

Then the associated characteristic equation of (8.2.16) is A> —1 = 0. Hence
the characteristic roots are Ay = 1 and Ay = —1, with [A\;| = [A2| = 1. We
now have two cases to consider:

(i) For n =2k, z(2k +2) = (1 + ﬁ) x(2k), and hence

k
x(2k) H (1 + 2—1) z(0). (8.2.17)
(ii) For n =2k — 1, z(2k+ 1) = (1 + 55) (2k — 1), and hence
k—1
1
2k —1) = jl;[l (1 - 2;) z(1). (8.2.18)

Hence
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In the sequel we will show that this limit does not exist. To accomplish
this task, we need to evaluate the infinite products

ml(u 1 ) (8.2.20)

_i <1 - 21]) . (8.2.21)

Let us now apply Theorem 8.12(i) to the infinite product (8.2.20). Since

Z;’;l ﬁ converges, it follows by Theorem 8.12(i) that if (8.2.20) con-
oo 1

verges, then so does 3.7 57,

and

which is false. Thus the infinite product

(8.2.20) diverges to oo, since each term (1 + 21%) is greater than 1.
Next we consider the infinite product (8.2.21). By a similar argument,
we show that it diverges to zero, since each term (1 — %) is less than 1.

It follows that the limit (8.2.21) does not exist.

Example 8.14. Consider the difference equation

x(n+2)—

1
- i 1x(n +1)+ ﬁx(n) =0.
The associated characteristic equation is given by
M —-A=0

with characteristic roots \; = 1, A = 0. Hence by Perron’s theorem there
exist solutions x1(n), x2(n) such that

1 1
g St Ly T2t D)
n—00 ajl(n) n—00 xg(n)

=0.

What can we conclude about the solutions z1(n) and x2(n)? The solution
21(n) may be equal to a constant ¢, a polynomial in n such as

k k—1
agn” + ag—1n +---+ao,

or a function such as %, log n, among others. The solution x2(n) may be

777/2

equal to 0, e=2", e~ etc.

The reader may correctly conclude from the preceding examples that
Poincaré’s or Perron’s theorem provides only partial results about the
asymptotic behavior of solutions of linear difference equations. The ques-
tion remains whether we can use Perron’s theorem to write an asymptotic
expression of solutions of equations of Poincaré type. Using null sequences,
Wimp [145] devised an elegant and simple method to address the above
question. Recall that v(n) is called a null sequence if lim,_,o v(n) = 0.



8.2 Poincaré’s Theorem 347

Lemma 8.15. Suppose that lim,,_, s ‘”SE:)U —
(a) If X #0, then
2(n) = A" (8.2.22)
for some null sequence v(n).
(b) If A =0, then
[(n)| = 7/ (8.2.23)

for some positive null sequence p(n).

PROOF.
(a) Let
_ |z(n)
Then
fim YD o [Lre D)
n—oo  y(n) n—oo | A x(n)
If we let z(n) = logy(n), then we have
1
nhﬁrr;O z(n+1) —z(n) = nhﬁrr;(} log <y(Z(:lr))>
1
= log lim M

n—oo  y(n)
=0.
Hence for a given € > 0 there exists a positive integer N such that
|z(n+1) — z(n)] <e/2 foralln > N.

Moreover, for n > N, we obtain

n

|2(n) —2(N)] < Y [2(r) = 2(r = 1)| < %(n—N)-

r=N+1
N
(1-3)+
n
+E—s
2_7

for sufficiently large n. It follows that lim,,
for some null sequence v(n).

Hence

z(n)

2(N) ‘

<
n
<

N N M

z(n)

n

=0or z(n) =nv(n)

(b) This is left to the reader as Exercises 8.2, Problem 6. O
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Example 8.16. Use Lemma 8.15 and the Poincaré—Perron Theorem to
find asymptotic estimates of a fundamental set of solutions of the difference
equation

2n

+1
94+ = 1) —
y(n+2)+ y(n+1) oY

n
n+2

(n) = 0.
Solution The associated characteristic equation is given by
MEA-2=0

with roots A\; = 1, A = —2. By Perron’s Theorem, there is a fundamental
set of solutions yi(n), y2(n) with

1 1
m 20D g g, 2D

n—oo  yp(n) n—oo  ya(n)
Thus by Lemma 8.15 we obtain
yi(n) = €™, g(n) = (=2)"em™ ),

for some null sequences v(n) and u(n).
For the curious reader we note that an exact fundamental set of solutions
is given by

i) =—,  ya(n) =

1
n
Exercises 8.2

1. Prove that each nontrivial solution x(n) of the second-order difference
equation

z(n+2) + prz(n+ 1) + paa(n) =0
with double characteristic roots A\; = Ay = A satisfies lim,,— oo (z(n +
1)/2(n) = .
2. Suppose that the characteristic roots A1, As of
z(n+2)+pix(n+1)+px(n)=0

are such that A\; = —\y. Prove that lim, o (z(n + 1))/2(n) does not
exist for some solution z(n).

3. Consider the difference equation
z(n+3)—(a+p+7)z(n+2)+(af+ By +ya)z(n+1) —afyu(z) = 0,
where a, (3,7 are constants.

(a) Show that the characteristic roots are A\; = a, \oa = 3, and A3 = 7.
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(b) If |a| > |B] > |7], find a fundamental set of solutions 1 (n), z2(n),
and z3(n) with

1 1
i LA D gy, 204D g
n—oo  x1(n) n—oo  xa(n)
1
lim a(n+1) =

n— o0 xs(n)

(c) If la] = |B],¢ # B,]a] > |v], find a fundamental set of solu-
tions 1 (n), x2(n), and x3(n) such that lim, . x1(n+1)/x1(n) =
a, limy, oo Ta(n 4+ 1) /z2(n) = B, lim, 00 xz3(n + 1)/x3(n) = 7.

4. Consider the difference equation

n+1
n+4

x(n+2)+ni4x(n+1)f x(n) =0.

Use iteration to show that lim, . x(n 4+ 1)/z(n) does not exist for
every solution z(n).

5. Consider the equation
z(n+2)—((n+2)+2(=1)")/(n+2)3(n + 3)x(n) = 0.
Use iteration to show that lim, . (x(n + 1))/x(n) does not exist for
any solution z(n).
6. Prove part (b) of Lemma 8.15.
7. Show that the difference equation

n—&—?x(n)_nQ—i-lx
n+5 n?2 44

has an oscillatory solution and a nonoscillatory solution.

z(n+1) —

(n—1)=0

8. Consider the difference equation

2n — 1

2n—1

2)— e
z(n+2) <3+ R e

> xz(n) =0.
(a) Use Lemma 8.15 and Perron’s theorem to find asymptotic
estimates of a fundamental set of solutions of the equation.

(b) Verify that x1(n) = 2" and x2(n) = n? constitute a fundamental
set of solutions.

9. Let x(n) be a nontrivial solution of (8.2.7) such that lim, . z(n +
1)/x(n) = a. Show that « is a characteristic root, i.e., a root of (8.2.9).

10. Let o be a number whose modulus is greater than all of the charac-
teristic roots of a difference equation of Poincaré type (8.2.7). Prove
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that

im 20—
n—oo "

for any solution z(n) of the equation.

11. Suppose that lim,_,. z(n + 1)/z(n) = A > 0. Prove that for any
d € (0,)N):

(i) Jz(n)|= O\ +d)™, and
(ii) (A40)" = O(z(n)).
12. Consider the equation z(n +2) — (n + 1)z(n + 1) — 2n%z(n) = 0.

(a) Transform the equation into an equation of Poincaré type by
letting z(n) = (n — 1)! y(n).

(b) Use part (a) to get an asymptotic estimate of a fundamental set
of solutions.

13. Use the scheme of Problem 11 to find an asymptotic set of a
fundamental set of solutions of the equation

x(n+2)+4"z(n+1) +4n(n — )z(n) = 0.
14. Prove Theorem 8.12.
15. Consider the equation
(n+2)z(n+2) — (n+3)z(n+ 1)+ 2z(n) = 0. (8.2.24)
(a) Show that 1, 0 are the characteristic roots of the equation.
(b) Put
x(n+1)
(n)
in (8.2.23), where p(n) is a null sequence, and show that the
equation becomes

=1+ p(n) (8.2.25)

(4 Dun+1) =1 %ﬁt(n) (8.2.26)
(¢) Show that
=2+ 0(u(n)).

1+ p(n)
(d) Use part (c) to show that (8.2.27) is equivalent to

pn+1) = —%H +0 (;) . (8.2.27)
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(e) Show that

sn+1) = (1 +0 (;)) (n). (8.2.28)
(£) Prove that 2(n) ~ £,n - .

16. Show that (8.2.24) has another solution T ~ C%, n — 0o.

17. Use the scheme of Problem 15 to find asymptotic estimates of a
fundamental set of solutions of the equation

n+1Dz(n+2)— (n+4)z(n+1)+xz(n) =0.

18. Show that the equation z(n +2) — (n+ Dz(n+ 1)+ (n+ 1)z(n) =0
has solutions x1(n), z2(n) with asymptotic estimates

z1(n) ~ c(n — 2)! xa(n) = an, n — oo.
*19. (Hard). Consider the equation of Poincaré type
r(n+2)— (2+pi1(n))z(n+1) + (1 + p2(n))z(n) =0,

where p1(n) > po(n) for all n € Z*. Show that if x(n) is a solution
that is not constantly zero for large values of n, then lim,, . (z(n +

1))/z(n) = 1.
*20. (Hard). Consider the equation
z(n+2)+ Pi(n)x(n+ 1)+ P(n)z(n) =0

with lim, oo P1(n) = p1,lim,_ o P2(n) = pa. Let 1 be a positive
constant such that |z(n + 1)/x(n)|? > |p2| + n for sufficiently large n.
Suppose that the characteristic roots A1, Ay of the associated equation
are such that || > |Ag].

Prove that lim, o z(n + 1)/2(n) = A1.

8.3 Asymptotically Diagonal Systems

In this section we derive conditions under which solutions of a perturbed
diagonal system are asymptotic to solutions of the unperturbed diagonal
system. As a byproduct we obtain asymptotic results for nonautonomous
kth-order scalar difference equations.

We begin our study by considering the perturbed diagonal system

y(n+1) = (D(n) + B(n))y(n) (8.3.)
and the unperturbed diagonal system

z(n+1) = D(n)x(n), (8.3.2)



352 8. Asymptotic Behavior of Difference Equations

where D(n) = diag(A1(n), A2(n), ..., Ae(n)), \i(n) # 0, for all n > nyg >
0,1 < i <k, and B(n) is a k X k matrix defined for n > ng > 0. The
fundamental matrix of system (8.3.2) is given by

n—1 n—1 n—1
®(n) = diag ( IT 2. I A, T1 )\k(r)> : (8.3.3)

r=ng r=no r=ng

Let S be a subset of the set {1,2,3,...,k}. Define
@1 (n) = diag(p1(n), p2(n), ..., px(n)) (8.3.4)
by letting
n—1
IT xi(r), ifies,
lu"L(n) = T=no

0, otherwise.

Define ®5(n) = ®(n) — ®1(n).
We are now ready for the definition of the important notion of dichotomy.

Definition 8.17. System (8.3.2) is said to possess an ordinary dichotomy
if there exists a constant M such that:

(i) |®1(n)®~t(m)|| < M, forn>m > ny,
(ii) ||P2(n)@~t(m)|| < M, for m >n > ny.

Notice that if D(n) is constant, then system (8.3.2) always possesses an
ordinary dichotomy.

After wading through the complicated notation above, here is an
example.

Example 8.18. Consider the difference system z(n+ 1) = D(n)z(n) with

1
14 0 0 0
n+1

D) — 0 05 0 0
n= 0 0 n+l 0
1

0 0
n+2

Then a fundamental matrix of the system may be given by

®(n) = diag ﬁ (1 + ‘7_'_11) ,(0.5)",711(.7 + 1)&?[: (J_1F2>

=0

. 1
= diag (n +1,(0.5)",n!, it 1)!> .
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From this we deduce that

®1(n) = diag (07 (0.5)",0, 1)

(n+1)!
and
®y(n) = diag(n + 1,0,n!,0).

Finally,

@1 (n)® " (m) = diag (O, (0.5)"™, 0, T 1)(n)1 Y 2)> :
Hence

[®1 ()@~ (m)|| <1, for n>m > 0.

Similarly,

By (n)® 1 (m) = diag (::’_11,0, ::!70) , for m > n > ny.
Hence

[@2(n)@~ (m)[| <1, for m >n > ng.

We are now ready to establish a new variation of constants formula that
is very useful in asymptotic theory.

Theorem 8.19 (Variation of Constants Formula). Suppose that
system (8.3.2) possesses an ordinary dichotomy and the following condition
holds:

oo

> IB(n)]| < o (8.3.5)

n=no

Then for each bounded solution x(n) of (8.3.2) there corresponds a bounded
solution y(n) of (8.3.1) given by

yn) =a(n) + X Bum)® G + DBG)G)
j=no . (8.3.6)
= 5 Bam)a (i + DB,

The converse also holds; for each bounded solution y(n) of (8.3.1) there
corresponds a bounded solution x(n) of (8.3.2).

PROOF. Let z(n) be a bounded solution of (8.3.2). By using the method
of successive approximation, we will produce a corresponding bounded so-
lution y(n) of (8.3.1). We define a sequence {y;(n)} (i =1,2,...) by letting
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y1(n) = z(n) and

y1+1( Z (I) .7 + 1)B( )yz(])

Jj=no

- Z% G+ DB G). (8.3.7)

First we prove that y;(n) is bounded on the discrete interval [ng, o). This
task will be accomplished by induction on ¢. From our assumption we have
ly1 (n)| = |z(n)| < ¢1, for some constant ¢;. Now assume that |y;(n)| < ¢;,
for some constant ¢;. Then by Definition 8.17 we have

i1 ()] < 1+ Mei Y IBG)I| = ciga-

Jj=no

Hence y;(n) is bounded for each 1.

In the next step we show that the sequence {y;(n)} converges uniformly
on the discrete interval [ng, 00).

Using (8.3.7) we have, for i = 1,2,.. .,

yira(n) = yita(n \<MZIIB Wyi+1() = 3 (G)I-

Jj=no

Hence by induction on i (Exercises 8.3, Problem 8)

[Yir1(n) = gi(n)| < |M Y IBG| e (8.3.8)

Jj=no

We choose ng sufficiently large such that

M BG)=n<Ll (8.3.9)

Jj=no

Thus [y;11(n) — yi(n)| < cin’ and, consequently, 3272, {yi+1(n) — yi(n)}
converges uniformly on n > ng (by the Weierstrass M-test).!
We define

y(n) = 91(0) + Y {wia(0) = ()} = lim yi(n).

! Weierstrass M-test: Let un(z),n = 1,2,..., be defined on a set A with
range in R. Suppose that |u,(z)| < M, for all n and for all z € A. If the series
of constants Y >2 | M, converges, then Y 2  un(x) and > oo | |un(x)| converge
uniformly on A.
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Hence |y(n)| < L, for some constant L. Letting ¢« — oo in (8.3.7), we obtain
(8.3.6). The second part of the proof of the theorem is left to the reader as
Exercises 8.3, Problem 10. O

If the condition of ordinary dichotomy is strengthened, then we obtain
the following important result in asymptotic theory.

Theorem 8.20. Suppose that the following assumption holds:

(i)  Systems (8.3.2) posses an ordinary dichotomy;
(ii)) lim ®:(n) =0.

n—oo

Condition (H)
If, in addition, condition (8.3.5) holds, then for each bounded solution x(n)
of (8.3.2) there corresponds a bounded solution y(n) of (8.3.1) such that

y(n) = z(n) + o(1). (8.3.10)

PROOF. Let 2(n) be a bounded solution of (8.3.2). Then by using formula
(8.3.6) we obtain, for a suitable choice of m (to be determined later),

y(n) = z(n) + @1(n) 2 1+ 1)BG)y() + ¥(n), (8.3.11)
where
W) = @i(n) Y 07+ 1)B Z% G+ DBEWG)

(8.3.12)
Now recall that from Theorem 8.20, ||y|| < L, for some L > 0. Hence from
formula (8.3.12) it follows that

[w(n)| < ML) |IBG)|

j=m

Thus for € > 0, there exists a sufficiently large m such that |¥(n)| <
€/2. Since ®1(n) — 0 as n — oo, it follows from formula (8.3.11) that
ly(n) — x(n)| < e, for sufficiently large n. Therefore, y(n) = x(n) + o(1).

Our next objective is to apply the preceding theorem to produce a dis-
crete analogue of Levinson’s theorem [91], [36]. We start our analysis by
making the change of variables

= H Ai(r)z(n), for a specifici, 1<i<k. (8.3.13)

T™=N0

Then (8.3.1) becomes
z(n+1) = (D;(n) + Bi(n))z(n), (8.3.14)
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where
oo M) Ak(n)
Di(n) =d U T ,
o0 =ans (305 ()
1
Bi(n) = )\z(n)B(n)
Associated with (8.3.14) is the unperturbed diagonal system
z(n+ 1) = D;(n)x(n). (8.3.1%)

To make the proof of our main theorem more transparent we introduce
the following lemma.

Lemma 8.21 [9]. Assumption (H) hold for every equation (8.3.15), 1 <
i < k, if the following conditions hold.

There exist constants > 0 and K > 0 such that for each pair A\;, A;,
i # j, either

n

Ai
H (r) — 400, as n — 0o,
ol A(r)
- )\7. r
Condition (L) { and H \ ET; >pu>0, forall0<n;<ng,
r=ni J
no /\1
or H (r) <K, for all 0 < ny < no.
e, 1 29(7)

The proof is omitted and left to the reader to do as Exercises 8.3, Problem

7.
Example 8.22. Consider the diagonal matrix
D(n) = diag(A1(n), Az2(n), As(n))

where

2 1
Al(n):2—|—sin< n2—|— )77,

2 1
A2(n) :2—sin< n2—|— >7T,

Notice that:
(i)

if both ny and ny are even,
nz

)\1 (7")
)\2(7”)

if nq is odd and ns is even or vice versa,

T="N1

if both n; and ny are odd,

W= = W
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and
DY
H () — 00 asn — 0o.
r=0 )\3 (T)
(i)
1
ey 3 if both ny and ny are even,
II Aa(r) | _ L . .
a1 A (7) 1 if ny is odd and ng is even or vice versa,
3 if both ny and ny are odd,
and

H )\Q(T) — 00 as mn — oQ.

(iii)

H )\3(T) — 00 asn — oo,
-0 )\1(’/’)

but no subsequence of the product converges to zero, and

H )\3(T) — 00 as n — 00,
r=0 )\Q(T)

but no subsequence of the product converges to zero.

Thus the system z(n + 1) = D(n)x(n) satisfies Condition (L) and,
consequently, it satisfies Condition (H).

Next we give the fundamental theorem in the asymptotic theory of
difference equations; the discrete analogue of Levinson’s theorem [91].

Theorem 8.23. Suppose that Condition (L) holds and for each i,1 < i <
k,

Z IA (n)| < oo. (8.3.16)

Then system (8.3.1) has a fundamental set of k solutions y;(n) such that

yi(n) = (e; +o(1 HA (8.3.17)

r=ngo

where e; is the standard unit vector in R* where its components are all
zero, except that the ith component is 1.

PrOOF. Notice that under Condition (L) it follows from Lemma 8.21 that
(8.3.15) satisfies Condition (H). Moreover, from assumption (8.3.16), B;(n)
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satisfies condition (8.3.5). Thus we can apply Theorem 8.20 to (8.3.14)
and (8.3.15). Observe that since the ith diagonal element in D;(n) is 1, it
follows that x(n) = e; is a bounded solution of (8.3.15). By Theorem 8.20,
there corresponds a solution z(n) of (8.3.14) such that z(n) = e; + o(1).
Now conclusion (8.3.17) follows immediately by substituting for z(n) from
formula (8.3.13). O

Theorem 8.23 will be referred to as the Benzaid-Lutz theorem.

Example 8.24. Counsider the difference system y(n+1) = A(n)y(n), where

n?+2 i

2n? n3

A(n) = 0 1 0
1

27 O n

To apply Theorem 8.23 we need to write A(n) in the form D(n) + B(n)
with D(n) a diagonal matrix and B(n) satisfying condition (8.3.16). To
achieve this we let

1 1 1
5 00 2 0w
0 0 n 2% 0 0

Hence A\ = %,/\2 =1, and A3 = n. Thus for ng = 2, our system satisfies
the hypotheses of Theorem 8.23. Consequently, there are three solutions:

0
0
ya(n) ~ | 1],
0
n—1 0 0
ys(n) ~ Hj Of=m-1!0
Jj=1 1 1

Remark: Before ending this section we make one further comment on the
conditions in Theorem 8.23. This comment concerns the necessity for some
condition on B(n) such as (8.3.16). Certainly, condition (8.3.16) holds when
B(n) = O(n™*),n — oo, for some a > 1, i.e,, n*||B(n)|| < L for all
n > ng. On the other hand, the condition B(n) = O(n~!) is not sufficient
for formula (8.3.17) to hold, and a simple example illustrates this point.
Let us take k = 1,D(n) = 1, and B(n) = 1. Then (8.3.1) takes the
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form y(n+1) = (=) y(n) = (1 + 1) y(n), which has the general solution
y(n) = cn, for some constant c. Hence no solution satisfies formula (8.3.17).

Exercises 8.3

In Problems 1 through 5 find asymptotic estimates (using Theorem 8.23)
for a fundamental set of solutions of the given system.

1. y(n+1) = (D(n) + B(n))y(n), where

cosn 0 0

n
D(n) = 0 | 0
0 0 3

1
0
n(n+1)
1
— 0
n
0 1+ (—=1)"cosnm
e " 0
3—e? 0
0 1+n

3
n3
5
372
R
en
n
0 -
377,
n
0 -
n34+5

5. Give an example of a two-dimensional difference system where

Theorem 8.20 does not hold.

6. Define a diagonal matrix P = diag(ay, as, . ..

ifigs,
ifie s,

0
a; =
1

Prove the following statements:

(a) P%= P (a projection matriz).

where S is a subset of the set {1,2,...

(b) ®(n)P = ®1(n) as defined in (8.3.4).

,ak ), where

k).
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(¢) B()(I — P) = Da(n), where @3(n) = I — &y (n).
(d) ®1(n)P = P1(n), P2(n)(I — P) = P2(n).
7. Prove Lemma 8.21.
8. Prove formula (8.3.8) using mathematical induction on i.

9. Prove that the solution y(n) of (8.3.1) defined by (8.3.6) is bounded
for n > ng > 0.

10. Prove that under the assumption of Theorem 8.19, for each bounded
solution y(n) of (8.3.1), there exists a bounded solution z(n) of (8.3.2).

*11. (Open Problem). Improve Theorem 8.19 by relaxing condition (8.3.5),

requiring only conditional convergence of Zzo:no B(n).

*12. (Hard). Extend Theorem 8.19 to the case where D(n) is a constant
matrix in a one-block Jordan form, then extend it to the case when
D(n) is a constant matrix in the general Jordan form.

*13. (Hard). Extend Theorem 8.19 to the case where D(n) has an eigenvalue
equal to zero.

*14. (Open Problem). Suppose that there are r distinct eigenvalues A1(n),
A2(n),. .., Ar(n) with distinct moduli. Prove that with the conditions
of Theorem 8.19 holding for 1 < i < r, there are solutions y;(n),
1 <i <r, of system equation (8.3.1) that satisfy formula (8.3.12).

8.4 High-Order Difference Equations

In this section we turn our attention to the kth-order scalar equations of
the form

yn+k)+ (a1 +p1(n))y(n+k—1)+ -+ (ar + pr(n))y(n) =0, (8.4.1)

where a; € R and p;(n),1 < i < k, are real sequences. As we have seen
in Chapter 3, (8.4.1) may be put in the form of a k-dimensional system
of first-order difference equations that is asymptotically constant. Thus we
are led to the study of a special case of (8.4.1), namely, the asymptotically
constant system

y(n+1) =[A+ B(n)ly(n), (8.4.2)

where A is a k X k constant matrix that is not necessarily diagonal. This
system is, obviously, more general than the system induced by (8.4.1). The
first asymptotic result concerning system equation (8.4.2) is a consequence
of Theorem 8.23.

Theorem 8.25 [9]. Suppose that the matriz A has k linearly independent
eigenvectors &1,&2,...,&k and k corresponding eigenvalues A1, Aa, ..., Ak.
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If condition (8.3.16) holds for B(n), then system equation (8.4.2) has
solutions y;(n),1 <1i <k, such that

yi(n) = [& + o(1)]AT.

(8.4.3)

PROOF. In order to be able to apply Theorem 8.23 we need to diagonalize
the matrix A. This may be accomplished by letting

y="Txz (8.4.4)
in (8.4.2), where

T:(€1,€2,~~-,£k), (845)

that is, the ith column of T is &;.
Then we obtain

Tz(n+1) =[A+ B(n)]Tz(n),
or
z(n+1) = [D + B(n)]z(n), (8.4.6)
where D = T-'AT = diag(A1, A2, ..., \x) and B(n) = T™'B(n)T. Tt is
easy to see that B(n) satisfies condition (8.3.16). Now formula (8.4.3)
follows by applying Theorem 8.23. O

Example 8.26. Find an asymptotic estimate of a fundamental set of
solutions of

y(n+1) =[A+ B(n)]y(n), (8.4.7)
where
2 2 1
A=11 3 1]},
1 2 1,
1/ +1 0 (0.5)™
B(n) = 0 (0.2)" 0
e " 0 logn/n?
Solution The eigenvalues of A are \; = 5,2 = 1, and A3 = 1, and the cor-
1 1
responding eigenvectors are & = | 1| ,& = 0 |, and & = 0
1 -1 -2

Furthermore, B(n) satisfies condition (8.3.16). Thus by Theorem 8.25,



362 8. Asymptotic Behavior of Difference Equations

equation (8.4.7) has the solutions

1 1
yi(n) = (L +o(1))(B") | L[~ | 1] (5"),
1 1
1 1
ya(n) = (1 +o(1)) [ O |~ O],
-1 -1
1
ys(n)=(1+o0(1))| 0 | ~] O
—9 —9

Next, we apply Theorem 8.23 to establish the following asymptotic result
for (8.4.1).

Corollary 8.27. Suppose that the polynomial
p\) =N+ a N (8.4.8)
has distinct roots A1, Ao, ..., A\ and that

o0
Z Ipi(n)] < oo, forl<i<k. (8.4.9)
n=1
Then (8.4.1) has k solutions y1(n),y2(n), ..., yr(n) with
yi(n) = [1 4+ o(1)]A}. (8.4.10)
PRrROOF. First we put (8.4.1) into the form of a k-dimensional system
z(n+1) = [A+ B(n)]z(n), (8.4.11)
where
0 1 0
0 0 1 0
A= )
—ar —Qak—-1 ... —a1
0 0 e 0
B(n) = 0 0 . 0 )
—pe(n)  —pr-1(n) ... —pi(n)

z(n) = (y(n),y(n+1),....y(n+k—1)7".

Notice that polynomial (8.4.8) is the characteristic polynomial of the matrix
A. Furthermore, for each eigenvalue \; there corresponds the eigenvector
&= (1, N2, ..., )\f_l)T. In addition, the matrix B(n) satisfies condition

17"
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(8.3.16). Hence one may apply Theorem 8.25 to conclude that there are k
solutions z1(n), z2 (n),...,zx(n) of (8.4.11) such that, for 1 <4 <k,

yi(n) 1
sl = [ w2 = oy | N
yi(n —I—.k: -1 )\i_c'—l
Hence y;(n) = [1 + o(1)]AZ. -

Example 8.28. Find asymptotic estimates of fundamental solutions to
the difference equation

yn+3)— (2+e ") y(n+2) - (1 + e 1) y(n+1) +2y(n) = 0.
Solution The characteristic equation is given by A% — 2A%2 — A + 2 = 0 with
roots A\; = 2,\2 = 1, A\3 = —1. Notice that p;(n) = —e "2, pa(n) =
—n%ﬂ, and p3(n) = 0 all satisfy condition (8.4.8). Hence Corollary 8.27
applies to produce solutions y1(n), y2(n), and y3(n) defined as follows:

yi(n) = [L+o))2",  ya(n) =1+0(1),  ys(n)=[1+o(L))(-1)"

Corollary 8.27 is due to Evgrafov. It says that for each characteristic root
of polynomial (8.4.8), at least one solution behaves as in formula (8.4.10),
provided that the rate of convergence of the coefficients is not too slow.

What happens if all the roots of the characteristic equation (8.4.8)
are equal? This same question was addressed by Coffman [22], where he
obtained the following result.

Theorem 8.29. Suppose that the polynomial (8.4.8) has a k-fold root of
1 and that

Z “pi(n)| < oo, for1<i<k. (8.4.12)

Then (8.4.1) has k solutions y1(n),y2(n), ..., yx(n) with
yi(n) =n""1(14+0(1)), n— oco. (8.4.13)

We remark here that the actual result of Coffman is stronger than the
statement of Theorem 8.29. Indeed, he proved that

n i—m
+o0 for 1 <m <1,
T—m n

T—m
0< > fori<m<k-1.

n

AMy;(n) =
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The curious reader might wonder whether Coffman’s theorem (Theorem
8.29) applies if the polynomial (8.4.8) has a k-fold root not equal to 1.
Luckily, by a very simple trick, one is able to do exactly that. Assume that
the characteristic equation (8.4.8) has a k-fold root u # 1. Then polynomial
(8.4.8) may be written as

A=k =0. (8.4.14)
Letting y(n) = u™xz(n) in (8.4.1), we obtain
P (b k) 4" (a4 pr (n)e(nt k= 1)+ -4 p" (ag+pr(n)J2(n) = 0,
or

x(n—i—k)—i(a1+p1(n))x(n+k—1)+' : -+%(ak+pk(n))x(n) =0. (8.4.15)

The characteristic equation (8.4.15) is given by

a a a
Mo+ oAbt Z25k=2 g DR
1 p p

which has a k-fold root A = 1. Moreover, if p;(n),1 < i < k, satisfies
condition (8.4.1), then so does (1/4%)p;(n). Hence Theorem 8.29 applies to
(8.4.15) to yield solutions z1(n),za(n),...,xzx(n) with

z;(n) =n""1 (14 o(1)), n — 0o.
Consequently, there are solutions y; (n), y2(n), ..., yr(n) of (8.4.1) such that
ya(n) = 'L (1 + (1)) ",
We now summarize the above observations in the following corollary.

Corollary 8.30. Suppose that the polynomial (8.4.8) has a k-fold
root p and that condition (8.4.12) holds. Then (8.4.1) has k solutions

y1(n),y2(n), ..., yr(n) such that
yi(n) = n'"' (1 + o(1))p" (8.4.16)

Example 8.31. Investigate the asymptotic behavior of solutions of the
difference equation

y(n+3) — (6 +e " y(n+2)+ (12 - (n+1)—8y(n)=0.

1
(n+ 1>4> !
Solution The characteristic equation is given by A3 —6A% +12)\—8 = 0 with
roots A\; = Ay = A3 = 2. Also, p1(n) = —e™ " 2, pa(n) = —1/(n + 1)%, and
p3(n) = 0 all satisfy condition (8.4.12). Hence, by Corollary 8.30 there are
three solutions y1(n) = (1 + 0(1))27, y2(n) = n(l + 0(1))2", and y3(n) =
n%(1+o(1))2".

Example 8.32. Consider the difference equation

z(n+2)+pi(n)x(n+ 1)+ p2(n)xz(n) =0, (8.4.17)
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where

p1(n) #£0, n>mng>0,
and where

. 4pa(n)

lim ————————— = 8.4.18

i —1) P (34.15)
exists. Let a(n) be defined by

4
a(n) = — ) (8.4.19)

pi(n)pi(n —1)
Assume that p # 0, p < 1, and

> Ja()] < co. (8.4.20)

J=mno

Show that (8.4.17) has two solutions,

z1(n) ~ (—;)n nﬁ () (1 tUvF (O‘Q(Z))) , (8.4.21)

Jj=no

where v = /1 — p.

Solution Let
o) = (-3) (ﬁ m)) y(n). (8.4.22)

J=mno
Then (8.4.17) is transformed to
y(n+2) —2y(n+1) + (p+ a(n))y(n) = 0. (8.4.23)

Let z(n) = (21(n), 22(n))T = (y(n),y(n + 1))T. Then (8.4.23) may be put
into a system of the form

z1(n+1 0 1 z1(n
(@En + 1;) - (1/2 —1—a(n) 2) (22En;> i (8.4.24)
Again we let
(zl(n)> _ ( 1 1 ) <u1(n)>
za(n) ~wv—-1) v+1) \ua(n)/
Then (8.4.24) becomes

up(n+1) _ (I —=v+ (a(n)/2v)) a(n)/2v uy(n)
uz(n+1) —a(n)/2v (I1+v—(a(n)/2v)) usz(n) ]
2
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If we let u(n) = (u1(n),uz(n))?, then we may write (8.4.25) in the form

u(n+ 1) = (D(n) + B(n))u(n), (8.4.26)
where
(A =v+an)/2v) 0
bn) = ( 0 (1+v— (a(n)/2y))>’

0 a(n)/2v
Bm) = (—a(n)/21/ 0 > '

By Theorem 8.23, there are two solutions of (8.4.26) given by

n—1
wr(m) ~ | T (= v+ (a(j)/20)) <1> ,

_j:no 0

n—1 i 0
u_(n)~ | [T @ +v—(a(i)/2v)) <>

1
_j:’ﬂo

These two solutions produce two solutions of (8.4.24),

. y+(n)
wrln) = <y+(N+ 1))
n—1 . 1
< -1 VJrl) (jl;!o(l —v+ (a(J)/QV))) (0) ;
Y-
Y (n+1
( o y+1> (}jﬂ(””‘ <a<j>/2u>>> (;)

n—1

yi(n) ~ T 0= v+ (a(i)/2v)),

Jj=no

Hence

n—1

y-(n) ~ [T @ +v = (a(j)/2v)).

Jj=no

Using (8.4.22) we obtain

n n—2 n—1
24 (n ( ) I »G) J] (0= v+ (ali)/2v)). (8.4.27)

Jj=no Jj=mno
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Similarly, one may show that

z_(n) ( > le H (14 v — (a(j)/2v)). (8.4.28)

Jj=no Jj=mno

(See Exercises 8.4, Problem 11.)

Exercises 8.4

In Problems 1 through 4 find an asymptotic estimate of a fundamental set
of solutions of the given equation y(n + 1) = [A + B(n)]y(n).

S L) T
27 \o 3)° (n)_ﬁ(o.l)"

-1 00 sinn 0 0
3.4=(0 1 0], B(n)= | (n+1)

0 0 4 0 o 1

(n+1)

5 4 9 0 (0.2) 02

4. A=4 5 2|, Bm=|0O1" 0 e
1
2 2 2 L
0 o 0

In Problems 5 through 10 investigate the asymptotic behavior of solutions
of the given equation.

5. y(n+2) — (5+c")y(n+ 1) + <6 - (n+11)2) y(n) = 0.

yn+2)— (4+ne ™

(n+2) - y(n

yn+2)+ (4 +ne ™y(n

y(n+3) —6y(n+2)+ (11 + (sinn)e ™)y(n + 1) — 6y(n) = 0.
(n+3)—
(

Jy(n)
Jy(n) = 0.

R

y(n+3)—B+2"")y(n+2) +3y(n+1) —y(n) =0.
10. y(n+3) — 15y(n+2) + 75y(n + 1) — (125 + (0.1)")y(n) = 0.

11. Complete the proof of Example 8.32 by verifying formula (8.4.28).
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*12.

13.

14.

*15.

*16.
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Consider the second-order difference equation
z(n+2)+pi(n)z(n+1) + pa(n)z(n) = 0. (8.4.29)
Assume that p;(n) # 0 for n > ng and that:
(i) limg, o0 4p2(n)/(p1(n)p1(n — 1)) = p,
(i) >0 ny l(n)]| < 00, where

a(n) = [4p2(n)/(p1(n)p1(n — 1)] - p). (8.4.30)
If p is neither 0 nor 1, show that (8.4.29) has two solutions

N N ) R

where v = /1 — p.

In Problem 12, suppose that p = 1 and that all the assumptions
there hold except that the condition > °7 |a(n)| < oo is replaced

by Y52, nla(n)] < co.

n=ngo

Show that there are two solutions z1(n) ~ (—%)n H;ZSO p1(j) and
z2(n) ~n (_%)n H;:io p1(4), n — oo.
Consider the difference equation (8.4.29) such that p;(n) # 0 for n >

ng. Assume that lim,_,(p2(n))/(p1(n)p1(n — 1)) = 0 and a(n) =
(p2(n))/(p1(n)pr(n — 1)).

(a) Use the transformation z(n) = (f%)n]—[? jo p1(j3)z(n) to trans-
form (8.4.29) to z(n+2) —2z(n+ 1) + a(n)z(n) = 0.

(b) Show that (8.4.29) has two solutions z1(n) ~ (—=1)" [];Z 30 p1(4)
and x2(n) = o(v™|z1(n)|) for any v with 0 < v < 1.

Consider the difference (8.4.17) with conditions (8.4.17) and (8.4.18)
satisfied. If p is real and p > 1, show that formula (8.4.21) remains
valid if we assume that

> dlaG)] < . (8.4.31)

Jj=no

Show that formula (8.4.21) remains valid if one replaces hypothesis
(8.4.20) by

oo

> a7 < oo (8.4.32)

Jj=no

for some real number o with 1 < o < 2.
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*17. Show that the conclusions of Problem 16 remain valid if condition
(8.4.32) is replaced by

for some real numbers o and 7 such that 1 <o <2 and 7 > 0.

8.5 Second-Order Difference Equations

The asymptotics of second-order difference equations play a central role in
many branches of pure and applied mathematics such as continued frac-
tions, special functions, orthogonal polynomials, and combinatorics. In this
section we will utilize the special characteristics of second-order equations
to obtain a deeper understanding of the asymptotics of their solutions.
Consider the difference equation

z(n+2)+pi(n)z(n+ 1) + pa(n)z(n) = 0. (8.5.1)

One of the most effective techniques to study (8.5.1) is to make the
change of variables

v(n) = (1) I n)) o, (552

2 .
J=no

Then (8.5.1) is transformed to

- n —4p2(n) n)=
Yn+2) = 2y(n 1) B () =0 (8.5.3)
Put
q= lim 4p2—(n) a(n) 4p2(n) q. (8.5.4)

n—oo py(n)pr(n — 1)’ C p(pi(n—1)
Then the characteristic roots associated with (8.5.3) are A\ = 1—+/1 —g¢
and Ao =1+ /1 —q¢q.

Here there are several cases to consider:

Case I. If —00o < g¢ < 1, then A\; and Ay are real distinct roots with
|A1] # |A2]. Case I may be divided into subcases.

(a) If a(n) — 0, then by invoking the Poincaré-Perron theorem we obtain
two linearly independent solutions y;(n) and y2(n) such that
1 1
i A0 gy 200 E D

n—oo Y1 (’rl,) n—oo Y2 (n)

= Ao (8.5.5)

Although this does not provide us with explicit representations of the
solutions y1(n) and ya(n) it does guarantee the existence of a special
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solution, called a minimal solution. As we will see later, minimal solu-
tions play a central role in the convergence of continued fractions and
the asymptotics of orthogonal polynomials.

Definition 8.33. A solution ¢(n) of (8.5.1) is said to be minimal
(subdominant, recessive) if

Him 20 g
n— o0 x(n

for any solution x(n) of (8.5.1) that is not a multiple of ¢(n). A non-
minimal solution is called dominant. One may show that a minimal
solution is unique up to multiplicity (Exercises 8.5, Problem 1).

Returning to (8.5.3), let us assume that |A1| < |A2|. Then there exist

H1, o such that |A\1] < p1 < pe < |A2]. By (8.5.5) it follows that, for

sufficiently large n,
ly1(n+1)|

lya(n + 1)]
2 () =

< u; and > Uo.
|y2(n)|

Hence

lyr(n)| < pfly(0)],  ly2(n)| = p3ly2(0)],

which implies that
lim y1(n)] = lim (Ml) 91(0)] =0. (8.5.6)
n=oo |ya(n)| - n=oo \pz ) |y2(0)]

Therefore, y1(n) is a minimal solution of (8.5.3) (Why?) (Exercises
8.5, Problem 1).

If a(n) € IY(Z"), that is, Z|a )] < oo, then by Corollary 8.27,

(8.5.3) has a fundamental set of solutions y;(n) and y2(n) such that
yi(n) = AT (1+0(1)),  w2(n) = A3 (1 +o(1)).

Hence
n—1
z1(n) = (—;) H p1(J) | A{(1+0(1)),
n—1
za(n) = (—;) H p1(J) | A2 (1 +o0(1)).

Notice that we have treated this case thoroughly in Example 8.32,
where we obtained formulas (8.4.27) and (8.4.28).
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(c) Suppose that a(n) € I*(Z"), that is, Y ° a®(n) < co. Then using
the scheme of Example 8.32, Elaydi [38] showed that (8.5.1) has two
linearly independent solutions z1(n), z2(n) obeying formulas (8.4.27)
and (8.4.28). In other words,

= (-5) [ Im)) IT 0-v+ @62 ow),

(8.5.7)

1 n n—2 n—1
nat = (=5) (I no) TI Q4= @20+ o).

Jj=no Jj=no

(8.5.8)

Moreover, x1(n) is a minimal solution, and z2(n) is a dominant
solution.

We remark here that the above results may be extended to systems as
well as to higher-order difference equations [38].

Case II. If ¢ = 1, then A\; = Ay = 1. In this case we use Coffman’s result
(Theorem 8.29) to produce two solutions of (8.5.3),

y1(n) ~1 and ys(n) ~n,

provided that Zn\a )| < o0.

no

Case III. If ¢ > 1, then Ay and Ay are complex conjugates A= Ao,
[A1] = |A2]. In this case we use another result from [43].

Theorem 8.34 [43]. Suppose that ¢ > 1 and the following condition
holds.

oo

Z la(n+1) — a(n)| < co.

n=no

Then (8.5.3) has two solutions y1(n),y2(n) with

yi(n) = (1+o(1 Hﬁl i=1,2,..., (8.5.9)

m=ng

where

n)=1-+/1-qg+a(n), p20n)=1++1-q+a(n),

provided that Rey/1 — q+ a(n) is semidefinite for a fized branch of the
square root (0 < arg/z < ).
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8.5.1 A Generalization of the Poincaré—Perron Theorem

[57] In many applications related to (8.5.1) the coefficients py(n) and pa(n)
are of the form

pi(n) ~an®, pa(n) ~bnP, ab#0, a,Breal; n — oco.

The asymptotics of the solutions of (8.5.1) can be determined by means
of the Newton—Puiseux diagram formed with the points Py(0,0), P; (1, «),
P5(2,3) (Figure 8.1)

Theorem 8.35 [114], [82].

(a) If the point Py is above the line PyPy (i.e., a > (3/2), then (8.5.1) has
a fundamental set of solutions x1(n) and x2(n) such that

fim DD e |y, 220D 7 e
n—00 ajl(n) n—00 x2(n) a

(8.5.10)

Moreover, xo(n) is a minimal solution.

(b) Suppose that the points Py, Py, Pa are collinear (i.e., a = (3/2). Let
A1, A2 be the roots of the equation A\24+aX+b = 0, such that |\1]| > |Aa|.
Then (8.5.1) has a fundamental set of solutions x1(n) and xo(n) with

1 1
lim 7%(”_'— ) = A\n%, | lim 7332(714— )

= @ 511
n— 00 xl(n) n— 00 xQ(n) Aan®, (85 )

provided that |\1| # |A2|. Moreover, xa(n) is a minimal solution.

If || = |A2f, then

lim sup { = |\ (8.5.12)

n—roo

—
S
=

Q

for all nontrivial solutions x(n) of (8.5.1).

(c) If the point Py lies below the line segment PyPs, then

lim sup |20 o 0] (8.5.13)
oo P (B2 | T e

for all nontrivial solutions of (8.5.1).

PROOF. Let py(n) = an® + v(n), Pa(n) = bn® + u(n), where v(n) and
u(n) are null sequences. Then we may write (8.5.1) as

z(n+2) + (a n® +vn) z(n+1) + (b n® + un)) z(n) =0. (8.5.14)
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P

1

pr2 B

P
°0 1 2

FIGURE 8.1. Newton—Puiseux diagram for (8.5.14).

Making the change of variable z(n) = (n!)®y(n) in (8.5.14) yields

n \“ v(n)
2 1
y(n+2) + [a <n+2> + (n—|—2)0‘] y(n+1)
s

N [ n N p(n)
(n+1)*n+2)* (n+1)%n+2
(a) If 2a > 3, the characteristic equation of (8.5.14) is A2 + aX = 0. The
first solution z1(n) in (8.5.1) corresponds to A\; = —a in the Poincaré-

Perron theorem. The second solution x2(n) may be obtained by using
formula (2.2.18) and is left to the reader as Exercises 8.5, Problem 2.

)a} y(n) =0. (8.5.15)

The proofs of parts (b) and (c) are left to the reader as Problem 2. O

Remark: The above theorem is valid for kth-order scalar difference
equations. The interested reader may consult [113], [82], [146].

Exercises 8.5

1. Consider a kth-order scalar difference equation of Poincaré type (8.2.7)
such that its characteristic roots have distinct moduli.

(a) Show that the equation has a minimal solution.
(b) Show that the minimal solution is unique up to multiplicity.
2. Complete the proofs of parts (a), (b), (c¢) in Theorem 8.35.

3. Investigate the asymptotic behavior of the equation

y(n+2) = 2y(n+1)+ <1 - nlg> y(n) = 0.

4. Investigate the asymptotic behavior of solutions of the equation

aym) = C0 1)

where o > 1.

5. Investigate the asymptotic behavior of solutions of

a%y(n) = 2y 4 1)
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where oo > 1, and

for all n > 1.
Show that the difference equation
A2g(n) = p(n)a(n + 1)
has two linearly independent solutions x1(n) and z2(n) such that

z1(n)  w2(n) |
det l Azi(n) Azy(n) ] =L

. (Multiple Summation). Show that for any sequence f(n), n € Z™,

n—1 r—1 n—1

T=no j=no j=no

. Consider the second-order difference equation [34], [35]

A%y(n) + p(n)y(n) =0 (8.5.17)
such that
> ilp() < 0. (8.5.18)
j=1

Show that (8.5.17) has two solutions y;(n) ~ 1 and ya(n) ~n as n —
00, without using Coffman’s theorem (Theorem 8.29). You may use the

following steps:

j=r

FIGURE 8.2.

SO =D (=) fG): (8.5.16)



8.5 Second-Order Difference Equations 375

(a) Use A%y(n) = —p(n)y(n) to show that

n—1r—1

y(n) =c1+ca(n) = > p(i)y()).

r=1 j=1

(b) Use formula (8.5.16) to show that

n—1 .
L < e el + Y o 222
j=1

(¢) Use the discrete Gronwall’s inequality (Lemma 4.32) to show that

ly(n)| < csn.
(d) Substitute back into
n—1
Ay(n) =c1 = > pli)y())
j=1

to obtain

lim Ay(n) =cq — M.

n—oo

*9. (Generalized Gronwall’s Inequality). Suppose that

u) <a+b Y (),

Jj=no

where 1 £+ >0,a>0,b>0, ¢(j) > 0, and u(j) > 0, for j > no.

Prove that
. 1/(1—7)
u(n) < |a' 7+ b(1—7) Y e(d) , (8.5.19)
j=mno
provided that, for v > 1,
a'™ +b(1 —7) "Zl c(j) >0 for n>ng.
j=no

*10. Generalize the result of Problem 8 to the so-called Emden-Fowler
equation

A%y(n) +p(n)ly(n)|” sgn y(n) = 0, (8.5.20)
where v # 1 is a positive real number, and

(n) = 1 ify(n) >0,
s g = -1 ify(n) <0.
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Show that if
> (i) = M < o,
Jj=no

then each solution y(n) with the initial condition y(ng) with

y(no)
ng

[Ay(no) + ‘ — Ay(no) rw +2(1— )M >0

is such that y(n) ~ n as n — oo. You may use the following steps.

(a) Let A(n) = Ay(n),B(n) = y(n) — nAy(n). Show that y(n) =
nA(n) + B(n).

(b) Show that
AA(n) = p(n)[|nA(n) + B(n)[]” sgn y(n),
AB(n) = (n+ 1)p(n)[[nA(n) + B(n)|]” sgn y(n).

(c) Use the antidifference operator A=! to obtain A(n) and B(n) and
then use the generalized Gronwall’s inequality.

(d) Suppose that x1(n) and xs(n) are two linearly independent
solutions of the equation

A?z(n) = p(n)xz(n + 1).
In addition, assume that for a sequence g(n) we have
> la()uG) = M < oo,
Jj=no
where for a specific m € Z7,

u(n) = max {|z1(n + D[z ()P, o1 (0 + 1)z (n) P,
|z2(n 4+ D|z1 ()P, o (n + 1) |za(n) P )
Show that there exist solutions y(n) of the equation
A%y(n) = p(n)y(n + 1) + q(n)y*™* (n)
such that
y(n) = a(n)z1(n) + B(n)z2(n),
with
nh%rrgo a(n) = a, nlgr;o B(n) =b,

for some constants a, b.
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8.6 Birkhoff’s Theorem

Consider again the second-order difference equation
z(n+2)+pi(n)x(n+ 1)+ p2(n)x(n) =0, (8.6.1)

where p;(n) and pa(n) have asymptotic expansions of the form

0o a ) b.
pi(n) ~ 5 pa(n) ~ Y L (8.6.2)
=0 =0

The characteristic equation associated with (8.6.1) is A2 4+ agA + by = 0

with roots
1 /1
)\1, /\2 = —§CLO + Za% - bo. (863)

Extensive work by Birkhoff [11], [12] Birkhoff and Trjitzinsky [13], and
Adams [2] has been done concerning the asymptotics of equations of type
(8.6.1) with expansions (8.6.2). Due to the limitations imposed by the intro-
ductory nature of this book, we will restrict our exposition to second-order
difference equations. Our presentation here follows closely the excellent
papers by Wong and Li [147], [148].

Theorem 8.36 (Birkhoff-Adams).

(a) If \1 # Ag, i.e., a3 # 4bg, then equation (8.6.1) has two linearly inde-
pendent solutions x1(n),x2(n), which will be called normal solutions,

of the form
o ci(r)
;(n) ~ A\'p%i =2 =12, 8.6.4
)~ N ST, (36.4)
ai\; + by .
=1 =1,2, 8.6.5
@ ao)\i + Qbo ’ ( )
s—1 M _,j S o _,]
STaze (T ) 4 ) aey +be (8.6.6)
o §—J =\

Cz(j) = O, CZ(O) =1.
In particular, we obtain

(1) = _2>‘z2ai(ai —1) = N(ag2 + Miar + a;(a; — 1)ag/2) — be
e 202 (a; — 1) + Xi(ar + (A — D)ag) + by
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(b) If My =Xy =X but A = —%ao is mot a root of the equation a1 A+b; =0
(i.e., 2by # apay), then equation (8.6.1) has two linearly independent
solutions, x1(n), xa(n), which will be called subnormal solutions, of the
form

o\ - Cl(-j) .
zi(n) ~ N’V Z TR 1=1,2, (8.6.7)
j=0
where
1 bl apay] — 2b1 apay] — 2b1
- 4= = =—-24/—, (8.6.8
1T M My oy (868)
Co = 17

1
Cl(l) = Wg%(aga% — 24apa1bg + 8apgai by

— 24agagby — b3 — 3203 + 24boby + 48boby).
(8.6.9)

(The general recursive formula for c;(n) is too complicated to be
included here. The interested reader is referred to Wong and Li [147].)

(¢) If \y = A2 = X\ and 2by = agay, then we consider the equation
ala— DA + (a1a + a) A+ by = 0.

Let aq, as (Reas > Reay ) be the roots of this equation. Then there
are three subcases to contemplate.

(1) If ag — a1 # 0,1,2,..., then equation (8.6.1) has two linearly
independent solutions of the form

zi(n) ~ A" Z ily)

. (8.6.10)
3=0

(c2) If g — an = 1,2,..., then equation (8.6.1) has two solutions, x1(n)

given by (8.6.10) and z2(n) = z(n)+c(ln n)xi(n), where c is a constant

that may be zero, and

[e%¢) ds
2(n) ~ A"y — (8.6.11)
s=0

(c3) If as = ay, then equation (8.6.1) has two solutions: x1(n) given by
(8.6.10), and z2(n) = z(n) + c(lnn)z1(n), ¢ # 0,

[e’s} ds
2(n) ~ A T2y — (8.6.12)
s=0

where r is an integer > 3.
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PrROOF. The main idea of the proof is to substitute the formal solu-
tions (8.6.4) and (8.6.7) back into (8.6.1) and then compare coefficients
of powers of n in the resulting expression. Details of the proof will not be
included here, and we refer the interested reader to the paper of Wong and
Li [147]. O

Example 8.37. The Apéry Sequence

" (n ? n+k ?
=) ()

satisfies the second-order difference equation

(n+2)3u(n +2) — (34n> +153n2 4+ 231n 4+ 117)u(n +1) 4+ (n+1)3u(n) = 0.

The sequence [141]

(8.6.13)

Writing (8.6.13) in the form (8.6.1), we have

—(34n3 + 153n2 + 231n + 117)
pi(n) = 3
(n+2)
—a+ 2+ 24 (8.6.14)
n n
3
n—+1 by by

= b+ —+ =+ . 8.6.15
pn) = (255 ) =ttt 3+ (5.6.15)

To find ag we just take the limit of both sides of (8.6.14) to obtain ag = —34.
Subtracting ag from both sides, multiplying by n, and then taking the limit
as n — oo yields a; = 51. Repeating this process, we obtain as = —129.
Similarly, one may obtain by = 1,b; = —3,bs = 9. Hence by formula (8.6.3)
the characteristic roots are A1, Ao = 17 + 12v/2. From formula (8.6.5) we
have

o= 51(17+12v2) -3 -3
sy 12ve) 2 2

51(17 — 12/2) — 3 -3
g = —_.

(—34)(17—12v2) +2 2

Hence we have two solutions u;(n) and us(n) such that

n2

1 2
up(n) ~ (17 4 12v/2)"n=3/2 {1 + % + c(2) +} 7
with ¢1(1) ~ —15.43155325, and

us(n) ~ (17 — 12v/2)"n=3/2 {1 + # + 03522) 4. } 7

with ¢2(1) & —1.068446129. Since uz(n) — 0, it follows that u(n) = cuq(n)
for some constant c.
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Example 8.38. Laguerre Polynomials [147]

Laguerre polynomials L?(x) are defined for 3 > —1,0 < = < oo, by the
following formula, called Rodrigues’ formula:

L) = e @ﬂvﬁw>=§:vwm<n+ﬂ>xm

dxn n—m/)] m!’
m=0

It can be shown (see Appendix F) that LZ(z) satisfies a second-order
difference equation of the form

nyn)+(x—-2n—F+y(n—1)+ (n+ 06— 1)y(n—2) =0.
Writing this equation in the form (8.6.1) yields

r—2n—p3—-3
n+2

n+p8+1

2
y(n+2) + n+2

y(n+1)+ y(n) =0. (8.6.16)

Following the procedure in the preceding example, we obtain

— 1 2(x — 1
e 2y EOEL 2a=B41)
n n

B-1 2(8-1)

n n?

+...’

by =1+ e

The characteristic equation is A2 — 2\ + 1 = 0, which has a multiple root
A1 = Ay = 1. This root does not satisfy (z —a+1)A+a—1 =0, and hence
we have two subnormal solutions of the form (8.6.7). Using formula (8.6.8)
we obtain o = %, 8 — i, v1 = 2y/xi, vo = —24/xi. Hence it follows from
formula (8.6.7) that we have two solutions

o

—1)" o /nwi — Cr ]
yr(n) = e e nf/? 1/42 nj(/]Q)’ r=1,2, (8.6.17)

Jj=0

with C1 (0) = CQ(O) = 1,

—1)"s
e (1) = (48\% (42° — 126 — 2423 — 242+ 3), r=1,2.

Thus y2(n) = y1(n). But we know from [98, p. 245] that

Lﬁ(x) = V2e2/20=B/2-1/4B/2-1/4 (g (QM - %ﬂw - i)

+O(nPr2=314),
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Thus

1 , .
LB(z) = 57T—1/zegc/2x—ﬂ/2—1/4 {é(ﬁw/2+7r/4)1y1(n) + e(ﬁw/2+w/4)zy2(n)}

n

P _ 1 1 Ag(x)
_ . 1/2 x/2.,—B/2—1/4,B/2—1/4 R s
=q/%e"x n {cos (2\/7133 267r 47r> E Ry

+ sin (2% - %ﬂﬁ .- > B;;(Z) } ;

ZT(

@
i
o

where Ag(z) =1, A1(z) =0, Bo(z) =0, and

Bi(x) (42 — 126? — 2423 — 242 + 3).

1
48\/x

Remark: In [148] the authors extended their analysis to equations of the
form

z(n+2)+n"pi(n)x(n+ 1) + n’pa(n)z(n) =0,

with 7 and s integers and p;(n), p2(n) of the form (8.6.2).
Exercises 8.6
1. (Binomial Sums)
(a) Verify that the sequence u(n) =>"}_, (2)3 satisfies the equation
(n +2)%u(n +2) — (Tn* + 21n + 16)u(n + 1) — 8(n + 1)%u(n) = 0.

(b) Find an asymptotic representation of u(n).

2. (a) Verify that the sequence u(n) = Y}'_, (2)4 satisfies the equation
3 3 2 7
(n+2)°u(n+2) — 12 n—l—i n +3n—|—§ u(n+1)

—64(n+i) (n+1) (n+i)u(n):0.

(b) Find an asymptotic representation of u(n).

3. Find asymptotic representations for the solutions of the equation
(n+2)°u(n+2) = ((n+2)° + (n+ 1)°)u(n + 1) + (n +1)°u(n) = 0.

4. Find asymptotic representations for the solutions of the difference
equation

u(n+2) —u(n+1) — (n+ L)u(n) = 0.
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5. Find asymptotic representations for the solutions of the difference
equation

n+1)(n+2)z(n+2)— (n+1[2n+b+c+ 1)+ 2]
xz(n+1)+n+d)(n+c)x(n)=0, z=#£0.

6. Find asymptotic representations for the solutions of the second-order
difference equation

(n+1)(n+2)y(n+2) = (n+1)(2n+2b+1)y(n+1)+(n+b)*y(n) = 0.

8.7 Nonlinear Difference Equations

In this section we consider the nonlinearly perturbed system

y(n +1) = A(n)y(n) + f(n,y(n)) (8.7.1)
along with the associated unperturbed system
z(n+1) = A(n)x(n), (8.7.2)

where A(n) is an invertible k¥ x k matrix function on Z* and f(n,y) is
a function from Z* x R¥ — RF that is continuous in y. Let ®(n) be the
fundamental matrix of system (8.7.2). The first step in our analysis is to
extend the variation of constants formula (Theorem 8.19) to system (8.7.1).
Since A(n) is not assumed here to be a diagonal matrix, we need to replace
Definition 8.17 by a more general definition of dichotomy.

Definition 8.39. System (8.7.2) is said to possess an ordinary dichotomy
if there exists a projection matrix P and a positive constant M such that

|®(n)P® H(m)| < M, forng <m <mn,
|®(n)(I — P)® ' (m)| < M, forng<n<m. (8.7.3)
Notice that if A(n) = diag(A1(n), ..., Ax(n)), then this definition reduces

to Definition 8.17 if we let ®4(n) = (I)( )P and ®5(n) = &(n)(I — P).

Theorem 8.40 [44], [121], [131]. Suppose that system (8.7.2) possesses
an ordinary dichotomy. If, in addition,

2160 <o (8.7.4)
and
|f(n,2) — f(n,y)| < v(n)lz —yl, (8.7.5)

where y(n) € 1'([ng,00)) i.e., 3272, 7(j) < oo, then for each bounded
solution x(n) of (8.7.2) there corresponds a bounded solution y(n) of (8.7.1)
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and vice versa. Furthermore, y(n) is given by the formula

) = aln) + 3 B)PE G+ DG, u(5)
=2 eI = PTG+ D) (G y(). (8.7.6)

PrROOF. The proof mimics that of Theorem 8.19 with some obvious mod-
ifications. Let x(n) be a bounded solution of (8.7.2). Define a sequence
{y:(n)} (i=1,2,...) successively by letting y1(n) = x(n) and

n—1

yir1(n) = z(n) + Z ()P (j + 1) f(j, 9 (4))
- Z ®(n)(I = P)~'(j + 1) f(j,4i(j)). (8.7.7)

We use mathematical induction to show that y;(n) is bounded on [ng, c0)
for each 4. First we notice that by assumption, |y;(n)| < ¢;. Now suppose
that |y;(n)| < ¢;. Then it follows from (8.7.4), (8.7.5), and (8.7.7) that

[Yit1(n) |<C1+MZ DNy G+ 115, 0)1]
j=no
0 ~
<ca+M ZCW(J')‘FM = Citl,
J=mno

where

> 1£3G,0) =

J=mno
Hence y;(n) is bounded for each i.

As in the proof of Theorem 8.19, one may show that the sequence {y;(n)}
converges uniformly on [ng, c0) to a bounded solution y(n) of (8.7.1). Con-
versely, let y(n) be a bounded solution of (8.7.1). Then one may verify
easily that

n—1
gln) = Y @) PO~ (j+1)f Z@ “GHDFG )
Jj=no
is another bounded solution of (8.7.1). Hence x(n) = y(n) — g(n) is a
bounded solution of (8.7.2). O

The preceding result does not provide enough information about the
asymptotic behavior of solutions of system equation (8.7.1). In order to
obtain such results we need one more assumption on (8.7.2).



384 8. Asymptotic Behavior of Difference Equations

Theorem 8.41 [44]. Let all the assumptions of Theorem 8.40 hold. If
®(n)P — 0 as n — oo, then for each bounded solution x(n) of (8.7.2)
there corresponds a bounded solution y(n) of (8.7.1) such that

y(n) = z(n) + o(1), (8.7.8)
or
y(n) ~ z(n).
PROOF. The proof is similar to the proof of Theorem 8.20 and is left to
the reader as Exercises 8.7, Problem 7. O

Example 8.42. Consider the equation
yi(n+1)\ (3 0 y1(n) siny; (n)/n?
<y2<n+1>> - (o 1/2) <y2<n>> ! ((1 —cosy2<n>>/n2> S

Here
_ 3 0 B sinyl/n2
Aln) = (0 1/2) oy = <(1 —Cosyg)/n2> '

Using the Euclidean norm we obtain Y272, |f(4,0)| = 0. Moreover, for
L1 Y1
T = ) y = )

sinx, — siny;

we have

1

n2

[f(n,x) = f(n,y)| =

COS XTo — COS Ya

1
= ﬁ\/(sinzl —siny;)? + (cosxg — cosy)?. (8.7.10)

By the Mean Value Theorem,
[sinz; — siny |
B P—— = |cosc|, for some ¢ between z; and yy,
11—y

<1

)

and
|cos zg — cos s

< 1.
|z2 — Yo

Hence substituting into (8.7.10), we obtain

1
£(0,2) = FO, )] < S5l =yl
The associated homogeneous equation

z(n+1) = A(n)z(n)
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has a fundamental matrix ®(n) = (, ?’n(l /S)n) and two solutions; one

bounded, z1(n) = (?)(%)”, and one unbounded, z3(n) = ((1))3”. If we let

the projection matrix be
0 0
P= ,
01

d(n)P = 0 0 =0
S\ /2"
as m — 0o.

Hence all the conditions of Theorem 8.41 hold. Thus corresponding to
the bounded solution z1(n) = () (3)" there corresponds a solution y(n) of
(8.7.9) such that

() ()

Next we specialize Theorem 8.41 to the following kth-order nonlinear
equation of Poincaré type:

y(n+k) + (a1 +p1(n))y(n+k = 1)+ + (ar + pr(n))y(n) = f(n,y(n)).
(8.7.11)

then

Corollary 8.43. Suppose that the characteristic equation \¥ 4+ ai \*=1 +
oo 4 ap = 0 has distinct roots \;,1 < i <k, and >~ |pj(n)] < 00,1 <
Jj < k. Assume further that conditions (8.7.4) and (8.7.5) hold. Then for
each A; with |\;| <1 there corresponds a solution y; of (8.7.11) such that

y;i(n) ~ AT
PrROOF. By Corollary 8.27, the homogeneous part of (8.7.11),
z(n+k)+ (a1 +p1(n))z(n+k—1)+ -+ (ar + pr(n))z(n) =0,

has solutions x1(n),za(n),...,zk(n) with z;(n) ~ A*. If [A;] < 1, then
xj(n) is bounded. Corresponding to this bounded solution z;(n) there is a
solution y;(n) of (8.7.11) with y;(n) ~ z;(n). Thus y;(n) ~ A}. O

Example 8.44. Investigate the asymptotic behavior of solutions of the
equation

6777,

3 1
2) — = 1)+ = =—. 8.7.12
Y +2) = Syt 1)+ gun) = s (8712)
Solution The characteristic equation is given by
3 1
M_ZA+-=0
2 + 2

with distinct roots

)\1:1, )\2:5
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Now,
Zf(n,O) = Ze*" < 0.
n=0 n=0
Moreover,
n 1 1
|f(n,z) — f(n,y)| =e v 1t4°
(1 +$2 +y2 +$2y2)

<z —yl.
Hence all the assumptions of Corollary 8.43 are satisfied. Consequently,
(8.7.12) has two solutions y;(n) ~ 1 and ya(n) ~ (%)”
Exercises 8.7

In Problems 1 through 3 investigate the asymptotic behavior of solutions
of the equation y(n + 1) = A(n)y(n) + f(n,y(n)).

1
- 0 —n
LAm =2 | ﬂmw=<e ?Wﬁ.
0 n+2
1
2 3 _
ZAm>Q _J, ) = |

sam=(3 ). sm= (12))

4. Study the asymptotic behavior of solutions of

y(n+2)+ (2 + le> yn+1)—(1+e ™y(n) =

5. Study the asymptotic behavior of solutions of
1

2) —4 1)+3 ==

i +2) = dyln+ 1)+ 3y(n) = =

6. Study the asymptotic behavior of solutions of y(n+2)+(1+e ")y(n) =
e ".

7. Prove Theorem 8.41.

In Problems 8 through 10 investigate the asymptotic behavior of the
difference equation.
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8. A?y(n) +e"y3(n) = 0.

9. A%y(n) ~ 5 (ly(m)]) /2 = 0.
10. A2%y(n) + %(y(n))l/‘3 =0.

In Problems 11 and 12 we consider the nonlinear equation
z(n+1) = f(z(n)) (8.7.13)
with f(0) =0, 0 <|f(0)] <1, and f’ continuous at 0.
11. Show that there exist 6 > 0 and 0 < a < 1 such that
[2(n)] < a"a(0)], n € Z*,
for all solutions z(n) of (8.7.13) with |z(0)| < 6.

12. Suppose that f” is bounded near 0, and |f'(z)| < 1 for |zo| < .
Prove that for any solution z(n) of (8.7.11) with |2(0)] < § we have
x(n) ~ cx(0)(f'(0))™ as n — oo, where ¢ depends on z(0).

13. Use Problem 12 to find an asymptotic representation of solutions of
the equation
z(n+1)=z(n)/(1+z(n)), «(0)=0.1.
14. Find an asymptotic representation of solutions of the equation

u(n+1) =u(n) + ﬁ

8.8 Extensions of the Poincaré and Perron
Theorems

8.8.1 An FExtension of Perron’s Second Theorem

Coffman [22] considers the nonlinear system
y(n+1) = Cy(n) + f(n,y(n)) (8.8.1)

where C is a k x k matrix and f : Z* x R¥ — RF is continuous. The
following result extends Perron’s Second Theorem to nonlinear systems.

Theorem 8.45 [22]. Suppose that W — 0 as (n,y) = (00,0). If

y(n) is a solution of (8.8.1) such that y(n) # 0 for all large n and y(n) — 0
as n — oo, then

Tim /()] = | (8.8.2)

for some eigenvalue A\; of A. Moreover, |\;| < 1.
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Using the above theorem, Pituk [122] was able to improve Perron’s Sec-
ond Theorem such that conclusion (8.2.12) is now valid for all nontrivial
solutions. As a bonus we get a system version of this new result.

Consider again the perturbed linear system

y(n+1) =[A+ B(n)]y(n) (8.8.3)
such that A is a k x k constant matrix and

lim || B(n)| = 0. (8.8.4)

n—00

Theorem 8.46 [122]. Under condition (8.8.4), for any solution y(n) of
(8.8.3), either y(n) = 0 for all large n or

n

lim
n— o0

ym)|l = Al (8.8.5)

for some eigenvalue \; of A.

PROOF. Let y(n) be a solution of (8.8.3). Clearly if y(N) = 0 for some N,
then y(n) = 0 for all n > N. Hence we assume without loss of generality
that y(n) # 0 for n > ng. Let A1, Ag, ..., A\x be the eigenvalues of A. Let
p> max |A;| and let

z(n) =z(n)/u", n > ng. (8.8.6)
1 1
Substituting in (8.8.3) yields z(n + 1) = [MA + MB(n)] z(n) or

z2(n+1) =Cz(n)+ E(n)z(n) (8.8.7)

where C = iA, E(n) = iB(n) Notice that the eigenvalues of C are
%)\1, %)\2, ceey i)\k, where \;, 1 <1 < k, are the eigenvalues of A. Moreover

‘% <1, for 1 <i <k By virtue of (8.8.4), L=l < =1 B(n)| —
0 as n — oo. Hence by Corollary 4.34, the zero solution of (8.8.7) is (glob-
ally) exponentially stable. Thus z(n) — 0 as n — oo for every solution z(n)
of (8.8.7). By Coffman’s Theorem 8.45 we have lim,_,o ¥/||z(n)|| = i|)\i|,
for some 1 < ¢ < k. This implies that lim, . ¥/|ly(n)| = |\i|, for some
1<:<k. O

Now we specialize the preceding result to the scalar difference equation
of Poincaré type

z(n+k)+pi(n)z(n+k—1)4+- -+ pr(n)z(n) = 0. (8.8.8)

Using the l-norm ||y(n)||cc = max{|z;(n)| | 1 < i < k}, we obtain the
following extension of Perron’s Second Theorem.
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Theorem 8.47. Consider the difference equation of Poincaré type (8.8.8).
If x(n) is a solution, then either x(n) =0 for all large n or

limsup /|z(n)| = |\, (8.8.9)

n—oo

for some characteristic root \; of (8.8.8).2%3

PrROOF. We first convert (8.8.8) to a system of the form (8.8.3), where
y(n) = (z(n),z(n + 1),...,2(n + k — 1))T. Notice that |y(n)]e =
max{|z(n)|,|z(n+1)|,...,|z(n+ k —1)|}. Conclusion (8.8.9) follows from
Theorem 8.46. O

Using the I1-norm |ly(n)||1 we obtain the following interesting result.

Theorem 8.48. If x(n) is a solution of the difference equation of Poincaré
type (8.8.8), then either x(n) =0 for all large n or

hm V0zn)| + [z(n+ 1)+ -+ |z(n+ &k — 1)].

Remarks:

(i) The conclusion (8.8.9) cannot be improved, the limsup cannot be
replaced by lim as shown by considering the equation

x(n+2)—xz(n)=0.
This equation has the solution z(n) = 1 4+ (—1)", where

limsup,, ., V|z(n)] =1 = |\1| = |A2]. However, lim,_, ¥/|z(n)

does not exist.

(ii) For a direct proof of Theorem 8.46 without the use of Coffman’s
Theorem, the reader may consult the paper by Pituk [122].

8.8.2 Poincaré’s Theorem Revisited

The main objective of this subsection is to extend Poincaré’s Theorem
to systems of the form (8.8.3). So as a by-product we prove Poincaré’s
Theorem for scalar difference equations. The exposition here is based on a
recent paper by Abu-Saris, Elaydi, and Jang [1]. The following definitions
were developed in a seminar at Trinity University led by Ulrich Krause of
the University of Bremen and the author.

2This was conjectured by U. Krause and S. Elaydi in a seminar at Trinity
University.

3Mihély Pituk, a Professor of Mathematics at the University of Veszprém,
received the best paper award (2002) from the International Society of Difference
Equations for proving Theorem 8.47 and other related results.
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Definition 8.49. Let y(n) be a solution of (8.8.3). Then y(n) is said to
be of:

(1) Weak Poincaré type (WP) if

Jim Y/ y(n)]| = |A

for some eigenvalue A of A.

(2) Poincaré type (P) if

1
N CEDI]

=\
N O

for some eigenvalue A of A.

(3) Strong Poincaré type (SP) if

lim y(n) =C

n—oo A\

for some eigenvalue A of A and a nonzero vector C.

(4) Ergodic Poincaré type (EP) if

lim 7@/(71) =0

n=oe [[y(n)]|

for some eigenvector v of A.

The following examples [1] illustrate the interrelationship among the
above concepts.

Example 8.50. Consider the system

Mn+n=<;f>mm,nzo

e (s()- ()

is a solution. Notice that

Then

Tim /Tyl = 1
but

i Ny DI [B/(B+a) ifnis even,
eyl (B+a)/p ifnis odd.

Hence y(n) is weak Poincaré but not Poincaré.
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Example 8.51. Consider the system

n+1 0 1
yn+1) = 2n y(n), n>1, y(l)= <0> .
0 1
The solution is given by
-1 n—1 1
y(n):(in,ln <0>7 n>1.
Notice that lim,_ o Hzﬁgjzz)l”)” = 4, where —3 is an eigenvalue. How-

1
ever, lim, oo % = lim, oo (—1)"7! <0> does not exist. Thus y(n) is
Poincaré but not ergodic Poincaré.

Example 8.52. Contemplate the system

n+1 0 1
yn+1) = n y(n), n>1, y(l)= <0> .
0 1

The solution is given by

1 1
Notice that Hggzg\l = <0>, where (O) is an eigenvector that corresponds

to the eigenvalue 1. However lim,,_, %ff) diverges. Hence y(n) is ergodic
Poincaré but not strong Poincaré.

To facilitate the proof of the main result we present a definition and two
lemmas.

Definition 8.53. A solution y(n) = (y1(n),y2(n),...,y:;(n))’ of (8.8.3) is
said to have the index for maximum property (IMP) if there exists an index
r € {1,2,...,k} such that, for sufficiently large n,

Iy = max ya(m)| = Iy (n)]

Observe that solutions in Examples 8.51 and 8.52 possess the IMP, while
the solution in Example 8.50 does not possess the IMP.

Lemma 8.54. Suppose that A = diag(A1, A2, ..., Ak) such that 0 < [M\] <
[A2| < -+ < |Ag] and (8.8.4) holds. Then every solution of (8.8.3) possesses
the IMP.
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PROOF. Since lim,,« ||B(n)|| = 0, for any € > 0, there exists Ny > 0
such that |B(n)| = maxi<i<k Z;?:l |bij(n)] < e for n > N;. We choose
€ > 0 such that
[Ai| + ¢
Ajl —e

<1l for1<i<j<k.

Let y(n) be a nontrivial solution of (8.8.3) and let 7, be the first index
such that

ly()Il = lyr, (n)]-

We claim that r, is nondecreasing. To see this suppose that r,11 < rp,
then

lyi(n + )| < [Nillyi(n)] + €lyr, (n)],
lyi(n + 1) = [Aillyi(n)] — elyr, (n)],
for all n > Nj. This implies that

‘yrn+1(n+ 1)| < |)‘7"n,+1| |y7"n+1 (’I’L)| +€|y7"n(n)|

lyr, (n+ D)1 = (A [y, ()] = €lyr, (n)]
_ e Y )y, ()| + €
|)‘7'n| —¢€
|)‘r +1\| +e
__nr <1
T

which contradicts the definition of r,41. Since 7, assumes only finitely
many values, the result follows. O

Lemma 8.55. Letlim, .o ||B(n)|| = 0. Suppose that A = diag(A1, ..., A)
such that 0 < |A1] < -+ < |Xg|. Then every nonzero solution y(n) of (8.8.3)
that has the IMP with ||y(n)|| = |y-(n)| for all large n satisfies

_ |yi(n)]
lim =0 for |\| # |\
A Ty, () A7

PROOF. Let y(n) be a nonzero solution of (8.8.3) that has the IMP. Since
lim, oo ||B(n)|| = 0, for any £ > 0 there exists N > 0 such that | B(n)|| < e
and [ly(n)|| = |y-(n)| for n > N. We choose € > 0 so that |X;|/(|Aj]—¢) < 1
for 1 <i < j <kand |\ #|Aj|. Observe that, for n > N,

lyi(n + DI < [Aillyi(n)] + el (n)],

lyi(n+ DI = [Aillyi(n)] = elyr, (n)],
for 1 <4 < k. Suppose that |\;| # |\.|. We first consider the case when
j>r. Let
)l

S
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Then there exists a subsequence n; such that

)l
nitsso [y (ny)]

Observe that
lyi (i + D] o Al Ly (i)l = elyr(na)| _ [As] Ly (i)l /1yr(ni)| —
lyr(ni + 1)1 = ([Ae] + &)y (n3)] A+

for n; > N. Therefore,

[Ajls — €
~ Nl +e
and, consequently,
€
§< ——
Al = 1Al — e

for all sufficiently small €. This implies that s = 0 and the assertion is
shown.
On the other hand, if j < r, then

lyi(n+ D _ [Nl yi(0)[ +elyr ()] (N yi(n)] £
yr(n+1)| = (Al = Olyr(n)] <|)\r| —5) RO
for n > N. Thus

n—N
ly;j (n)] <( A ) ly; (V)] N
ol S\IT=2) @[T 1o BPL |-
and as a result
lim sup |yj(n)| < <

n— oo |yr(n)| - |>\r| - ‘)‘j| —¢€
for all sufficiently small e. This implies that
lim sup 19 ()| =
n—oo [Yr(n)]

and complete the proof. O

By using Lemmas 8.54 and 8.55 we present a sufficient condition for
which (8.8.3) has the Poincaré property.

Theorem 8.56. Suppose that the eigenvalues of A have distinct moduli
and lim,_, [|B(n)|| = 0. Then (8.8.3) possesses the Poincaré property P.

PROOF. We may assume, without loss of generality, that A is in diagonal
form, i.e., A = diag(A1, Aa, ..., Ag), where 0 < [A\] < -+ < |Ag|. Let y(n)
be a nontrivial solution of (8.8.3). It follows from Lemma 8.54 that

ly()ll = lyr(n)]
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for all large n, for some 1 < r < k. Moreover, Lemma 8.55 implies
o )
n=o0 [yp(n)]

for 1 <4 < k such that ¢ # r. Therefore, if ¢ £ r, then

i BOED gy [, B0 5y )

=1 i + n =0
noee fye(n)] o nsee |y ()] lyr(n)]
and if ¢ = 1, we have
. yr(n + 1) - )\ryr TL)
lim = lim b; =0.
n—roo |yr(n)] "HOOZ i |yr ()]
Consequently,
1) —
oyt ) = Ayl
n—o0 ly(n)]|
Since
lyn+ DI ] < ly(n+1) — Ar||7
ly(n) ly(n)]|
it follows that
1
o WD
n—oe|y(n)]
The proof is now complete. O

As an immediate consequence of the above result, we obtain the original
Poincaré’ Theorem.

PROOF OF THEOREM 8.9. Write equation (8.2.7) as a system of the form
(8.8.3). Then a solution y(n) of (8.8.3) is of the form y(n) = (z(n),z(n +
1),...,2(n+k —1))T. By Theorem 8.56 we have

1
i 12 DIy (8.8.10)
nooo Jy(n)|
for some eigenvalue A\. By Lemma 8.54, there exists r € {1,2,...,k} such

that
ly(m)ll = lyr(n)| = [z(n+7r = 1)|.
Substituting (8.8.10) yields

o R
wroe fa(n+r— D] e a(m)]

= [Al
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where A is a characteristic root of (8.2.7). Since zirz:)l) < 15072:)1) ,
lim,, 00 "”50”(’:)1) exists. Hence lim, oo % = X (See Exercises 8.2,
Problem 9.) O

Term Projects 8.8

1. Find the relationships among the notions of WP, P, SP, and EP for
both scalar equations and systems of Poincaré type.

2. Find sufficient conditions for EP and SP.

3. Extend Perron’s First Theorem to systems.






9

Applications to Continued Fractions
and Orthogonal Polynomials

9.1 Continued Fractions: Fundamental
Recurrence Formula

Continued fractions are intimately connected with second-order difference
equations. Every continued fraction may be associated with a second-order
difference equation; and conversely, every homogeneous second-order dif-
ference equation may be derived from some continued fraction. The first
point of view is useful for computing continued fractions, the second for
computing the minimal solutions.

Let {a,}22, and {b,}22, be two sequences of real or complex numbers.
A continued fraction is of the form

ai
bo + 7
by + 2
. an
by + "+
by + -
or, in compact form,
a1 ag as
by + 9.1.1
by + by + bs + ( )
or
by + K (an/by)
or

bo + K2 (an/bp).
397
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The nth approximant of a continued fraction is defined as

C(n) = gEZ; = bo + K} (a;/b;)
S0 S an (9.1.2)

b1+ b2+ bn.

The sequences A(n) and B(n) are called the nth partial numerator and
the nth partial denominator of the continued fraction, respectively. It is
always assumed that % is in reduced form, that is, A(n) and B(n) are
coprime (i.e., they have no common factors). An alternative way of defining
a continued fraction is through the use of a “Mo6bius” transformation, which
is defined as

— an

T by tu’

to(u) =by +u, tn(u) n=1,2 3, .... (9.1.3)

Then it is easy to see that the nth approximant is given by
C(n) = (too t1o---0t,)(0). (9.1.4)

Definition 9.1. The continued fraction (9.1.1) is said to converge to a
finite limit L if lim,_,o C(n) = L, and it is said to diverge otherwise.

Next we show that both the nth partial numerator A(n) and the
nth partial denominator B(n) of the continued fraction (9.1.1) satisfy
a second-order difference equation commonly known in the literature as
the fundamental recurrence formula for continued fractions. The explicit
statement of this important result now follows.

Theorem 9.2. Consider the continued fraction boy+ K52 1 (an /by) with nth

approzimant C(n) = A(n)/B(n). Then A(n) and B(n) satisfy, respectively,
the difference equations

A(n) = b,A(n — 1) + a,A(n — 2), A(—1) =1, A(0) = by,
B(n) =b,B(n—1) +a,B(n—2), B(—1) =0, B(0) =1.

(9.1.5)

ProoF. The proof of (9.1.5) will be established using mathematical
induction on n.

Observe that from (9.1.5) we obtain
A(l) = blA(O) + alA(—l) = bibg + a,
B(l) = blB(O) + alB(—l) = bl.

Hence, (9.1.5) is valid for n = 1. Next, we assume that it is true for n = m,
that is,

A(m) =bpA(m — 1) + an, Alm —2), A(-1)=1
B(m) =b,B(m —1)+a,B(m —2), B(-1)=0.
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Now A(m +1)/B(m + 1) is obtained from A(m)/B(m) by replacing by,
by by, + Z:ﬁ. Then we can write A(m + 1)/B(m + 1) = A*(m)/B*(m),

where
A*(m) = <bm + am“) A(m — 1) + amA(m — 2)
bm+1
= b;iu (bpt1 A(m) + ami1 A(m —1)).
Similarly,
B*(m) = bv_rii-l (bmt1 B(m) + amy1 B(m —1)).
Hence

A 1 A A(m—1
Com s 1) — A D br Am) + a1 Alm = 1)
Bim+1) bpt1Bim) + ame1B(m —1)
which establishes (9.1.5), and the proof of the theorem is now com-
plete. O

The converse of the preceding theorem is also true. In other words, every
homogeneous second-order difference equation gives rise to an associated
continued fraction.

Suppose now we are given the difference equation

z(n) —bpx(n —1) —apx(n —2) =0, a,#0 forneZ".  (9.1.6)

Dividing (9.1.6) by x(n — 1) and then setting y(n) = w(zn(ll)l) yields y(n) —

by = —mes.
y(n—1)
Hence,
an
yn—1) = ———.
Applying this formula repeatedly, with n successively increasing, we obtain
y(n . 1) _ (7% Ap41 Ap+2

_bn+ _bn+1+ _bn+2 + ... ’
In particular, when n = 1, we have

y(0) =

z(0) a1 ax a3
(E(—].) a —b1+ —b2+ —b3+
Remark 9.3. We would like to make the following important observations
concerning (9.1.7):

(9.1.7)

(a) Formula (9.1.7) is formal in the sense that it does not tell us whether
the continued fraction K (a,/—b,) converges or diverges.

(b) Even if the continued fraction K (a,/—b,) converges, formula (9.1.7)
does not show us how to pick the particular solution x(n) for which
2(0)/z(—1) is the limit of the continued fraction.
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(¢) Tt is not difficult to show that if K (a,/—b,) converges to x(0)/xz(—1),
then K (a,/b,) converges to —x(0)/x(—1).

A Formula for C(n)

We end this section by providing a formula for computing the nth
approximant C(n) = % of the continued fraction by + K (ay/by,).

To find the formula, we multiply the first equation in (9.1.5) by B(n—1)
and the second by A(n — 1) and then subtract one from the other. This
yields

A(n)B(n—1)—B(n)A(n—1) = —a,[A(n—1)B(n—2)—B(n—1)A(n—2)],
which is equivalent to
u(n) = —azu(n —1), u(0) = -1,
where u(n) = A(n)B(n — 1) — B(n)A(n — 1). Hence,
u(n) = A(n)B(n —1) = B(n)A(n — 1) = (-1)"Mayas---a,, n>1.

(9.1.8)
Dividing both sides by B(n)B(n — ) yields
n—1) H"Hayas - ay,
. 9.1.9
< n—1> B(n—1)B(n) ( )

Taking the antidifference A™1 of both sides of (9.1.9), we obtain (see
formula (2.1.16))

_Aln=1) _A(0) = (=D*arar---a
Co-U=30=7 " B0 " ; B(k—1)B(k) :

This produces the desired formula

k+1

__504_253 alaz(k) k. (9.1.10)

9.2 Convergence of Continued Fractions

Two continued fractions K(a,/b,) and K(a} /bk) are said to be equiva-
lent, denoted by the symbol K (a,/b,) = K(a} /b), if they have the same
sequence of approximants.

Let {d,}5°; be any sequence of nonzero complex numbers. Then the

Mébius transformation t,(u) = ;*, can be represented as t,(u) =
dpan,

Tt which may be repeated as a composition of two transformations
tn, = Sp © Tn, Where
sn(u) =

dpan

m and Tn(u) = dnu
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Hence we have
tiotgo---0t, =8,07r108,07T90:-:08, 07T,
=51 o(ry1o083)o(rg083)0-+-0(rp_108,)0ry,.
Define ¢} (u) :==rp—1 o sp(u) = %. Then if dy :=1,
C(n) = (tiotago---0t,)(0) = (tyots50---0ty)(0).

This yields the important equivalence relation

K (an/byp) ~ K (‘l’l;‘;"a”) : (9.2.1)

which holds for any arbitrary sequence of nonzero complex numbers dy = 1,
di, da,. ...

Observe that if we choose the sequence {d,} such that d,b, = 1, then
(9.2.1) becomes

K(an/bn) ~ K (W) . (9.2.2)
Similarly, one can show that
K(an/by) = K(1/b,dy), (9.2.3)
where d; = L, d,, = — - Hence
aiy AnQn—1

a1a3 - a2p—1 2G4 *++ A2p

a204 - - - Q2p ai1az - --a2n+1
(Exercises 9.1 and 9.2, Problem 8).
We are now ready to give the first convergence theorem.
Theorem 9.4. Let b, > 0, n = 1,2,3,.... Then the continued fraction

K (1/b,,) is convergent if and only if the infinite series y ., by, is divergent.
PrROOF. From (9.1.10) we have

r+1

K(1/b,) Z B 0k (9.2.5)

Hence K(1/b,) converges if and only if the alternating series on the right-
hand side of (9.2.5) converges. Now the fundamental recurrence formula
for K(1/by,) is

B(n)=Bn—2)+b,B(n—1), B0)=1, B(1)=b;.  (9.2.6)
This implies that B(n+1) > B(n—1), n=1,2,3,..., and, consequently,
B(n)B(n +1) > B(n —1)B(n), n = 1,2,3,.... Thus ‘ G

B DB | 18

monotonically decreasing. Hence the series (9.2.5) converges if and only if

nll)ngo B(n—1)B(n) = co. (9.2.7)
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Again from (9.2.6) we have B(n) > v = min(1,b1), n = 1,2,3,..., and,
consequently,
B(n—1) B(n) = B(n—2)B(n — 1) +b,B*(n — 1)
> B(n —2)B(n — 1) + b,y?
> (b + by + -+ by)?

Thus if Y77, b; diverges, (9.2.7) holds and K (1/b,,) converges. On the other
hand, we have, from (9.2.6),

B(n—1)+B(n) = B(n—2)+(1+b,)B(n—1) < (14b,)[B(n—1)+B(n—2)].
It follows by induction that
B(n—1)+B(n) < (1+by)(14by)---(1+b,) < elrTbzttbn

Thus if Z b, converges to L, then B(n — 1) + B(n) < e¥. Therefore,

n=1

B(n—1)B(n) < (B(n—1)+ B(n))? <

i

Consequently, (9.2.7) does not hold, and hence the continued fraction
diverges. O

A more general criterion for convergence was given by Pincherle in
his fundamental work [120] on continued fractions. Consider again the
difference equation

z(n) —byr(n —1) —a,z(n —2) =0, a, #0 forncZ. (9.2.8)

Theorem 9.5 (Pincherle). The continued fraction

a1 az as
—_— ... 9.2.9
bi+ b+ b3+ (9.2.9)
converges if and only if (9.2.8) has a minimal solution o(n), with ©(0) # 0.
In case of convergence, moreover, one has

p(n —1) _ On OGnt1 Ony2
90(71 - 2) bn+ bn+1+ bn,+2+

o, n=1,23,.... (9.2.10)

PROOF.

(a) Assume that the continued fraction (9.2.9) converges. Hence if
A(n) and B(n) are the the nth partial numerator and nth partial
denominator of (9.2.9), respectively, then

lim A(n) _I

n— 00 (n)
It follows from Theorem 9.2 that A(n) and B(n) are solutions of (9.2.8)
with A(—1) =1, A(0) =0, and B(—1) =0, B(0) = 1.
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We claim that
v(n) = A(n) — LB(n) (9.2.11)
is a minimal solution of (9.2.8).

To prove the claim, let y(n) = aA(n) 4+ SB(n), for some scalars « and
B, be any other solution of (9.2.8). Then

o #0) A= LB(m) L (Aw)/Bm)-L _,
w2 y(n) v aA(n) + BB(n)  woe a(Am)/Bn) +5

This establishes the claim. Furthermore, p(—1) =1 # 0.

Conversely, assume that (9.2.8) possesses a minimal solution ¢(n),
with ¢(—1) # 0. From (9.1.7), the associated continued fraction to

(9.2.8) is K (ay,/—by) with the nth approximant C*(n) = g*gzg Since
A*(n) and B*(n) are two linearly independent solutions of (9.2.8) with
A*(-1) =1, A*(0), B*(—1) =0, B*(0) = 1 (Theorem 9.2), it follows

that

p(n) = A*(n) — LB*(n), n>0.

Observe that

Hence

(9.2.12)

From Remark 9.3(c), we conclude that

) . An)  p(0)
A C(n) = lim 5o = —oy

This proves the first part of the theorem as well as (9.2.10) for n = 1.
The proof of (9.2.10) for n > 1 is left to the reader as Exercises 9.1
and 9.2 Problem 5. O

The following example illustrates Theorem 9.5.

Example 9.6. Contemplate the continued fraction

a a a
—_ . 9.2.13
1+ 1+14+ 77 ( )

where a is any complex number. Find conditions on a under which the
continued fraction converges.
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Solution

Method 1: Let A(n) and B(n) be the nth partial numerator and
denominator, respectively. Then from (9.1.5) we have

An) —A(n—1)—aA(n—2)=0, A(-1)=1, A(0)=0,

B(n) —B(n—1)—aB(n—2)=0, B(-1)=1, B(0)=1

The characteristic equation of either equation is given by A> — A\ —a = 0,
whose roots are

1+v1+4a
/\1,2 =
2
Now, if [A1]| # |A2], then the difference equation
z(n) —z(n—1)—ax(n—2)=0 (9.2.14)

has a minimal solution and, consequently by Pincherle’s theorem the
continued fraction (9.2.13) converges.

Suppose that [Az| < |A1]. Then ¢(n) = A} is a minimal solution of
(9.2.14). Hence by (9.2.12) the continued fraction (9.2.13) converges to
—A=—12+3VI+4a

On the other hand, if a = —i, then \{ = Ay = % Thus A(n) = cl(%)n +
CQTL(%)”. Using the initial conditions A(—1) =1, A(0) = 0, we get ¢; = 0,
c2 = —3. Hence A(n) = —n(%)nﬂ. Similarly, we obtain B(n) = (n +
1)(%)” Thus

A(n) 1

Ko/ = Jin iy = =5 =

Conclusion. If a is complex, K(a/1) converges to —% + (/1 +a if and
onlyifag¢ {reRiz<—1}.
Method 2: Let

a a a
ST
Then
x_lix’ 22+zx—a=0.
Hence

SNV S Y
T = 2 4 a, T2 = 2 4 )

are two solutions. If a is real we require that a > —i in order for x to be

real. By inspection, we conclude that the continued function converges to
Xy.
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Exercises 9.1 and 9.2

1. Show that

-+
1-1-

converges to (1 ++/1 —4a)/2if 0 < 4a < 1.
2. Prove that the continued fraction

111
bi+ bo+ by+

converges if b; > 1 for i =1,2,3,....
3. Discuss the convergence of the continued fraction

4 o a
b+ b+ b+
where a, b are complex numbers, a # 0.

4. Show that the continued fraction

AL A2 A3

(x—c1)— (w—co)— (x —c3)—

is equivalent to

ao() a1 (z) az(z)
1— 1- 1—

where ag(z) = zi—lcl7an(x) = Mﬁ,n =1,2,3,....

5. Prove (9.2.10) for n > 1.
6. [19] Prove that if by + K22, (an/by) = L # 0, then

a
K2 (an/bn) = fo-
7. Consider the continued fraction by + K (ay /by,) and let A(n) and B(n)
be the nth partial numerator and denominator, respectively.
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Show that

by 1 0
ay b1 1
0 a2 bQ 1

A(TL) = )

Gp—1 bn—l 1
0 an by
by 1 0
as b2 1
as b3 1
B(n) =

Gp—1 bnfl 1

8. Prove (9.2.4).

9. Let {t,,} be a sequence of Mobius transformations defined as

tn(u) = , a, #0, n=0,1,2,....

Let To(u) = to(u), Tn(u) = Th—1(tn(w)). Show that

~ An)+A(n—1)u

Tl = By ¥ B =1y

and A(n)B(n—1)—A(n—1)B(n) #0,n=0,1,2,..., where A(n) and
B(n) are the nth partial numerator and denominator of by + K (a, /by, ),
respectively.

10. Let {A(n)} and {B(n)} be sequences of complex numbers such that
A(-1)=1, A(0)=1by, B(-1)=0, B(0)=1,
and
A(n)B(n—1)— A(n—1)B(n) #0, n=0,1,2,....
(a) Show that there exists a uniquely determined continued fraction

bo + K (an/by) with nth partial numerator A(n) and nth partial
denominator B(n).



11.

12.

13.

14.
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(b) Show that

bo= A(0), b= B(1), a1=A(1)— AO)B(),

. A(n—1)B(n) — A(n)B(n — 1)
" A(n—1)B(n—2) - A(n—2)B(n—1)’

_ A(n)B(n—2) — A(n — 2)B(n)
" An-1)B(n—-2)— A(n—-2)B(n—1)

Show that the nth partial denominator of the continued fraction

1o 0w

1—
1-1- 1-

Bn)=(1-a1)(1—a2) (1 —ap—1), n>1.

[19] Let o, = (1 — ap—1)an, a0 =0,0<a, <1, n=1,2,3,.... Prove
that the continued fraction

converges to (1 + L)~!, where

_OO a1 as---ap
L_T;(17a1)(17a2)~~(17an)'

Let 8, = (1 —bp_1)bn, 0<by < 1,0<b, <1, for n > 1. Prove that

_ BB fBs
1-1-1-""
. 1-bo
converges to (by + 175 ), where

= b1b2"'bn
B = .
;(1—51)(1—172)"'(1—%)

Let ap, > 0,0, >0, n=1,2,3,..., and let

Show that the continued fraction
a; az as

bi+ bot bs+
converges.
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15. Show that the continued fraction

1% ok 3k

converges for k < 2 and diverges for k > 2.

*16. (Term Project, [31]). Consider the continued fraction

a a
TQ(G):2—2i2i

Let t1(a) = 2, ta(a) = 2 —a/2, t3(a) = 2 —a/(2 — a/2),... be the
approximant sequence.

Show that ¢,41(a) =2 — %, t1 =2,n=1,2,3,....

Show that if @ < 1, the continued fraction converges to 1++/1 — a.

A number a is said to be periodic (of period n) if ¢,,1x(a) = t) for
k=1,2,3,....

Show that if a is of period n, then t,_1(a) = 0.

1%z n

Let P,(z) = kz::() (—1)F 2%+ 1

greatest integer function. Show that

z®, where | | denotes the

Poio(x) =2P,41(2) — (x+ 1)Pp(z), Pi(x)=1, Pz)=2.
Prove that t,(a) = Ppy1(a—1)/Py(a—1),n=1,2,3,....

Prove that a number a is periodic if and only if (a — 1) is a zero
of the polynomial P, (x).

9.3 Continued Fractions and Infinite Series

Our main objective in this section is to show that every infinite series can be
represented by a continued fraction and vice versa. Let {c,} be a sequence
of complex numbers, with ¢, 20, n =1, 2, 3, ..., and let

n
un:ch, n=0,1,2,....
k=0

Let po = co, p1 = c1, pn = Cn/Cn—l- Then cg = po, ¢ = p1p2-*" Pn-
Moreover,

n

1

Po+§ PlPQ"'Pk:PO‘f‘L
k=1

P2 P3 . _Pn
I=(1+p2)= (L+p3)— 1+4pn




9.3 Continued Fractions and Infinite Series 409

Hence

oo
> ek = bo + K(an/bn), (9.3.1)
k=0
where by = ¢g, a1 = ¢1, by =1, and
Cn

= =1+ - n=234,....
Cn—1 Cn—1

To illustrate the above method observe that

1z cazfer czz/en
E cr” —co—i—fl_'_@z (RIS
ca

Here is a more interesting example.
Example 9.7. Consider the Riemann zeta function, defined by

=> rh=142F 34 k=234,

r=1

Thenbozo, CL1:1, b1:1,
k k
-1 —1
an(n ) , and bn1+<n >
n n

C(k) = K(an/bn).
If we let u(n) = K}'_;(a;/b;), then it follows from (9.1.6) that

u(n +2) - <1+ <Zié)k> u(n +1) + (ZI;)ku(n) 0. (9.3.2)

An equivalent representation of {(k) may be obtained using (9.3.2):

(k) = K(1/bndn),
_(2/3)"4/5)" - (2n—2/(2n - 1))
(1/2)" (3/4)" -~ (2n — 1/(2n))"
_ (/2" 3/4)" - 2n—1/(2n))"
e ) enen 1)t
Example 9.8. (Regular continued fractions) [73].

Thus

A regular continued fraction by + K(1/b,) of a positive real number z is
defined by letting

bn:anJa n:OaLQ,“"
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where
1

- n=123,...,
Frac(z,—1) "

To =T, In
where | | denotes the greatest integer function, and Frac(z,) denotes the
fractional part of x,. If Frac(x,—1) = 0, the regular continued fraction
expansion terminates with b,_;. Suppose now that = k/l is a rational
number.

Set 9 = x and r; = l. Then by the Euclidean algorithm,

xro = bo—|—’/‘2/T1 = bo—|—1/l‘1, with x1 :7“1/7“2, ro < 7T,

T, = by +T3/T2 =b + 1/.’172, with x9 = 7“2/7"3, r3 < ro,

T = b + T 1 /Tm = b + 1/ @0, with @ = 70 /Tog1, Tmg1 < T

Since {r;} is a decreasing sequence of positive integers, this algorithm
necessarily terminates; that is, there exists n such that r, o = 0; the last
relation would be z,, = b,,.

Let us define the Mo6bius transformation

1
to(u) = b ton (1) = . m=1,2,....n.
o(u) = by + u, (u) — m n
Then
1/z, = t,(0) and  1/xy, =tm (1/Zme1),
m=1,2...,n—1, xo =to(1/x1).

It follows that
x=(tgotyo---0ty,)(0),

and, consequently,

1 1 1
=bp+-— — ... —. 9.3.3
e bit+ bo+ bn ( )
The continued fraction (9.3.3) obtained in the above procedure is called
reqular.

Conclusion. A real number is rational if and only if it is the value of a
terminating regular continued fraction. One may easily show that

61_1+ 11 11
48 3+ 1+ 2+4°
12 1 11 11

55 441+ 14+2+2°

Using the same procedure one may find a regular continued fraction rep-
resentation of irrational numbers. It turns out that every irrational number
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can be represented by a nonterminating regular continued fraction and,
conversely, the value of every nonterminating regular continued fraction is
irrational [73]. For example,

T=24—— — — — — — — 9.3.4
v el wa E F w Wu (9.34)

2+11111111111 (9.3.5)
e = - - - - - - - - - - ... 3.
14+ 24 14 14 44+ 1+ 1+ 6+ 1+ 1+ 8+

Exercises 9.3

1. Show that:
1++5 11 .
5 = 1+ [N (golden ratio).
2. Verify (9.3.4) and (9.3.5).
3. Show that:
4 1% 22 3?

_ 11 1
(b) V2=1+45% 5 &
4. Show that, for —1 < x <1,
K2 122 922 2512
1+ 3—a2+ 5—3224 7—5a2+ '

arctanx =

and, consequently,

= 1 1 9 25 49

4 14 24 2+ 2+ 2+ 77
5. Prove for z # 0,

S z 1z 2z 3z
e = —
1- 24+ 2— 34+2— 4+ 22—

6. Let ug, uy, ug,... be numbers such that u; # 0, i = 1,2,3,..., and
U, =uyg+uy + -+ uy,. Let

bo = uo, by =1, ay = u1/2,
Un +un+1
b2n:27 b2n+1:7a n=12...,
Un
Up+41
as, = —1, a2n+1 = -
Un

Show that the (2n)th and (2n + 1)th approximants of by + K (a,/by)
are U, and U, + “"2“, respectively.

*7. (Open Problem). It is known [141] that ¢(2) and ((3) are irrational
numbers. Show that ((5) is irrational.
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In Problems 8 through 11 we will deal with Diophantine equations and
their generalizations.

Diophantine Equations. Let k and | be two positive integers that are co-
prime. The problem that we are interested in is to find all pairs of integers
(z,y) that solve the equation, called a Diophantine equation,

kx —ly = 1. (9.3.6)
Let

1 1 1
! bit bot+ = 4bn

If A(n) and B(n) are the mth partial numerator and denominator,
respectively, then from (9.1.8) we have

A(m)B(m —1) — A(m —1)B(m) = (=1)™"', m=1,2,..., n. (9.3.7)

=bo +

Moreover,

k A(n)

1= B0 (9.3.8)
Observe that if m = n, then (9.3.7) becomes

A(n)B(n—1) - A(n —1)B(n) = (-1)"*. (9.3.9)

Now, if A(n) and B(n) have a common divisor d, then % = Z:ggﬁ; =
A(n)
Bin)” Hence

A(n)B(n—1)— A(n—1)B(n) = (1) L.

But this is impossible, since from (9.3.9) we get

2 (A(n)B(n 1)~ A(n— 1)B(n)> = (—1)" L.
Hence it follows from (9.3.8) that A(n) =k and B(n) = l.
Now, to find a solution of (9.3.6) we consider two cases.

Case (a). If n is odd, we let x = B(n—1), y = A(n—1). Then from (9.3.9)

we have
kx —ly = A(n)z — B(n)y = (-1)" ' = 1.
Case (b). If nis even, we let 2 =1 — B(n—1), and y = k — A(n —1). Then
kz —ly = A(n)(B(n) — B(n — 1)) = B(n)(A(n) — A(n — 1))
=—(-1)" =1
8. Show that the general solution of (9.3.6) is given by
(2,y) = (z0,y0) + m(l, k),

where m is an arbitrary integer and (zo, yo) is any special solution.
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9. Solve the equation 612 — 48y = 1 by finding all pairs of integers (z,y)
that satisfy it.
*10. Solve Pell’s equation
22— ly? =1,

where [ is an integer, not a perfect square. You need to find all pairs
of integers (x,y) that solve the equation.

*11. Solve 22 — Ty? = 1.

9.4 Classical Orthogonal Polynomials

Let w(x) be a positive function on a given finite or infinite interval (a,b)
such that it is continuous, except possibly at a finite set of points. Moreover,
we assume that the “moments”

b
Lin :/ z"w(x) dx (9.4.1)

exist and are finite. Then a sequence {P,(x)}22, of polynomials, P,(x) of
degree n, such that

b
/ P, (z) P (x)w(x) dz = A\pdpm, n,m=0,1,2..., (9.4.2)

is said to be orthogonal over (a,b) with a weight function w(x), where

1, n=m,
5nm =
0, n#m,

is the Kronecker delta function. A polynomial P,(z) = >, _, ankxh is said
to be monic if the coefficient a,, of the leading term z"™ is 1.

Example 9.9. (The Chebyshev Polynomials Revisited).

The Chebyshev polynomials of the first and second kind are defined,
respectively, as follows (See Exercises 2.3, Problem 11):

Tn(x) =cosnb, Up(z)=sin(n+1)0/sinf, n=0,1,2,...,

where § = cos™! z and |z| < 1.

Observe that {T),(z)} is orthogonal on the interval (—1,1) with the
weight function w(z) = (1 — 2?)~=.

To show this, note that

1 ™
/ T ()T () (1 — xZ)*% dx = / cosnfcosmf dfd =0 if n#m.
0

—1
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Similarly, we may show that {U,(x)} is orthogonal on (—1,1) with the
weight function w(z) = (1 — 22)z.

Next, we address the question of uniqueness of orthogonal polynomials.

Theorem 9.10. If the coefficient an, of ™ in P,(x) is prescribed for
each n, then the sequence of orthogonal polynomials relative to a weight
function w(x) exists and is unique. Moreover, each P,(x) is orthogonal to
all polynomials of lower degree.

PrOOF. We will use mathematical induction on n to prove the first part.
Suppose that agg and a1 are known; Py(z) = ago and P;(z) = a112 + ajo.
Then from (9.4.2), f: w(z)(apoa112 + agoaro) dx = 0, which gives ap.
Assume now that Py(x), Py(z),..., Py—1(z) are determined such that they
satisfy pairwise (9.4.2).

Then P, (x) = annt™ + bppn—1Po_1(x) + -+ + by,0FPo(x), where b, s are
independent of x. From (9.4.2), we have for r =0,1,...,n — 1,

b b
ann/ w(x)z" Py(x) dx + by [ w(z)(P,(2))* dz = 0.

a

Since ffw(x)(PT(x))2 dx > 0, it follows that by, exists and is uniquely
determined for » = 0,1, ...,n—1. This establishes the first part. The second
part is left to the reader as Exercises 9.5, Problem 1. O

We are now ready to present some of the main classical orthogonal
polynomials.

1. Jacobi polynomials P{*? (), a>—1, B> —1.
These polynomials are orthogonal on (—1,1) with the weight func-

2n+a+
tiOn ’LU(SC) = (1 - ‘T)a(]‘ + x)ﬁa and Apn = 27” ! ¥ /6 ) AH
n

explicit expression for the Jacobi polynomials P}L‘”"’ ) (x) are given by
Rodrigues’ formula

n(L—2)" (1 +a)7 d

PP @) = (-1) 2] dz"

(1 —2)"t>(1 + x)"'w} .

(9.4.3)
To write P{*" (x) more explicitly, we need to utilize Leibniz’s formula
ar " (n\ d"Fu dFo
k=0

(See Appendix G.)
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Hence,
di(l o l‘)7l+a(1 + m)n—&-ﬁ
dx™
_ Z (n) ank(l _ I)n+aDk(1 + m)n+,6
k
k=0
= (=1)"(1 —2)*(1 + z)°n!
" (n+a\ (n+ L e
-1 =",
S0 () e
Therefore,

Pled) () = 9-n Zn: (Z f :) (" Z 5) (z—DF@+1)"" (9.4.5)
k=0

with the leading coefficient

Cnse (nta) (B (2nta+p
Upn = 2 Z(n_k><k >_2 ( . ) (9.4.6)

k=0
(See G.)

To verify (9.4.3), let @, (z) denote the right-hand side of the equation
and let g(x) be another polynomial. Then successive application of
integration by parts yields

| =0 -2 Q@) do
S /1(1—g;)"+a(1+x)n+5g<">(x)dm, (9.4.7)

2””! -1

where ¢(™ () denotes the nth derivative of g(x).

Observe that if g(z) is a polynomial of degree less than n, then
g™ (x) = 0. Hence, Q,,(z) satisfies (9.4.2). Furthermore, the coefficient

of " in @, (x) is
o—n 2n+a+ 0
" .

Hence, by uniqueness (Theorem 9.5), Q,(z) = pLd ().

. Legendre polynomials P, (x): These are special Jacobi polynomials
obtained by letting o = 8 = 0. Hence (9.4.3) is reduced to

2nnl dgn

Py(z) = P (x) =

n

(1—2?)"}. (9.4.8)
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The Legendre polynomials are orthogonal on (—1,1) with the weight
function w(z) = 1. Moreover, using Leibniz’s formula yields

(@) =27 (n ) k) (’;) (@ =D+ 1",

k=0

(9.4.9)

with leading coefficient a,,, = 27"(2n)!/(n!)2.

Gegenbauer (or ultraspherical) polynomials P} (x): These are
special Jacobi polynomials obtained by setting o = 3 and o = v — 2
The Gegenbauer polynomials are orthogonal on (—1, 1) with the weight
function w(z) = (1 — 22)¥7V/2, v > —1, and an, = 27(*1"]"). By
Rodrigues’ formula we have

= ovi/2-u 4"
g v e g
o (1=a) gl

—1
_ 2v—1 n+2v-—1 pl—1/20-1/2) ().
v v—1/2 "

Using Leibniz’s formula yields

Pa) =2 (”V_ 1>_ (Tﬁf;)
> (” e 2) <n+ Y 2) (& — D+ 1.

k=0
(9.4.11)

P;(l’) _ ‘,L,2)I/+’I’L71/2

(9.4.10)

Laguerre polynomials L% (z),a > —1, are orthogonal on (0, co) with
the weight function w(z) = e~*z®, and a,, = (—1)"/n!. Moreover,

e~ d"
L (z) = — (e Fa™t). 4.12
2(2) = S (e ) (9.4.12)
By Leibniz’s formula we can show that
" (nta) (o)
LS (z) = . 9.4.13
=3 (n k) : (94.13)

Hermite polynomials H, (z) are orthogonal on (—o0,00) with the
weight function w(z) —=*

Rodrigues’ formula

= e 7, and a,, = 2". These are given by

n
2 d 2

dxn (™).

Ho(z) = (—1)"e (9.4.14)
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By Taylor’s theorem,

2Lw w? ZH

Expanding e?** and e~ as power series in w and taking the Cauchy

product! of the result gives

oo Ln/2J
1 (2x)n 2k w™
2mw w?
Z Z (n—2k) EI
n=0 k=0
Hence,
[n/2] k n—2k
_ (=1)"(2x)
k=0

9.5 The Fundamental Recurrence Formula
for Orthogonal Polynomials

We now show why difference equations, particularly those of second order,
are of paramount importance in the study of orthogonal polynomials. The
following is the main result.

Theorem 9.11. Any sequence of monic orthogonal polynomials {P,(z)}
with Po(z) =Y 1_, apz® must satisfy a second-order difference equation of
the form

| Puii () = (A + By) Pu() + Cu Py 1 (2) = 0 (9.5.1)
with
A, = % (9.5.2)

PROOF. Choose A, such that P,,;1(z) — A,z P, (z) does not possess any
term in 2" *!. Hence, we may write

Prii(x) — APy dep (9.5.3)

Multiplying both sides of (9.5.3) by w(x)Ps(z) and integrating from a
to b yields

b b
dns/ w(x){Ps(z)}? do = —An/ zw(x)Ps(x)Py(x) dz. (9.5.4)

LGiven two series > gan and D07 by, we put ¢, = > Oakbn ky M =

0,1,2,.... Then 377  cn is called the Cauchy product of the two series.
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Since z Ps(x) is of degree s+ 1, and P, () is orthogonal to all polynomials
of degree less than n, it follows that the right-hand side of (9.5.4) vanishes
except possibly when s = n — 1 and s = n. Hence, d,, and d,,—1 are
possibly not zero. Therefore, from (9.5.3) we have

Pn+1(m> - (Anx + dnn)Pn(I) - dn,n—lpn—l(x) =0,
which is (9.5.1) with B, = dppn, Cp, = —dnn-1- O

Remark:

(i) A monic sequence of orthogonal polynomials {P,(x)} satisfies the
difference equation

Poi1(z) — (x — Bp)Po(2) + mPo1(z) =0, (9.5.5)
where
_Bn nn Cn n n
B = —nonn oy, = Zodntlndl (9.5.6)
Ap41,n+1 Gp—1,n—1

This may be shown easily if one writes P(z) = a;;! P, ().

(i) If Py(—x) = (—1)"P,(x), then {P,(z)} is often called symmetric. In
this case, one may show that B,, = 3, = 0. To show this, let Q,(z) =
(=1)"P,(—z). Then

Qnt1(2) + (B — 4p2)Qn(2) + CrnQp-1(z) = 0. (9.5.7)

If Q,(z) = P,(x), then subtracting (9.5.1) from (9.5.7) yields B,, = 0.

(iii) The converse of Theorem 9.11 also holds and is commonly referred to
as Favard’s theorem. Basically, this theorem states that any polynomial

sequence that satisfies a difference equation of the form of (9.5.1) must
be an orthogonal polynomial sequence.

Let us illustrate the preceding theorem by an example.
Example 9.12. Find the difference equation that is satisfied by the
Legendre polynomials P, (z).

Solution From (9.4.8) the coefficients of 2™, 2"~ 1, 2"~2 are, respectively,

_ (2n)! _0 B (2n — 2)!
Ann = 2"(’/1,!)2’ ann-1 =Y, Gapn-2 = on (n _ 2) (n _ 1)
Furthermore, {P,(x)} is symmetric, since P,(z) = (—=1)"P,(—x). Thus,
from Remark (ii) above, we have B,, = 0. From (9.5.2), we have 4,, = 22t

It remains to find C),. For this purpose, we compare the coefficients of x
n (9.5.1). This yields

n+1 °
n—1

p41n—1 — Anan,n—Q + Cnan—l,n—l =0.
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Thus,

C. — Anan,n—Q —Qn+in-1  —N
n = = .
Up—1,n—1 n+1

Hence the Legendre polynomials satisfy the difference equation
(n+1)Poyi(x) — 2n+ DzPy(x) + nPy_1(z) = 0. (9.5.8)

Example 9.13. Find the difference equation that is satisfied by the Jacobi
polynomials P{*™ (z).

Solution This time we will use a special trick! Notice that from (9.4.5) we
obtain

Prgaﬂ)(_m> _ (_1)7LP7(15’Q) (.Z‘), (959)
P,(La’ﬁ)(l) — (n JT: a) , (9.5.10)
Pl (1) = <”Zﬂ> . (9.5.11)

From (9.4.6) and (9.5.2) we get

2n+2+a+P8)2n+1+a+p)
2n+1)(n+14+a+p)

Using (9.5.10) and setting = 1 in (9.5.1) yields

() 2)o ()

Similarly, setting z = 1 in (9.5.1) and using (9.5.11) yields

(—1)n (”Z ff 1) (“Ap 4 Ba)(—1)" (" ’ v )

4O (—1)" (n - 1) —0. (9.5.14)

n—1

A, = (9.5.12)

Multiplying (9.5.13) by ("”) and (9.5.14) by ("}*) and adding, produces
an equation in A, and C, which, by substitution for A, from (9.5.12),
gives

__(nta)n+p)@2n+2+a+p)
Cn = n+l)(n+a+p+1)2n+a+p3) (9.5.15)
Substituting for Cy, in (9.5.13) yields
B — 2n+ 1+ a+ B)(a? - 3?) (9.5.16)

2(n+1)(n+a+p+1)2n+a+p)
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Exercises 9.4 and 9.5

1. Let {P,(x)} be a sequence of orthogonal polynomials on the inter-
val (a,b) relative to the weight function w(x). Prove that P,(x) is
orthogonal to any polynomial of lower degree.

Verify formula (9.4.9).
Verify formula (9.4.12).
Verify formula (9.4.14).

ARl

Find the difference equation that represents the Gegenbauer polyno-

mials {PY(z)}.

6. Find the difference equation that represents the Laguerre polynomials
{L5 ()}

7. Find the difference equation that represents the Hermite polynomials

H,(z).

8. (Charlier polynomials). Let o' (z) denote the monic Charlier poly-
nomials defined by

O (y —'ﬂ“§£: ( ) n_k. (9.5.17)

Show that {C(a)(x)} satisfies the difference equation

C\1 (@) = (v —n— a)C (2) — anCV; (), n > 0.

9. (The Bessel function). Let n € Z, z € C. The Bessel function J,(z) is
defined by

nm W@
= (2/2) }: n+j ., n=0,1,2,....
Jj=

Find the corresponding difference equation.
*10. (Christoffel-Darboux identity). Let {P,(x)} satisfy
P.(z) = (x — cp)Pp1(x) = APy—2(x), mn=1,2,3,...,
P_i(z)=0, Py(z)=1, X#0. (9.5.18)
Prove that

Z )\1)\2

)\ (/\1/\2"'/\n+1)_1
k+1
% Py (@) Po(u) — Pn(x)Pn-H(“).

r—u

(9.5.19)
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11. (Confluent form of (9.5.19)). Show that

’

i )\1 P]?(I) o Pn-‘rl(:r’)P'r/L(I) - Pn(x)Pn+1($) '

A2 At A1 Apg

12. Consider the sequence {P,(x)} satisfying (9.5.18) and let
Qn(x) =a " "Pp(ax+b), a #0.

cp —b

Qn1(2) — 22 Qu s (a)

(b) If {P,(z)} is an orthogonal polynomial sequence with respect to
the moments p,, show that {Q,(x)} is an orthogonal polynomial
sequence with respect to the moments

vp=a""Y <Z> (=0)" g

k=0

(a) Show that Q,(x) = (z — ,

13. Suppose that {Q,(x)} satisfies (9.5.18), but with the initial conditions
Q@-1(z) = =1 and Qo(z) = 0.

(a) Show that @, (x) is a polynomial of degree n — 1.
(b) Put Pél)(x) = A\ 'Qn11(x) and write the difference equation
corresponding to {Pfll) ()}

14. Let {P,(x)} be a sequence of orthogonal polynomials on the interval
(a,b). Show that the zeros of P,(z) are real, distinct, and lie in (a, ).

15. In the following justify that y(z) satisfies the given differential
equations:

(a) ¥ —2zy +2ny = 0; y(z) = Hy ().
(b) a:y// +(a+1—2)y +ny=0; y(z) = LY =x).

() A—22)y +{(B—a)—(a+8+2z}y +nn+a+ L+ 1)y =
0; y(z) = pie? (z).

9.6 Minimal Solutions, Continued Fractions,
and Orthogonal Polynomials

The intimate connection between continued fractions and orthogonal poly-
nomials is now apparent in light of the fundamental recurrence formulas
for continued fractions and orthogonal polynomials. If {P,(z)} is a monic
orthogonal polynomial sequence on the interval (a,b), with P_;(2) = 0 and
Py(x) =1, then it must satisfy the difference equation

Poit — (2 — Bn)Pa(z) + 7pPo_i(z) =0, neZt. (9.6.1)
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To find the continued fraction that corresponds to (9.6.1) we take b, =
—(x — Bn), an = Yn in (9.1.6). We then have the continued fraction
K= ol n e
(= fo)— (x—=P1)— (z—P2)—
Moreover, P, (z) is the nth partial denominator of the continued fraction
(9.6.2).

Next we focus our attention on finding a minimal solution of (9.6.1). Re-
call from Pincherle’s theorem that (9.6.1) has a minimal solution if and only
if the continued fraction K converges. To accomplish our task we need to
find another polynomial solution @, (z), called the associated polynomials,

that forms with P, (z) a fundamental set of solutions of (9.6.1).
Define

(9.6.2)

b
Qn(z) = / ww(t) dt. (9.6.3)

x—t

Lemma 9.14. The set {P,(z),Q.(x)} is a fundamental set of solutions
of (9.6.1).

PROOF. From (9.6.1), we have
Pry1(2) = Poyr(t) = (. = ) Pu(t) + (z = ) [Pu(x) — Pa(t)]
- 'Yn[Pn—l(m) - Pn—l(t)]~
Dividing by  — t and integrating yields

b
Qs () = / Po(t)w(t) di+(2— )@ (@)~ 1nQu_r (&), n=0.1,2,...,
with

Q-1(z) =0, Qo(z) =0.
Notice that by the orthogonality of {P,(x)} we have

0 ifn>0,

b b
/aPn(t)w(t) dt:/a P (t) Py(t)w(t) dt{uo e

Hence, we obtain

Qn-‘rl(x) - (1‘ - ﬂn)Qn(x) =+ 'YnQn—l(x) =0,
Q0($> = 0, Ql(l’) = Ho- (964)
Since Py(z) = 1, Pi(x) = & — By, the Casoratian W (0) of P, and @,, at
n = 0 is equal to po # 0, which implies that {P,(x)} and {@,(z)} are two
linearly independent solutions of (9.6.1).

Observe that the polynomial sequence @, (z) is the nth partial numerator
of the continued fraction K. Hence if

Q)
B N B
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exists, then by Pincherle’s theorem, the minimal solution of (9.6.1) exists
and is defined by

Sn(z) = F(x)Pp(x) — Qn(x). (9.6.5)

Furthermore, if we let 79 = po and Q_1(z) = —1, then S,(x) satisfies
(9.6.1) not only for n > 1, but also for n = 0, with S_;(z) = —1.

To find an explicit formula for the minimal solution S, (z) we need to
utilize complex analysis. Henceforth, we replace the variable x by z in
all the considered functions. From a result of [113], F'(z) has the integral
representation

b
F(z):/ WO g s o), (9.6.6)

z—t

Combining this formula with (9.6.3) produces the following integral
representation of .S, (2):

b
S(2) = / (1: "_(tt)) wlt) dt. (9.6.7)

O
Remark:

(i) If (a,b) is a finite interval, then the existence of the minimal solution
Sp(z) is always guaranteed (see [113]).

(ii) If (a,b) is a half-infinite interval of the form (a, 00) or (—o0, b), then a
sufficient condition for the existence of the minimal solution is

o0

Zur—Ll/Qn - 00

(see [66]).

(iii) If (a,b) = (—o00,00), then a sufficient condition for the existence of the
minimal solution S, (z) is

o0 o0
—-1/2n _ —-1/2
,U/2n = 00, or E Tn / = OQ.
n=1

n=1

Proofs of these remarks are beyond the scope of this book and will be
omitted. For details the reader may consult [66], [113].

Example 9.15 [145]. Consider the difference equation
Poy1(z2) — 2Py (2) + v Pr-1(2) =0, n >0, (9.6.8)
with
nn+2v—1)
An+v)(n+v—1)

Yn = v>1.
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Notice that P,(z) is related to the Gegenbauer polynomials PY(z) by the
relation

Pa(z) = 7'”1’5(2), (9.6.9)

where
I'(v+n)

W =v(+ 1) +2)--+n—1)= o

(9.6.10)

denotes the Pochhammer symbol. Hence by formula (9.6.7), a minimal
solution of (9.6.8) is given by

n! 1 v _ v—1/2
5%@):2né%h[4}3 (zit) dt, =¢[-1,1].

Using the value of the integral found in Erdélyi et al. ([54, p. 281]) yields

(n+v)n

mn!\/7?62’77(1/71/2)(22_1)(21/71)/4Q1/2—)\ (2), (9.6.11)

Sn(’z) = n+v—1/2

where Q7 (2) is a Legendre function defined as

Qg(Z) = 2aF(0[—|—1) (Z — 1)(6/2)7(171

2
F<a+1,a—6+1;2a—|—2;1 >,
—z

(z+1)8/2
with
b; 1). .6.12
(a,b;¢; 2) }ZOF(C-FS (lz] < 1) (9.6.12)

The function F'(a, b;c; z) is called a hypergeometric function [110].

Quite often it is possible to find an asymptotic representation of the
minimal solution using the methods of Chapter 8. The following example
demonstrates this point.

Example 9.16. (Perturbations of Chebyshev Polynomials [71]).

Consider again a monic orthogonal polynomial sequence {P,(x)} repre-
sented by the second-order difference equation

Quir(2) = (2 = 0)Qn(2) + by Qu1(2) = 0 (0.6.13)

with Q_1(2) =0, Qo(2) =1
The (complex) Nevai class M (a,b) [106] consists of all those orthogonal

polynomial sequences such that lim, ., a,, = a, lim,,_, b, = b. Without

loss of generality we take a = 0 and b = i. (Why?) Then the limiting

equation associated with (9.6.1) is given by

1Pn_l(,z) =0. (9.6.14)

Poyi1(z) — 2P, (2) + 1
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Observe that {P,(z)} are the monic Chebyshev polynomials, which can
be obtained (Appendix F, No. 4) by setting P,(z) = 2" T,(z) (since
2n~1 is the leading coefficient in T,(z)), where {T},(x)} are the Chebyshev
polynomials of the first kind. Equation (9.6.14) has two solutions,

Pi(z)=Xi(z), and P, (z)=\'(2), z#1,—1, (9.6.15)
where
2)=(2+Vv22—-1)/2 and A_(2)=(z—V22-1)/2.

Observe that if z € C\[—1, 1], we can choose the square root branch such
that

‘)\Jr(z) <1.

A_(2)
Hence P, (z) is a minimal solution on z € C\[-1,1], and P} (z) is a
dominant solution on z € C\[—1, 1].
Now, the boundary values of the minimal solution on the cut

Py (@ +i0) = lim Py (x+ie) = (A (@),

P(a—i0) = lim Py (2 i) = (A (@),

with
A(@)=(z—V1—-22)/2, I(z)=(x+iv1—22)/2, xe€(-1,1),

yields a ratio of solutions that oscillates as n — oo. Thus there is no minimal
solution for z =z € (—1,1).

Next we turn our attention to (9.6.13). Since |\ (2)| # |[A_(2)], b
virtue of the Poincaré—Perron theorem there are two linearly independent
solutions Q! (2), @, (z) of (9.6.13) such that

+ —
i, D)y (o gy Gona?)
Furthermore, Q;F(z) is a dominant solution and @, (z) is a minimal solution

of (9.6.1) for z € C\[-1,1].
Moreover, if

= A_(2).

1

Z |an| +
n=0
then by Corollary 8.30, we have
Q@ (2) =A2(2)(1 +0o(1)), ze€C\[-1,1],
n( ) )\n( )(1+O(1))7 ZGC\[—l,l],

where @, and Q are, respectively, minimal and dominant solutions
of (9.6.13). Furthermore, for z = z € (—1,1), there are two linearly
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independent solutions

@Qn(z +1i0) = (A ()" (i + 0(1)), @n(z —i0) = (A4 (2))"(i —o(1)),

where
A(z)=z—ivV1—22 I(z)=x+iV1-—22

For relaxing condition (9.6.16) and more generalizations, the reader is
referred to [38].

Exercises 9.6

1. Show that
Hop(z) = (—1)"22"n! LEY2) (22),
Hopy1(2) = (=1)"22"Fn) 2L(71/2)(22),
2. Show that
22n(n!)2
T, (z) = =) p(-1/2,-1/2)
22l (n + 1)!
U (z) — (1/2,1/2) ().
n(®) Cnti)y " (z)

In Problems 3 through 6 investigate the existence of a minimal solution
for the given polynomial. If a minimal solution exists, find an explicit
representation for it.

3. Legendre polynomials {P,,(z)} (See Appendix F, No. 3).
4. Hermite polynomials {H,(z)} (See Appendix F, No. 6).
5. Laguerre polynomials {L&(x)} (See Appendix F, No. 7).

6. Charlier polynomials {CT(LQ)} (See Appendix F, No. 8).

*7. Use Rodrigues’ formula for the Legendre polynomial P,(x) and the
Cauchy integral formula? for the nth derivative to derive the formula
(Schdafli’s integral)

P, (z) = ! f((ﬂ_l)n dt (9.6.17)

Coontlgg t—ax)nti

where v is any positively directed simple closed curve enclosing the
point z (z may be real or complex).

2f(")(zo) = fv Ldz, n =20, 1, 2, ..., where v is any positively

27 (z—zg)™t1
directed closed curve enclosing zo.
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Generating functions [110]. Suppose that G(z,u) is a polynomial with the
Maclaurin expansion

= Z Qn(x)u™
n=0

Then G(z,w) is called a generating function for {Q,(z)}.
*8. (a) Show that

1 (2 —1)h) "
— 1- = P, (
omi [Y{ 2t — ) } Z Gz, h)-
(b) Deduce from (a) that the generating function of P, (z) is given by

Glz,u) = (1 — 2zu—+ u?)~Y/2,
*9. Consider the Chebyshev polynomials of the first kind {T;,(x)}.

(a) Show that T, (z) = pimints Va2 ¢ A=) g,

1-3---(2n—1) 27 (z—zx)nt1
(b) Then use (a) to verify that the generating function of T, (x) is
given by
2

—_

1—-u
2(1 = 2zu +u?) 2
*10. Consider the Gegenbauer polynomials P¥(x).
(a) Show that
pray = D @rEn Z DI = 5) o Z2)vtn-1/2
n 2v—Dl(v+n-HI1-2?) =)t

(b) Show that the generating function of PY(x) is G(z,u) = (1 —
2zu + u?) V.

G(z,u) =

dz.

*11. Consider the Hermite polynomials {H,(z)}.
(a) Show that

nmi (z — x)ntl

Hy () = (=1)"n! ]{ exp(x? _22)dz.

(b) Show that

8

exp(2ux — u?

n=0
12. Consider the Laguerre polynomials {L%(x)}.
(a) Show that

7 [ 2" exp(z — 2)
LS (x) = ———— dz.
n(x) 2 %y (Z _ x)nJrl z
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(b) Show that the generating function of {L&(x)} is

Gla,u) = (1—u)~*"! exp{ e } .

1—=z




10
Control Theory

10.1 Introduction

In the last three decades, control theory has gained importance as a dis-
cipline for engineers, mathematicians, scientists, and other researchers.
Examples of control problems include landing a vehicle on the moon, con-
trolling the economy of a nation, manufacturing robots, and controlling the
spread of an epidemic. Though a plethora of other books discuss contin-
uous control theory [6], [75], [96], we will present here an introduction to
discrete control theory.

We may represent a physical system that we intend to control by the
homogeneous difference system

z(n+1) = Az(n), (10.1.1)

where A is a (k X k) matrix. We extensively studied this equation in
Chapters 3 and 4; here we will refer to it as an uncontrolled system.

To control this system, or to induce it to behave in a predetermined
fashion, we introduce into the system a forcing term, or a control, u(n).
Thus, the controlled system is the nonhomogeneous system

z(n+1) = Az(n) + u(n). (10.1.2)

In realizing system (10.1.2), it is assumed that the control can be applied
to affect directly each of the state variables x1(n), z2(n),...,zx(n) of the
system. In most applications, however, this assumption is unrealistic. For

429
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example, in controlling an epidemic, we cannot expect to be able to affect
directly all of the state variables of the system.

We find another example in the realm of economics. Economists, and
certain politicians even, would pay dearly to know how the rate of inflation
can be controlled, especially by altering some or all of the following vari-
ables: taxes, the money supply, bank lending rates. There probably is no
equation like (10.1.2) that accurately describes the rate of inflation. Thus,
a more reasonable model for the controlled system may be developed: We
denote it by

z(n+ 1) = Az(n) + Bu(n), (10.1.3)

where B is a (k X m) matrix sometimes called the input matrix, and u(n) is
an mx 1 vector. In this system, we have m control variables, or components,
ui(n), uz(n), ..., um(n), where m < k.

In engineering design and implementation, the system is often repre-
sented by a block diagram, as in Figures 10.1, 10.2.

The delay is represented traditionally by z~!, since %Z [z(n + 1)] =
Z[xz(n)]. (See Figure 10.3.)

Delay

x(n+1) p > x(n)

A K
L

FIGURE 10.1. Uncontrolled system.

> x(n)

FIGURE 10.2. Controlled system.
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x(n+1) » x(n)
E—— z >
z X(z) X(2)

FIGURE 10.3. Representation of system delay.

H u(t) Continuous s
T System X, T

FIGURE 10.4. A continuous system with ideal sampler and zero-order hold.

10.1.1 Discrete Equivalents for Continuous Systems

One of the main areas of application for the discrete control methods de-
veloped in this chapter is the control of continuous systems, i.e., those
modeled by differential and not difference equations. The reason for this
is that while most physical systems are modeled by differential equations,
control laws are often implemented on a digital computer, whose inputs
and outputs are sequences. A common approach to control design in this
case is to obtain an equivalent difference equation model for the continuous
system to be controlled.

The block diagram of Figure 10.4 shows a common method of interfacing
a continuous system to a computer for control. The system ) has state
vector z(t) and input u(t) and is modeled by the differential equation

i(t) = A(t)x(t) + Bu(t). (10.1.4)

The system St is an ideal sampler that produces, given a continuous signal
z(t), a sequence z(k) defined by

2(k) = 2(kT). (10.1.5)

The system Hrp is a zero-order hold that produces, given a sequence u(k),
a piecewise-constant continuous signal u.(t) defined by

u(t) = u(k), te€[kT,(k+1)T). (10.1.6)

It is not hard to check that the solution to (10.1.4) for ¢t € [kT, (k + 1)T)
is given by

A t R
x(t) = eMa(kT) +/ e Bu(r) dr. (10.1.7)
kT
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Thus a difference equation model for the overall system ), (indicated
by the dotted box in Figure 10.4) can be obtained by evaluating formula
(10.1.7) at t = (k+ 1)T and using (10.1.5) and (10.1.6):

z(k+1) = Az(k) + Bu(k), (10.1.8)

where

A=eT and B=TeATB. (10.1.9)

Example 10.1. A current-controlled DC motor can be modeled by the
differential equation

i(t) = —% (1) + 5 u(t),

where z is the motor’s angular velocity, u is the applied armature current,
and K and 7 are constants. A difference equation model suitable for the
design of a discrete control system for this motor can be found using (10.1.8)
and (10.1.9):

x(k+1) = Az(k) + Bu(k),

where

i im s KT
A=eAT = T/7 and B=TeATB=""¢T/7,
T

10.2 Controllability

In this section we are mainly interested in the problem of whether it
is possible to steer a system from a given initial state to any arbitrary
state in a finite time period. In other words, we would like to determine
whether a desired objective can be achieved by manipulating the chosen
control variables. Until 1960, transform methods were the main tools in
the analysis and design of controlled systems. Such methods are referred to
now as classical control theory. In 1960, the Swiss mathematician/engineer
R.E. Kalman [77] laid down the foundation of modern control theory by
introducing state space methods. Consequently, matrices have gradually re-
placed transforms (e.g., Z-transform, Laplace transform), as the principal
mathematical machinery in modern control theory [88], [108], [142].

Definition 10.2. System (10.1.3) is said to be completely controllable (or
simply controllable) if for any ng € Z*, any initial state x(ng) = zg, and
any given final state (the desired state) x s, there exists a finite time NV > ng
and a control u(n),ng <n < N, such that z(N) = zs.!

'In some books such a system may be referred to as completely reachable.
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Remark: Since system (10.1.3) is completely determined by the matrices
A and B, we may speak of the controllability of the pair {A, B}.

In other words, there exists a sequence of inputs «(0), u(1),...,u(N —1)
such that this input sequence, applied to system (10.1.3), yields z(N) = xy.

Example 10.3. Consider the system governed by the equations

z1(n+1) = ap1z1(n) + araza(n) + bu(n),

xa(n 4+ 1) = agexa(n).

A= ai;p a2 . B= b .
0 ago 0

It will not take much time before we realize that this system is not
completely controllable, since u(n) has no influence on z5(n). Moreover,
x2(n) is entirely determined by the second equation and is given by
x2(n) = alyx2(0).

Here

The above example was easy enough that we were able to determine
controllability by inspection. For more complicated systems, we are going
to develop some simple criteria for controllability.

The controllability matriz W of system (10.1.3) is defined as the k x km
matrix

W =[B,AB,A’B, ..., A*"1B]. (10.2.1)

The controllability matrix plays a major role in control theory, as may be
seen in the following important basic result.

Theorem 10.4. System (10.1.3) is completely controllable if and only if
rank W = k.

Before proving the theorem, we make a few observations about it and
then prove a preliminary result.

First, consider the simple case where the system has only a single input,
and thus the input matrix B reduces to an m x 1 vector b. Hence the
controllability matrix becomes the k x k matrix

W = [b, Ab,..., A*"1b].

The controllability condition that W has rank k£ means that the matrix W
is nonsingular or its columns are linearly independent. For the general case,
the controllability condition is that from among the km columns there are
k linearly independent columns. Let us now illustrate the theorem by an
example.
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Example 10.5. Contemplate the system

y1(n+1) = ayi(n) + byz(n),

ya(n + 1) = cyr(n) + dya(n) + u(n),
where ad — be # 0. Here

“) +()

and u(n) is a scalar control. Now,

W = (B,AB) = (? Z)

has rank 2 if b # 0. Thus the system is completely controllable by Theorem
10.4 if and only if b # 0.

Lemma 10.6. For any N > k, the rank of the matriz
[B,AB, A’B, ..., AN71D]
18 equal to the rank of the controllability matriz W .

PROOF. (I) Consider the matrix W(n) = [B,AB,...,A" " 'B,n =
1,2,3,.... As n increases by 1, either the rank of W(n) remains
constant or increases by at least 1. Suppose that for some r > 1,
rank W(r 4+ 1) = rank W(r). Then every column in the matrix A" B is
linearly dependent on the columns of W(r) = [B, AB, ..., A"~'B]. Hence

A"B = BMy+ ABM; +---+ A" 'BM, 4, (10.2.2)

where each M; is an m x m matrix. By premultiplying both sides of (10.2.2)
by A, we obtain

A™'B = ABMy + A*BM; + -+ + A"BM, _;.
Thus the columns of A" ™! B are linearly dependent on the columns of W (r+

1). This implies that rank W (r + 2) = rank W(r + 1) = rank W(r). By
repeating this process, one may conclude that

rank W(n) = rank W(r) foralln >r.

We conclude from the above argument that rank W(n) increases by
at least 1 as n increases by 1 until it attains its maximum k. Hence
the rank maximum of W(n) is attained in at most k steps. There-
fore, the maximum rank is attained at n < k and, consequently, rank
W (= rank W(k)) = rank W(N) for all N > k. O

ProoF. (II) In the second proof we apply the Cayley—Hamilton theorem
(Chapter 3). So if p(A) = A* + p A"~ 4+ ... + p; is the characteristic
polynomial of A, then p(A4) =0, i.e.,

AP 4pi AR T =0,
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or
k
AF =37 g AR (10.2.3)
i=1
where ¢; = —p;. Multiplying expression (10.2.3) by B, we obtain

k
AFB=Y" q;A*'B. (10.2.4)
i=1
Thus the columns of A*B are linearly dependent on the columns of W (k) =

W. Therefore, rank W (k+1) = rank W. By multiplying expression (10.2.4
by A we have

~—

AIB = i AY 4 oA - A

Consequently, rank W (k + 2) = rank W (k + 1) = rank W. By repeating
the process, one concludes that rank W(N) = rank W for all N > k. O

We are now ready to prove the theorem.
PRrROOF OF THEOREM 10.4.

Sufficiency Suppose that rank W = k. Let z¢ and zy be two arbitrary
vectors in R¥. Recall that by the variation of constants formula (3.2.14) we
have

k—1
(k) — Ab2(0) = Y A1 Bu(r),
r=0

z(k) — A*2(0) = Wa(k), (10.2.5)
where
u(k —1)
u(k —2
u(k) =
u(0)

Since rank W = k, range W = RF. Hence if we let 2(0) = x¢ and z(k) = z ¢,
then xf — AFg, € range W. Thus Typ— AFxy = Wa for some vector @ € R*.
Consequently, system (10.1.3) is completely controllable.

Necessity Assume that system (10.1.3) is completely controllable and
rank W < k. From the proof of Lemma 10.6 (Proof I) we conclude that
there exists r € Z1 such that
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rank W (1) < rank W(2) < --- < rank W(r)
= rank W(r+1)=--- = rank W.

Moreover, rank W(n) = rank W for all n > k. Furthermore, since W (j +
1) = (W(4), A7 B), it follows that

range W (1) C range W(2) C --- C range W (r)
= range W(r+1) =-.- =range W = --- = range W(n)

for any n > k.

Since rank W < k, range W # R*. Thus there exists £ ¢ range W.
This implies that £ ¢ range W(n) for all n € Z*. If we let 2y = 0 in
formula (10.2.5) with k replaced by n, we have xz(n) = W (n)u(n). Hence
for € to be equal to z(n) for some n, £ must be in the range of W(n). But
& & range W (n) for all n € Z* implies that £ may not be reached at any
time from the origin, which is a contradiction. Therefore, rank W = k. O

Remark 10.7. There is another definition of complete controllability in
the literature that I will call here “controllability to the origin.” A system
is controllable to the origin if, for any ng € Z* and z € R¥, there exists a
finite time N > ngy and a control u(n),no < n < N, such that z(N) = 0.

Clearly, complete controllability is a stronger property than controlla-
bility to the origin. The two notions coincide in continuous-time systems.
(See [75].) However, for the discrete-time system (10.1.3), controllability to
the origin does not imply complete controllability unless A is nonsingular
(Exercises 10.1 and 10.2, Problem 13). The following example illustrates
our remark.

Example 10.8. Consider the control system z(n + 1) = Az(n) + Bu(n)

with
A= (0 1) , B= <1> . (10.2.6)
0 0 0

Now, for

we have, from (10.2.6),
z(1) = Azo + Bu(0)

(0 () ()
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So if we pick «(0) = —xg2, then we will have x(1) = 0. Therefore, system
(10.2.6) is controllable to zero. Observe, however, that

1 0
rank (B, AB) = rank <0 O) =1<2.

Thus by Theorem 10.4, system (10.2.6) is not completely controllable.

Example 10.9. Contemplate the system y(n+1) = Ay(n)+ Bu(n), where

0 1 1

A= , B= .
2 -1 1
1 1 1
Now, W(1) = <1> is of rank 1, and W (2) = (1 1) is also of rank 1,
1

since it is now equivalent to NE Hence according to Theorem 10.4
. . . —4) .
the system is not controllable. Notice, however, that the point 0 is

1
reachable from <2> under the control u(n) = —2 in time n = 2.
Example 10.10. Figure 10.5 shows a cart of mass m attached to a wall
via a flexible linkage. The equation of motion for this system is
mi + bt + kx = u, (10.2.7)

where k and b are the stiffness and damping, respectively, of the linkage,
and wu is an applied force. Equation (10.2.7) can be written in state variable

17 ;* ﬁ(

() O

FIGURE 10.5. A cart attached to a wall via a flexible linkage.
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T 0 1 T 0 10.2.8
ol |—-k/m —b/m v+1/mu' (102.8)

Ao 0 1 B 0
| =k/m  —b/m|’ o 1/m|”
Recall that, given a sample period T', the matrices A and B of the equivalent
discrete system are given by

form as

Thus

A=eT, B= TeATB,

so that their computation requires finding the exponential of the matrix A.
This is not so difficult as it sounds, at least when A can be diagonalized,
for then we can find a matrix P such that

A=PAP, (10.2.9)

where A is a diagonal matrix

A=|: . . (10.2.10)

By definition,

i . 1 . 1.
AT :I+AT+§A2T2+§A3T3+-~- )
so that substituting using (10.2.9) gives
eAT — PeATp*l’

and the diagonal form (10.2.10) of A gives

Returning to our example, note that if m =1,k = 2, and b = 3, then

Cfa Y )

Thus A can be written in the form of (10.2.9), where

~1 0 11
, P= .
0 —21 [—1 —2]

A:
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Hence
T
_ AT _ |€ 0 -1
A=e = [ 0 2T P
9¢=T _ 2T T _ 2T
- 27T 42727 _ T4 ZeQT] ’

B=TATB =T
—e T 4 2¢727

T _ =27 ]

The controllability of the discrete equivalent system can then be checked
by computing

W=[B AB]=T

T _ =27 o—2T _ ,—4AT
—e Ty 9e 2T _ 2T | 26—4T]
Checking the determinant gives

det W= -T?"4T(1—e T 42T,

which is zero only if 7' = 0. Thus the cart is controllable for any nonzero
sample period.

10.2.1  Controllability Canonical Forms
Consider the second-order difference equation
z(n+2) + prz(n + 1) + paz(n) = u(n).
Recall from Section 3.2 that this equation is equivalent to the system
z(n+1) = Az(u) + Bu(n),

where

Clearly,

has rank 2 for all values of p; and p2. Consequently, this equation is always
completely controllable.
The preceding example may be generalized to the kth-order equation

zn+k)+pizin+k+1)+-- +prz(n) = u(n), (10.2.11)
which is equivalent to the system

z(n+ 1) = Az(n) + bu(n),
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where
0 1 0 0
0
A= 0 1 : ) B = €L = 5
1
1
—Pk —Pk-1 —P1
z(n)
z(n+1)
z(n) = .
zin+k—1)
Notice that
0
0
0 1
0 . N
AB=| : |, A*B=|"|, ..., A'B=]| |,
1 :
1 * *
—h %

where the *’s are some combinations of the products of the p;’s. It follows
that

00 - 1
W:.. .
01 ... *

*

is of rank k, and so the equation, and thus the system, is completely con-
trollable. The converse of the above statement is also valid. That is to say,
if system (10.1.3), with k x 1 vector B = b, is completely controllable, then
it can be put in the form of a kth scalar equation (10.2.11) by a similarity
transformation. To accomplish this task we start with the k x k controlla-
bility matrix W = (b, Ab, ..., A¥~1b). Since system (10.1.3) is completely
controllable, it follows from Theorem 10.4 that W is nonsingular. Let us
write W~ in terms of its rows as

wq

w2
W=

wy,
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We claim that the set {wy,wiA, ..., w,A¥~1} generated by the last row of
W1 is linearly independent. To show this, suppose that for some constants
ai,as,...,a, we have

a1wy, + aswpA + - + apwp AKT = 0. (10.2.12)

Multiplying (10.2.12) from the right by b yields
arwih + azwp Ab + - + apw AF b = 0. (10.2.13)
Since W~'W = I, it follows that wib = wiAb = - - = wpAF 26 = 0
and wy A¥~1b = 1. Hence it follows from (10.2.13) that a; = 0. One may
repeat this procedure by multiplying (10.2.12) by Ab (and letting a;, = 0) to
conclude that ax_; = 0. Continuing this procedure, one may show that a; =

0 for 1 < i < k. This proves our claim that the vectors wy, wi A, . .., wp A1
are linearly independent. Hence the k x k matrix

Wk

ka
P =

wp A1
is nonsingular. Define a change of coordinates for system (10.1.3) by

z(n) = Pxz(n), (10.2.14)
which gives

z(n+1) = PAP™'2(n) + Pbu(n),

or
z(n+1) = Az(n) + bu(n), (10.2.15)
where
A=PAP™', b=Pb. (10.2.16)
clearly,
0
0
b= Pb=
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Now,

’ka

wy A2
A=PAP ! = k. Pt

kak

Since wy A is the second row in P, it follows that

wpAP™t=(0 10 --- 0).
Similarly,
wpA2’P~P=(0 010 --- 0),
wp AR TP =(0 0 --- 0 1).
However,
wpAFP™ = (—p, —pr—1 0 — 1),

where the p;’s are some constants. Thus

0 1 0 x 0
0 0 1 0
A=
0 0 0 1
—Pr  —Pk-1 —Pk-2 - —P1

with characteristic equation
M p AT oA 2 =0

Observe that A and A have the same characteristic equation. The above
discussion proves the following.

Theorem 10.11. A system xz(n + 1) = Az(n) + bu(n) is completely con-

trollable if and only if it is equivalent to a kth-order equation of the form
(10.2.11).

System (10.2.15) is said to be in a controllable canonical form.

Another controllable canonical form may be obtained by using the change
of variables z(n) = Wz(n), where W is the controllability matrix of the
system. This is a more popular form among engineers due to its simple
derivative. The reader is asked in Exercises 10.1 and 10.2, Problem 20, to



10.2 Controllability 443

show that the obtained controllable canonical pair {4, b} are given by

00 0 - —pk

1
1 0 0 ... —pr_1 0
A=|0 1 0 ... —pr—2 b=\ (10.2.17)
’ 0
0 0 . —P1

Exercises 10.1 and 10.2

In Problems 1 through 6 determine whether or not the system z(n + 1) =
Az(n) + Bu(n) is completely controllable.

—2 2 1
1. A= , B= :
1 -1 0
-1 0
2. A= , B=
0 -2

-2 1 0 0 0 1
0 -2 1 0 0 0
4. A= 0 0 =2 0], B=1]3 0
0o 0 0 -5 1 0 0
0o 0 O 0 -5 2 1
-2 1 0 0 0 0 1
0 -2 1 0 0 30
5 A=10 0 =2 0 0], B=]00
0 0 -5 1 2 1
0 0 -5 0 0

A A B
6. A— 11 12 . B- 1 ’
0 Ay 0

Ajqqis an r X r matrix, A2 is an r X s matrix, Ass is an s X s matrix,
B is an r x m matrix, where r + s = k.

We say that a state xy is reachable from an initial state z¢ if there
exists N € Z* and a control u(n),n = 0,1, ..., N — 1, such that
.13(]\[7 Io) =If.

7. Prove that a state z; is reachable from z( in time N if and only if
zy — ANzy € range W(N).
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8. Consider the system z(n + 1) = Az(n) + Bu(n), where

1 2 -1 0
A=10 1 0|, B=|0
1 -4 3 1

Find a basis for the set of vectors in R? that are reachable from the
origin.

9. Consider the system

-1 -1

z(n+1)= (2 4

) z(n) + Bu(n).

Find for what vectors B in RZ? the system is not completely
controllable.

10. Obtain a necessary and sufficient condition for
z1(n+1) = aj1z1(n) + areza(n) + u(n),
xo(n+ 1) = ag121(n) + agexa(n) — u(n),
to be controllable.

11. Obtain a necessary and sufficient condition for z(n + 1) = Az(n) +
Bu(n) to be completely controllable, where

a a 1
A (@ @2 . B- .
az1  a22 1
12. Consider the system
z1(n+1)=22(n) +ui(n)+u
U

xo(n+ 1) = z3(n) + ur(n) — us(
xz(n+1) = ui(n).

=

(a) Prove that the system is completely controllable in two steps.

(b) If ug(n) = 0, show that the system is completely controllable in
three steps.

(¢) If uz(n) =0, show that the system is not completely controllable.

13. Show that if the matrix A in (10.1.3) is nonsingular, then complete
controllability and controllability to the origin are equivalent.

14. Prove that if U = WWT is positive definite, then W has rank k, where
W is the controllability matrix of (10.1.3). Prove also the converse.

15. Show that system (10.1.3) is completely controllable if [B, AB, ..., A¥~"]
has rank k, where r = rank B.
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17.

18.

19.

20.
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A polynomial (\) = A™+a; X"t +- .- +a,, is said to be the minimal
polynomial of a k x k matrix A if p(\) is the lowest-degree polynomial
for which p(A) = 0. It follows that m < k. Prove that system {4, B}
is completely controllable if and only if rank[B, AB, ..., A™ "B] =k,
where rank B = r.

For a k x k matrix A and a k x m matrix B, prove that the following
statements are true:

(i) If {A, B} is completely controllable, then so is {A + BC, B} for
any m X 1 vector C.

(ii) If {A + BC, B} is completely controllable for some m x 1 vector
Cy, then {A + BC, B} is completely controllable for any m x 1
vector C.

Consider the system z(n 4+ 1) = Az(n) + Bu(n), where A is a k x k
matrix, B is a k Xm matrix, and such that A has k linearly independent
eigenvectors. Prove that {A, B} is completely controllable if and only
if no row of P~1B has all zero elements, where P = (&1,...,&), the
&;’s being the eigenvectors of A.

Suppose that in Problem 18, A does not possess k linearly indepen-
dent eigenvectors and that there exists a nonsingular matrix P where
P71AP = J is the Jordan canonical form of A. Prove that {4, B} is
completely controllable if and only if:

(1) no two Jordan blocks in J are associated with the same eigenvalue,

(ii) the elements of any row of P~!B that correspond to the last row
of each Jordan block are not all zero, and

(iii) the elements of each row of P~!B that correspond to distinct
eigenvalues are not all zero.

(Another controllability canonical form). Consider the completely con-
trollable system z(n + 1) = z(n) + bu(n), where b is a k x 1 vector.
Let x(n) = Wz(n), where W is the controllability matrix. Then the
system becomes z(n 4 1) = Az(n) + bu(n). Show that A and b are
given by (10.2.17).

Consider the system z(n + 1) = Az(n) + Bu(n), where

1 0.6 0.4
A= , B= :
0 04 0.6
The reachability set is defined by R(n) = {z(0): 2(0) is reached from
the origin in N steps with |u(i)] < 1,1 <i < N}.
(a) Find R(1) and plot it.
(b) Find R(2) and plot it.
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05T () >x(0)

LA K

FIGURE 10.6. Output is the same as the state: y(n) = z(n).

10.3  Observability

In the previous section it was assumed that (the observed) output of the
control system is the same as that of the state of the system z(n). In
practice, however, one may not be able to observe the state of the system
z(n) but rather an output y(n) that is related to z(n) in a specific manner.
The mathematical model of this type of system is given by

xz(n+ 1) = Az(n) + Bu(n),
y(n) = Cx(n), (10.3.1)

where A(n) is a k x k matrix, B a k x m matrix, u(n) an m x 1 vector, and
C an r x k matrix. The control u(n) is the input of the system, and y(n)
is the output of the system, as shown in Figures 10.6, 10.7.

Roughly speaking, observability means that it is possible to determine
the state of a system x(n) by measuring only the output y(n). Hence it
is useful in solving the problem of reconstructing unmeasurable state vari-
ables from measurable ones. The input—output system (10.3.1) is completely
observable if for any ng > 0, there exists N > ng such that the knowledge
of u(n) and y(n) for ng < n < N suffices to determine x(ng) = xg.

rd Z rd

x(n+1) x(n)
O e T s(®) 3 ¢l y(n)

-
LA

FIGURE 10.7. Input—output system: y(n) = Cx(n).
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¥o

FIGURE 10.8. A nonobservable system.

Example 10.12. Consider the system (Figure 10.8)

z1(n+1) = a1z1(n) + biu(n),
x2(n 4+ 1) = asxa(n) + bau(n),
y(n) = z1(n).

This system is not observable, since the first equation shows that x1(n) =
y(n) is completely determined by u(n) and x1(0) and that there is no way
to determine x2(0) from the output y(n).

In discussing observability, one may assume that the control u(n) is iden-
tically zero. This obviously simplifies our exposition. To explain why we
can do this without loss of generality, we write y(n) using the variation of
constants formula (3.2.14) for z(n):

y(n) = Cx(n),
or
n—1
y(n) = CA™ "™0xy + Z CA™ I~ Bu(j).
J=no

Since C, A, B, and u are all known, the second term on the right-hand side
of this last equation is known. Thus it may be subtracted from the observed
value y(n). Hence, for investigating a necessary and sufficient condition for
complete observability it suffices to consider the case where u(n) = 0.

We now present a criterion for complete observability that is analogous
to that of complete controllability.
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Theorem 10.13. Systemn (10.3.1) is completely observable if and only if
the vk x k observability matrix

c
CA

V= | CA? (10.3.2)

CAF!
has rank k.

PrROOF. By applying the variation of constants formula (3.2.14) to
(10.3.1) we obtain

y(n) =Czx(n) =C | A"z + i A" Bu(r) | . (10.3.3)
r=0
Let
n—1
g(n) =y(n) — Z CA™ "' Bu(r). (10.3.4)
r=0

Using formula (10.3.3), equation (10.3.4) may now be written as

g(n) = CA™xo. (10.3.5)
Putting n =0,1,2,...,k — 1 in (10.3.5) yields
9(0) c
7(1) CA
=1 | (10.3.6)

Gk —1) CAF1

Suppose that rank V = k. Then range V = RF. Now, if y(n),u(n) are
given for 0 < n < k — 1, then it follows from (10.3.4) that §(n),0 < n <
k — 1, is also known. Hence there exists zo € R* such that (10.3.6) holds.
Hence system (10.3.1) is completely observable. Conversely, suppose system
(10.3.1) is completely observable. Let us write

C
CA

V(N) = | CA” | = (CT,ATCT, (AT2CT, ... (AT)N 1)

CA.N‘I
] ) (10.3.7)
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Then from Theorem 10.13, V(N) is of rank k if and only if the observability
matrix V = V (k) has rank k. Therefore, if 2y can be uniquely determined
from N observations y(0),y(1), ...,y(N—1), it can be so determined from
y(0),y(1), ...,y(k—1). Thus rank V = k. O

Notice that the matrix B does not play any role in determining observ-
ability. This confirms our earlier remark that in studying observability, one

may assume that u(n) = 0. Henceforth, we may speak of the observability
of the pair {4, C}.

Example 10.3 revisited. Consider again Example 10.3. The system may
be written as

.Z'l(n—f— 1) A 0 by
)= (0 ) () () o
=10 (20

0
Thus A = 0 and C = (1 0). It follows that the observability
a

8
_

3
Ny

matrix is given by V = (1 al) (0 0) . Since rank V =1 < 2, the system
is not completely observable by virtue of Theorem 10.13.

Finally, we give an example to illustrate the above results.
Example 10.14. Consider the input—output system (Figure 10.9)
z1(n+ 1) = z2(n),
xo(n+ 1) = —z1(n) 4+ 222(n) + u(n),
y(n) = c1x1(n) + caxa(n).
0 1
-1 2

matrix is given by
V= C _ C1 C2 .
CcA —co 1+ 2¢

By adding the first column to the second column in V' we obtain the matrix

‘7 _ C1 c1+co .
—Cy C1+cCo
Observe that rank V = 2 if and only if ¢; 4+ ¢o # 0. Since rank V' = rank V,
it follows that the system is completely observable if and only if ¢; +c¢o # 0

(or co # —c1).

We may also note that the system is completely controllable.

0
Then A = ( ),B = <1>, and C' = (c1,c2). The observability
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| % |
u(n) ~ x2(n+1),T| Xz(”ZITI xg(n),—|C1 é—ﬂ’(“)
[2]¢——
1k
Ll

FIGURE 10.9. A completely observable and controllable system.

Example 10.15. Example 10.10 looked at the controllability of a cart
attached to a fixed wall via a flexible linkage using an applied force u.
A dual question can be posed: If the force on the cart is a constant, can
its magnitude be observed by measuring the cart’s position? In order to
answer this question, the state equation (10.2.8) must be augmented with
one additional equation, representing the assumption that the applied force
is constant:

T 0 1 0 T
ol = |=k/m =b/m 1/m| |v|,
U 0 0 0 U
x
y=1[1 0 0] [v
u

Using the same values m = 1,k = 2, and b = 3 as in Example 6.10,

0 1 0
A=|-2 -3 1
0 0 O
can be written as
A=PAP !,
where
-1 0 0 1 1
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Thus
A= AT = pATp-t
9T _ ¢=2T T _ =27 % te Ty %e—2T
= | 9e T 496 2T _oT 4 gp2T _e~T _ 2T
0 0 1

To check observability, we must compute

C
V=|CA
|CA?
_ 1 0 0
_ 2T - T e ! +e T4 e ?
= 2 2
_26—2T _ AT 2T AT % +2e T e 2T 4 %6_4T

and its determinant
detV =e"T +2e72T — 4737 — 2747 4 3757
=e T1+e )1 —e )21 +3e7T).

The factored form above shows that since T is real, det V' = 0 only if " = 0.
The system is therefore observable for all nonzero T

Theorem 10.13 establishes a duality between the notions of controllability
and observability. The following definition formalizes the notion of duality.

Definition 10.16. The dual system of (10.3.1) is given by
z(n+1) = ATaz(n) + CTu(n),
y(n) = B x(n). (10.3.8)

Notice that the controllability matrix W of system (10.3.8) may be given
by

W = [CT,ATCT, (AT)2CT, ... (AT)*1CT].

Furthermore, the observability matrix V' of system (10.3.1) is the transpose
of W, i.e.,

V=w"
But since rank W = rank W7 = rank V', we have the following conclusion.

Theorem 10.17 (Duality Principle). System (10.3.1) is completely
controllable if and only if its dual system (10.3.8) is completely observable.
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detA=0 — —
complete controllability S---mmm 1 controllability to the origin
dual dual
l detA=0 l
complete observability | D Sl | constructibility
_—>

FIGURE 10.10.

Remark: In Remark 10.7 we introduced a weaker notion of controllability,
namely, controllability to the origin. In this section we have established
a duality between complete controllability and complete observability. To
complete our analysis we need to find a dual notion for controllability to the
origin. Fortunately, such a notion does exist, and it is called constructibility.
System (10.3.1) is said to be constructible if there exists a positive integer
N such that for given u(0),u(1), ...,u(N —1) and y(0),y(1), ...,y(N —
1) it is possible to find the state vector x(N) of the system. Since the
knowledge of x(0) yields x(N) by the variation of constants formula, it
follows that complete observability implies constructibility. The two notions
are in fact equivalent if the matrix A is nonsingular. Figure 10.10 illustrates
the relations among various notions of controllability and observability.

Finally, we give an example to demonstrate that constructibility does
not imply complete observability.

Example 10.18. Contemplate a dual of the system in Example 10.8:
+1 0 0 1
ain D) ) () o
x2(n+1) 1 0) \za(n) 0
z1(n

y(n) = (1 0) (.%Q(ni) :

The observability matrix is given by

10
V= ,

whose rank is 1. It follows from Theorem 10.13 that the system is not
completely observable. However, if we know u(0), (1) and y(0), y(1), then
from the second equation we find that x1(1) = y(1). The first equation
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yields z1(2) = u(1) and z3(2) = z1(1). Thus

. .131(2)
z(2) = <x2(2)>

is now obtained and, consequently, the system is constructible.

10.3.1  Observability Canonical Forms
Consider again the completely observable system
z(n+ 1) = Az(n) + bu(n),

y(n) = Cx(n), (10.3.9)
where b is a k x 1 vector and C' is a 1 x k vector. Recall that in Section
10.2 we constructed two controllability canonical forms of system (10.3.1).
By exactly parallel procedures we can obtain two observability canonical

forms corresponding to system (10.3.9). Both procedures are based on the
nonsingularity of the observability matrix

c
CA

OA-k71

If we let z(n) = Vz(n) in (10.3.11), we obtain the first observability
canonical form (Exercises 10.3, Problem 10)

z(n+1)=A z(n) + b u(n),

y(n) =¢ z(n), (10.3.10)
where
0 1 0
0 0 1
A= : :
0 0 0 1
—Pk  —Pk-1 —Pk-2 2!

c
b=Vb. (10.3.11)
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In Exercises 10.3, Problem 10, the reader is asked to find a change of
variable that yields the other observability canonical form {4, ¢}, with

0 0 0 —px
1 0 0 —pr—_1

A=10 1 0 —pra|, e=(0 0 1) (10.3.12)
0 0 1 —pm

Exercises 10.3
1. Consider the input—output system

z(n+ 1) = Az(n) + Bu(n),
y(n) = Cz(n),

0 1
where A = ( ) .
2 -1

(a) If C = (0,2), show that the pair{A, C} is observable. Then find
x(0) if y(0) = a and y(1) = b.

(b) If C' = (2,1), show that the pair {A, C'} is unobservable.

2. Determine the observability of the pair {A,C}, where

0 1 0
2 =3 =2
A= 0 01 o= :
_111 2 3 1
4 4

3. Consider the system defined by
zi(n+1)\  fa b\ [z1(n) 1 uln
(acg(n—i-l)) B <c d) ((EQ(TL)) N (1) (),
B z1(n)
y(n) = (1 0) <x2(n)> .

Determine the conditions on a,b,c, and d for complete state control-
lability and complete observability. In Problems 4 and 5, determine the
observability of the pair {A, C}.
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11.

12.
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210 0 0
021 0 0
11101
A=1]0 0 2 0,0:< >
01 1 0
000 -3 1
000 0 -3
2 1 0 0
021 0 0
11101
A=|o o2 o o], Cc= .
01100
000 -3 1
000 0 -3

Show that the pair {4, C}, where

A 0 Appir X Asi:m X 1
11 . C= (C1 O), 11: 7 X7T 21-M XT
A21 A22 AQQZ m X m; Cl p Xy

is not completely observable for any submatrices Ay, As1, Ags, and Cf.

Prove that system (10.3.2) is completely observable if and only if
rank[C, CA,...,CA™ T = k, where m is the degree of the minimal
polynomial of A, and r = rank C.

Prove that system (10.3.2) is completely observable if and only if the
matrix VTV is positive definite, where V is the observability matrix
of {4,C}.

Show that the kth-order scalar equation
z(n+k)+przin+k—1)+--- +prz(n) = u(n),
y(n) = c z(n),
is completely observable if ¢ # 0.

Verify that the change of variable 2(n) = Vaz(n) produces the
observability canonical pair {A, ¢} defined in expression (6.3.13).

Consider system (10.3.2), where P~'AP is a diagonal matrix. Show
that a necessary and sufficient condition for complete observability is
that none of the columns of the r x k matrix C'P consist of all zero
elements.

Consider system (10.3.2), where P~* AP is in the Jordan form .J. Show
that necessary and sufficient conditions for complete observability of
the system are:
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(i) no two Jordan blocks in J correspond to the same eigenvalue of
A,

(ii) none of the columns of C'P that correspond to the first row of
each Jordan block consists of all zero elements, and

(iil) no columns of C'P that correspond to distinct eigenvalues consist
of all zero elements.

13. Let P be a nonsingular matrix. Show that if the pair {A,C} is
completely observable, then so is the pair {P~1AP, CP}.

14. Show that if the matrix A in system equation (10.3.2) is nonsingular,
then complete observability and constructibility are equivalent.

15. Consider the completely observable system

z(n+1) = Az(n) + Bu(n),
y(n) = Cz(n),

where a is a &k X k matrix and C is a 1 x k vector. Let M =
(CT,ATCT,...,(AT)k_lCT).

0 1 0 0
0 0 1 0
(a) Show that MTA(MT)"t =] : : : C,
0 0 0 o1
—Qr —agp—1 —Qr—2 ... —ai
where a;,1 < i < k, are the coefficients of the characteristic

polynomial
N — Al =X+ Nt .

(b) Write down the corresponding canonical controllable system by
letting #(n) = MTx(n). Then deduce a necessary condition on C
for complete observability of the original system.

16. Consider the system

z(n+1) = Az(n),
y(n) = Cxz(n),

where A is a k X k matrix and C' is a 1 x k vector. Prove that the
system is completely observable if and only if the matrix

G=(C,CA Y, CA™% ..., CA ") is nonsingular.
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u(n)

M (X 75 x(n)

+

+

LA |
FIGURE 10.11. Open-loop system.

10.4 Stabilization by State Feedback
(Design via Pole Placement)

Feedback controls are used in many aspects of our lives, from the braking
system of a car to central air conditioning. The method has been used by
engineers for many years. However, the systematic study of stabilization
by state feedback control is of more recent origin (see [3], [4]) and dates
to the 1960s. The idea of state feedback is simple: It is assumed that the
state vector z(n) can be directly measured, and the control u(n) is adjusted
based on this information. Consider the (open-loop) time-invariant control
system shown in Figure 10.11, whose equation is

z(n+ 1) = Az(n) + Bu(n), (10.4.1)

where, as before, A is a k X k matrix and B a k X m matrix.

Suppose we apply linear feedback u(n) = —Kx(n), where K is a real
m X k matrix called the state feedback or gain state matrix. The resulting
(closed-loop) system (Figure 10.12) obtained by substituting v = — K« into
(10.4.1) is

z(n+1) = Az(n) — BKx(n),

or
z(n+1) = (A— BK)z(n). (10.4.2)
S8 (O )
+
A
L=
K
L= |

FIGURE 10.12. Closed-loop system.
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The objective of feedback control is to choose K in such a way such that the
resulting system (10.4.2) behaves in a prespecified manner. For example,
if one wishes to stabilize system (10.4.1), that is, to make its zero solution
asymptotically stable, K must be chosen so that all the eigenvalues of
A — BK lie inside the unit disk.

We now give the main result in this section.

Theorem 10.19. Let A = {p1, pio, ..., ux} be an arbitrary set of k com-
plex numbers such that A = {fi1, fia, ..., fix} = A. Then the pair {A, B} is
completely controllable if and only if there exists a matriz K such that the
eigenvalues of A — BK are the set A.

Since the proof of the theorem is rather lengthy, we first present the
proof for the case m = 1, i.e., when B is a k x 1 vector and wu(n) is
a scalar. We start the proof by writing the characteristic polynomial of
A JA =N =M+ a A1+ aoAF=2 4 -+ + ay,. Suppose also that

k
TTO = 1) = A+ oA 4 oA 2 by
i=1
Define T'= WM, where W is the controllability matrix of rank k defined
in (10.2.1) as

W = (B,AB,..., A*1B)

and
ar—1 Qarp—2 ... Qa1 1
agp—o QAk—-3 ... 1 0
M = :
aq 1 PN 0 0
1 0 0 O

Then (Exercises 10.4, Problem 12)

0 1 0 ... 0
0 0 1 ... 0
A=TT'AT=| : : : (10.4.3)
0 0 0 |
—ap —Qp—1 —Qk—2 ... —aj
and
B=T"'B=(0 0 --- 0 1)".

Letting z(n) = TZ(n) in system (10.4.2), we get the equivalent system
z(n+1) = (A - BK)Z(n), (10.4.4)
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where
K = KT. (10.4.5)
Choose
K = (bp —ap,bp_1 — ar_1,...,by —ay). (10.4.6)
Then
0 0 0
0 0 0
BEK = : : :
0 0 e 0
b —ar br—1—ar—1 by —ay

Observe that A — BK is similar to A — BK, since A — BK = T 1AT —
T 'BKT =T7'(A— BK)T. Thus

1
0 A
M — A+ BK|=|\M—-A+BK|=| : : :
0 0o ... 1
~by —bg_1 ... A—b

=M b+ AT by,

which has A as its set of eigenvalues. Hence the required feedback (gain)
matrix is given by

K=KT'= (bk —ap,bp_1 —ag_1, ..., by — al)T_l.
Example 10.20. Consider the control system x(n + 1) = Az(n) + Bu(n)

with
1 -3 1
A= , B= .

Find a state feedback gain matrix K such that the eigenvalues of the closed
loop system are % and %.

Solution
Method 1

1-x -3
|A— | =

=22 -3\ +14.
’4 2-\ *

So

a; = 73, as = 14.
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Also
1 1 9 3 1
()_2) <)\_4> =A —ZA+§ (10.4.7)
So
b - d b —1
1= an 2—8.
Now,
1 -2 -3 1
W= . M=
1 6 1 0
Hence
1 -2 -3 1 =5 1
T=WM = =
G060
and
g 11 1
8\-3 -5
Therefore,
K = (by — az,by —a))T™ !,
or

EN|

1 1 1 -1 165 —21
K=(-13- 22 ) (-3 = (== ==).
(a2 22 () (4 o) (2 22
Method 2 In this method we substitute K = (k;k2) into the characteristic

polynomial |A — BK — M| and then match the coefficients of powers in A
with the desired characteristic polynomial (10.4.7).

1—ki—X —=3—ke

=X _\3—k —k 14 — 5k + 3ky. (10.4.8
4k 9 ky— A ( 1 2) + 1+ 3ka. ( )

Comparing the coefficients of powers in A in (10.4.7) and (10.4.8), we obtain
33—k —ky=

)

QO = | W

14 — 5kq + 3ko =

This gives us k1 = % and kg = %.

Ko (16 =2,
64 64

Hence
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To prove the general case m > 1 of Theorem 10.19 we need the following
preliminary result.

Lemma 10.21. If the pair {A, B} is completely controllable and the
columns of B, assumed nonzero, are by,bs, ..., by, then there exist ma-
trices K;,1 < i < m, such that the pairs {A — BK;,b;} are completely
controllable.

PROOF. Let us consider the case ¢ = 1. Since the controllability matrix W
has rank & (full rank), one may select a basis of R* consisting of k columns
of W. One such selection would be the k x k matrix

M = (by, Aby, ..., A" by by, Aby, ... ,a™ by, L),

where r; is the smallest integer such that A"ib; is linearly dependent
on all the preceding vectors. Define an m x k matrix L having its r;th
column equal to e; = (0,1,...,0)7, its (r; + ro)th column equal to
e3 = (0,0,1,...,0)7, and so on, all its other columns being zero. We claim
that the desired matrix K7 is given by K; = LM ~!. To verify the claim, we
compare the corresponding columns on both sides of K1 M = L. It follows
immediately that

K1b1 :0, KlAbl :O7...,K1Arlilb1 = €2,
K1b2:07 KlAbQ:O,...7K1Ar2_1b2:€3,
Klbg = 0, etc.

Thus we have
(b1, (A= BK1)by, (A — BK3)?by,...,(A— BK2) b)) = W(k),

which has rank k by assumption. This proves our claim. We are now ready
to give the proof of the general case m > 1 in Theorem 10.19. O

ProOOF OF THEOREM 10.19. Let K; be the matrix in Lemma 10.21.
Then by Lemma 10.21, it follows that the pair {A — BKj, b, } is completely
controllable. And by the proof of Lemma 10.21 for m = 1, there exists a
1 x k vector £ such that the eigenvalues of A + BK; + b1€ are the set A.
Let K be the m x k matrix whose first row is & and all other rows are zero.
Then the desired feedback (gain) matrix is given by K = K; + K. Since
u = —Kux, this gives

z(n+1)=(A—- BK)xz(n) = (A— BK; — bh§)z(n).

To prove the converse, select Ky such that (A — BKy)" — 0 as n —
oo, that is, the spectral radius p(A — BK,) is less than 1, and select K,
such that p(A — BK;) = {exp (Q’TT”) n=0,1,...,k— 1}, the kth roots
of unity. Then clearly, (A — BK;)¥ = 1. Suppose that for some vector
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£ RF ETA"B =0 for all n € Z*+. Then for any matrix K,
¢T(A— BEK)" =¢T(A - BK)(A— BK)"!
= ("A-¢"BK)(A - BK)"!
=¢TA(A— BK)"™'  (since ¢ B =0)
=¢TA(A - BK)(A—- BK)"?
=¢TA*(A—- BK)"% (since ¢¥'AB =0).
Continuing this procedure we obtain
ET(A—BRK)" =¢TA™, foralln e Z7T.
This implies that
¢'[(A—- BK,)" — (A— BK,)"| =0, forallnecZ",
or
¢T(A— BK,)" —1]=0, forallreZzZ".

Letting r — oo, we have (A — BKy)*" — 0 and, consequently, ¢7' = 0.
This implies that the pair {A, B} is completely controllable. O

An immediate consequence of Theorem 10.19 is a simple sufficient condi-
tion for stabilizability. A system xz(n+1) = Az(n) + Bu(n) is stabilizable if
one can find a feedback control u(n) = —Kxz(n) such that the zero solution
of the resulting closed-loop system z(n + 1) = (A — BK)z(n) is asymp-
totically stable. In other words, the pair {A, B} is stabilizable if for some
matrix K, A — BK is a stable matrix (i.e., all its eigenvalues lie inside the
unit disk).

Corollary 10.22. System (10.4.1) is stabilizable if it is completely
controllable.

The question still remains whether or not we can stabilize an uncontrol-
lable system. The answer is yes and no, as may be seen by the following
example.

Example 10.23. Consider the control system
z(n+ 1) = Az(n) + Bu(n),

where
0 a b 1 5
A=11 d e|, B=]|0 0
0 0 h 0 0

Let us write

A A B
g [An A  B- 1 7
0 Ag 0
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where

0 b 1
All = <1 Z) ) A12 = <e> ) A22 = (h)7 Bl = (O g;) .

If x = (y) , then our system may be written as
z

y(n+1) = Any(n) + A122(n) + Biu(n),
z(n + 1) = Aggz(n).

It is easy to verify that the pair {A11, B} is completely controllable. Hence
by Theorem 10.19, there is a 2 X 2 gain matrix K such that A1 + B1 K is
a stable matrix. Letting K = (K)(0), then

A11 — Blk *)

A—BK =
0 h

Hence the matrix A — BK is stable if and only if |h| < 1.

In the general case, a system is stabilizable if and only if the uncon-
trollable part is asymptotically stable (Exercises 10.4, Problem 8). In this
instance, from the columns of the controllability matrix W we select a basis
for the controllable part of the system and extend it to a basis S for R¥.
The change of variables © = Py, where P is the matrix whose columns are
the elements of S, transforms our system to

y(n +1) = Ay(n) + Bu,

_ A A _ B
i 11 12 . B= A
0 Ay 0

Here the pair {411, By} is controllable. Hence the system is stabilizable if
and only if the matrix Ao is stable.

where

10.4.1 Stabilization of Nonlinear Systems by Feedback

Before ending this section, let us turn our attention to the problem of
stabilizing a nonlinear system

z(n+1) = f(z(n),u(n)), (10.4.9)
where f: RF x R™ — RF. The objective is to find a feedback control
u(n) = h(z(n)) (10.4.10)

in such a way that the equilibrium point * = 0 of the closed-loop system

z(n+1) = f(z(n)), h(z(n)), (10.4.11)
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is asymptotically stable (locally!). We make the following assumptions:
(i) £(0,0) =0, and
(ii) f is continuously differentiable, A = %(0,0) is a k X k matrix, B =
%(0, 0) is a k X m matrix.
Under the above conditions, we have the following surprising result.
Theorem 10.24. If the pair {A, B} is controllable, then the nonlinear
system (10.4.9) is stabilizable. Moreover, if K is the gain matrixz for the

pair {A, B}, then the control u(n) = —Kxz(n) may be used to stabilize
system (10.4.9).

PROOF. Since the pair {A, B} is controllable, there exists a feedback
control u(n) = —Kux(n) that stabilizes the linear part of the system,
namely,

y(n+ 1) = Ay(n) + Bu(n).

We are going to use the same control on the nonlinear system. So let
g: R¥ — R* be a function defined by g(z) = f(z,—Kx). Then system
equation (10.4.9) becomes

z(n+1) = g(xz(n)) (10.4.12)
with

@ = A - BK.

or|,_,

Since by assumption the zero solution of the linearized system
yn+1) = (A— BK)y(n) (10.4.13)

is asymptotically stable, it follows by Theorem 4.20 that the zero solution
of system (10.4.12) is also asymptotically stable. This completes the proof
of the theorem. O

Example 10.25. Consider the nonlinear difference system
z1(n+ 1) = 2sin(z1(n)) + z2 + u1 (n),
ra(n 4+ 1) = 22(n) — z2(n) — ua(n).

Find a control that stabilizes the system.

Solution One may check easily the controllability of the linearized system

{A, B}, where
2 1 1
A= 5 B = )
0 -1 -1

after some computation. A gain matrix for the linearized system is K =
(2.015,0.975), where the eigenvalues of A—BK are % and 0.1. As implied by
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Theorem 10.24, the control u(n) = —Kxz(n) would stabilize the nonlinear
system, where K = (2.015,0.975).

Exercises 10.4

In Problems 1 through 3 determine the gain matrix K that stabilizes the
system {A, B}.

0 1
1. A=
(—0.16 —1)

*8.

0
1
0

2 1 1
CA=|-2 1

—2 -1 -2

0 10 0
A=|o0 o0 1|, B=]0

-2 1 3 1

. Determine the matrices B for which the system {A4,B},A =

1 -1 2
1
0 5 L s (a) controllable and (b) stabilizable.
1 -1
|
2 2

Consider the second-order equation
z(n+2)+arz(n+ 1) + asz(n) = u(n).

Determine a gain control u(n) = ciz(n) + cox(n + 1) that stabilizes
the equation.

Describe an algorithm for decomposing the system z(n+1) = Az(n)+
Bu(n) into its controllable and uncontrollable parts when A is a 3 x 3
matrix and B is a 3 X 2 matrix.

Generalize the result of Problem 6 to the case where A is a k x k matrix
and B is a k X r matrix.

Show that the pair {A, B} is stabilizable if and only if the uncontrol-
lable part of the system is asymptotically stable.

Deadbeat Response. If the eigenvalues of the matrix A — BK are all
zero, then the solutions of the system z(n + 1) = (A — BK)z(n) will
read 0 in finite time. It is then said that the gain matrix K produces
a deadbeat response. Suppose that A is a 3 x 3 matrix and B a 3 x 1
vector.



466 10. Control Theory

(a) Show that the desired feedback matrix K for the deadbeat
response is given by
K=[1 0 0[a & &),
where
§=A"'B, &=(A"")’B, &=(A"")B.
(b) Show that the vectors &1, &2, and &3 are generalized eigenvectors
of the matrix A — BK [i.e., (A — BK){; = 0,(A — BK)& =
&1, (A= BK)&s = &)

10. Ackermann’s Formula:
Let A = {1, u2,. .., 1} be the desired eigenvalues for the completely
controllable pair {A, B}, with A = A. Show that the feedback (gain)
matrix K can be given by
K=(0 0 --- 0)(B AB --- A¥'B)'p(4),

where
k
p(/\) = H()\ — ,ui) = /\k + al)\k71 + 4.

i=1

11. Let A = {p1,p2,..., 11} be a set of complex numbers with A = A.
Show that if the pair { A, C'} is completely observable, then there exists
a matrix L such that the eigenvalues of A — LC' are the set A.

12. Verify formula (10.4.3).
13. Find a stabilizing control for the system
z1(n+ 1) = 3z1(n) + 23(n) — sat(2z2(n) + u(n)),
zo(n +1) =sin z1(n) — x2(n) + u(n),
where
wat y - {y if yl < 1,
signy if |y| > 1.
14. Find a stabilizing control for the system
z1(n+1) = 2z1(n) + z2(n) + 25(n) + ui(n) + 2us(n),
zo(n +1) = 22(n) +sin zo(n) + 22(n) + ui(n) + ua(n),

ran+ 1) = ad(n) + 23(n) + 5s(n) + ().

15. (Research problem). Find sufficient conditions for the stabilizability of
a time-variant system

z(n+1) = A(n)z(n) + B(n)u(n).
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16. (Research problem). Extend the result of Problem 15 to nonlinear
time-variant systems.

10.5 Observers

Theorem 10.19 provides a method of finding a control u(n) = —Kxz(n)
that stabilizes a given system. This method clearly requires the knowledge
of all state variables xz(n). Unfortunately, in many systems of practical
importance, the entire state vector is not available for measurement. Faced
with this difficulty, we are led to construct an estimate of the full state
vector based on the available measurements. Let us consider again the
system

xz(n+ 1) = Az(n) + Bu(n),
y(n) = Cx(n). (10.5.1)

To estimate the state vector x(n) we construct the k-dimensional observer
(Figure 10.13)

z2(n+1) = Az(n) + Ely(n) — Cz(n)] + Bu(n), (10.5.2)

where FE is a k X r matrix to be determined later. Notice that unlike z(n),
the state observer z(n) can be obtained from available data. To see this,
let us write the observer (10.5.2) in the form

z(n+1) = (A - EC)z(n) + Ey(n) + Bu(n). (10.5.3)

We observe here that the inputs to the observer involve y(n) and u(n),
which are available to us.

The question remains whether the observer state z(n) is a good estimate
of the original state x(n). One way to check the goodness of this estimator
is to ensure that the error e(n) = z(n) — z(n) goes to zero as n — oco. To
achieve this objective we write the error equation in e(n) by subtracting
(10.5.2) from (10.5.1) and using y(n) = Cz(n). Hence

z(n+1)—xz(n+1) =[A— EC|[z(n) — z(n)],

FIGURE 10.13. Observer.
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or
e(n +1) = [A — ECle(n). (10.5.4)

Clearly, if the zero solution of system (10.5.4) is asymptotically stable
(i.e., the matrix A — EC is stable), then the error vector e(n) tends to
zero. Thus the problem reduces to finding a matrix E such that the matrix
A — EC has all its eigenvalues inside the unit disk. The following result
gives a condition under which this can be done.

Theorem 10.26. If system (10.5.1) is completely observable, then an
observer (10.5.2) can be constructed such that the eigenvalues of the matrix
A — EC are arbitrarily chosen. In particular, one can choose a matrix E
such that the error e(n) = z(n) — x(n) in the estimate of the state x(n) by
the state observer z(n) tends to zero.

PROOF. Since the pair {A,C} is completely observable, it follows from
Section 4.3 that the pair {AT,CT} is completely controllable. Hence by
Theorem 10.19 the matrix E can be chosen such that AT — CTE” has an
arbitrary set of eigenvalues, which is the same as the set of eigenvalues of
the matrix A — EC.

Moreover, if we choose the matrix E such that all the eigenvalues of
the matrix A — EC' are inside the unit disk, then e(n) — 0 (see Corollary
3.24). |

10.5.1 Eigenvalue Separation Theorem
Suppose that the system
z(n+1) = Az(n) + Bu(n),
y(n) = Cz(n),

is both completely observable and completely controllable. Assuming that
the state vector x(n) is available, we can use Theorem 10.24 to find a
feedback control u(n) = —Kz(n) such that in the closed-loop system

z(n+1)=(A—- BK)z(n)

the eigenvalues of A — BK can be chosen arbitrarily. Next we use Theorem
10.26 to choose a state observer z(n) to estimate the state x(n) in such a
way that the eigenvalues of A — EC in the observer

z(n+1) = (A - EC)z(n) + Ey(n) + Bu(n)

can also be chosen arbitrarily.

In practice, a feedback control may be obtained using the state ob-
server z(n) instead of the original state x(n) (whose components are not
all available for measurement). In other words, we use the feedback control

u(n) = —Kz(n). (10.5.5)
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The resulting composite system is given by

z(n+1) = Az(n) — BKz(n),

z(n+1)=(A— EC)z(n) + ECx(n) — BKz(n).
It follows that

en+1)=zn+1)—z(n+1)=(4A— EC)e(n).
Hence we have the following composite system:

z(n+1)=(A—- BK)xz(n) + BKe(n),
e(n+1)=(A—EC)e(n).

The system matrix is given by

e A—-BK BK
N 0 A—EC]’

469

whose characteristic polynomial is the product of the characteristic poly-
nomials of (A — BK) and (A — EC). Hence the eigenvalues of A are either
eigenvalues of A — BK or eigenvalues of A — EC, which we can choose

arbitrarily. Thus we have proved the following result.

Theorem 10.27 (Eigenvalue Separation Theorem). Consider the

system
z(n+1) = Az(n) + Bu(n),
y(n) = Cz(n),
with the observer
z(n+1)=(A— EC)z(n) + Ey(n) + Bu(n)
and the feedback control
u(n) = —Kz(n).

Then the characteristic polynomial of this composite system is the product
of the characteristic polynomials of A — BK and A — EC. Furthermore,

the eigenvalues of the composite system can be chosen arbitrarily.
Example 10.28. Consider the system

z(n+1) = Az(n) + Bu(n),
y(n) = Cx(n),

where
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Design a state observer so that the eigenvalues of the observer matrix A —
EC are %Jr %z and % — %z

Solution The observability matrix is given by

)=

which has full rank 2. Thus the system is completely observable, and the
desired observer feedback gain matrix £ may be now determined. The
characteristic equation of the observer is given by det(4A — EC — A\I) = 0.

If
FE
Ey

then we have

which reduces to

1
V+%1+EQA+Ey+Z:O. (10.5.6)

By assumption the desired characteristic equation is given by

1 1. 1 1.

or
1
V—A+§=0 (10.5.7)
Comparing (10.5.6) and (10.5.7) yields
1
El == i, E2 == _2
1
Thus F=| 4

-2

Example 10.29. Figure 10.14 shows a metallic sphere of mass m sus-
pended in a magnetic field generated by an electromagnet. The equation
of motion for this system is

u2
mi, = mg — k-1, (10.5.8)
Tt
where x; is the distance of the sphere from the magnet, u; is the cur-
rent driving the electromagnet, g is the acceleration of gravity, and k is a
constant determined by the properties of the magnet.
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1 ®

FIGURE 10.14. A metallic sphere suspended in a magnetic field.

It is easy to check that (10.5.8) has an equilibrium at

Ty =x9 =1,
uy = ug = \/mg/k.

Linearizing (10.5.8) about this equilibrium gives the following approximate
model in terms of the deviations x = x; — 2y and u = uy — ug:

@ — %x = —2y/kg/mu,

or, in state variable form,

Thus

The matrix A can be written in the form
A= PAPT,

where
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So
cosh gT ﬁ sinh gT
A= €AT _ k g k
% sinh %T cosh %T

v/ g/m cosh %T

The discrete equivalent system is thus controllable, since

detW = |[B AB||
sinh \/ET 2sinh \/7T cosh \/7
\/>smh \/>T 2\/>s1nh \/>T cosh f
= ce\/;T sinh \/;T,

where ¢ = 0 only if T = 0.
If the position deviation x of the ball from equilibrium can be measured,
then the system is also observable, since then we have the measurement

equation
x
=11 0

C=[1 0].

and hence

Observability is easily verified by computing

cosh \/7 \/7 sinh \/7
k
= \/;sinh \/gT,

which is zero only if T = 0. Before continuing, fix m = k = 0.1,¢9 = 10,
and T'= 0.01. Thus

detV =

CA

1.0017 1.0050 —0.2010|

1.0050 0.01001 5o lo.omo}
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Note that A is unstable, with eigenvalues A\; = 1.1052 and Ay = 0.9048.

Controllability of {A, B} implies that a stabilizing state feedback gain
K = [k, ko] can be found. Moreover, the eigenvalues of the resulting system
matrix A — BK can be assigned arbitrarily. In our example,

A— BK = 1.0050 + 0.0020k;  0.0100 + 0.0020k2
~1.00017 4 0.2010k;  1.0050 + 0.2010k |’

so that

AT — A+ BK| = A2 — (2.0100 + 0.002k; + 0.201k;)A + 0.2000k; + 1,

1

1 and Ay = —1 (both inside the unit circle) can be

and eigenvalues A\ =
obtained by choosing

K = [k, ko] = [~376.2492 — 6.2500).

Observability of {A,C} implies that an asymptotic observer can be
constructed to produce an estimate of the system state vector from mea-
surements of x. The observer gain L = [l1,l2]T can be chosen not only
to ensure that the state estimate converges, but to place the observer
eigenvalues arbitrarily. In our example,

1.0050 — I 0.0100]

A—-LC =
1.0017 — I, 1.0050

so that
N[ — A+ LC| = A2+ (I; — 2.0100)\ — 1.0050; + 0.0100l5 + 1,

and eigenvalues A\; = + and \y = —% can be obtained by choosing

1
li| | 2.0100
L= .
la| 95.5973
The eigenvalue separation theorem ensures that combining this observer

with the state feedback controller designed above will produce a stable
closed-loop system with eigenvalues :I:% and :I:%.

Exercises 10.5

In Problems 1 through 4 design an observer so that the eigenvalues of the
matrix A — EC are as given.

1.A:<(1) _11> c=(1 1),

1
= 5 >\2:_

PN
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1 0 O
3.A=10 0 1|, C=(0 1 0),
01 0
)\1:%, )\in—ii, )\3:%4—%2
0 1 0
1 0 1
0O 0 -1
M= de=—1 A=-3

5. (Reduced-Order Observers):
Consider the completely observable system

z(n+ 1) = Az(n) + Bu(n),
y(n) = Cx(n), (10.5.9)

where it is assumed that the r x k matrix C has rank r (i.e., the r
measurements are linearly independent). Let H be a (k—r) x k matrix

such that the matrix
<H>
P f—
C

Z(n) = Pxz(n). (10.5.10)

is nonsingular. Let

Then z may be written as

where w(n) is (k—r)-dimensional and y(n) is the r-dimensional vector
of outputs.

(a) Use (10.5.10) to show that system equation (10.5.9) may be put
in the form

w(n + ].) . A11 A12 ’(U(?’L) Bl
<y<n+ 1)) - (Am A22> (m)) * (3) un). (10511
(b) Multiply the bottom part of (10.5.11) by any (k — r) x r matrix
E to show that
W(n+1)—Ey(n+1) = (A — EAn)[W(n) — Ey(n)]

+ [A1nE — EAn E + A9 — EAssy(n)
+ (Bl — EBQ)U(’H,)
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(¢) If v(n) = w(n) — Fy(n), show that
U(TL + 1) = (All — EAQl)’U(TL)
+ [AllE — EAQlE + A12 — EA22]y(n)
+ (Bl — FBQ)U(’I’L)

(d) Explain why we can take an observer of system equation (10.5.9)
as the (k — r)-dimensional system

z(n+1) = (A1 — EAs1)z(n)
+[A11 B — EAx E+ A2 — EAx)y(n)

+ (B1 — FBy)u(n). (10.5.12)
(e) Let e(n) = z(n) — v(n). Show that

6. Prove that if the system equation (10.5.9) is completely observable,
then the pair {411, A1} in (10.5.11) is completely observable.

7. Prove the eigenvalue separation theorem, Theorem 10.27, for reduced-
order observers.

8. Consider the system
z1(n+1) = z3(n),
zo(n+ 1) = —z1(n) + 2z2(n) + u(n),
y(n) = z1(n).

Construct a one-dimensional observer with a zero eigenvalue.






Appendix A

Stability of Nonhyperbolic Fixed
Points of Maps on the Real Line

A.1 Local Stability of Nonoscillatory
Nonhyperbolic Maps

Our aim in this appendix is to extend Theorems 1.15 and 1.16 to cover
all the remaining unresolved cases. The exposition is based on the recent
paper by Dannan, Elaydi and Ponomarenko [30]. The main tools used here
are the Intermediate Value Theorem and Taylor’s Theorem which we are
going to state.

Theorem A.1 (The Intermediate Value Theorem). Let f be a con-
tinuous function on an interval I = [a,b] such that f(a) # f(b). If ¢ is
between f(a) and f(b), then there exists o € (a,b) such that f(xo) = c.
In particular, if f(a) and f(b) are of opposite sign, then since 0 is between
f(a) and f(b), there exists xo between a and b such that f(x¢) = 0.

Theorem A.2 (Taylor’s Theorem). Suppose that the (n+1)th deriva-
tive of the function f exists on an interval containing the points a and b.
Then

f"(a) f¥(a)

£6) = (@) + F@b-a)+ L1 L@ gy
£ (a) w, TUV(2) 1
N - (b—a)”+ CES (b—a)"t (A.1.1)

for some number z between a and b.

477
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Notation: The notation of f € C" means that the derivatives f', f”,..., f(")
exist and are continuous.

Theorem A.3. Letx* be a fixed point of f, then the following statements
hold true:

(i) Suppose that f € C%*. If f'(x*) =1, and f"(z*) = --- = fCFD(z*) =
0 but fPR)(2*) £ 0, then x* is semi-asymptotically stable:

(a) from the left if fPF)(x*) >0, and
(b) from the right if f0)(z*) < 0.

(ii) Suppose that f € CCHD_ [If f(z*) = 1, and f'(z*) = --- =
FER () =0 but fFCR+D(2*) # 0, then:
(a) x* is asymptotically stable if fCFD(z*) <0, and
(b) z* is unstable if fCF+D () > 0.

PROOF.

(i) Assume that f'(z*) = 1, f’(z*) = --- = fC~D(z*) = 0 but
FEI(a*) # 0.

(a) If f2¥)(2*) > 0, then by Taylor’s Theorem, for a sufficiently small
number § > 0, we have

flx*+8)=f(x*)+ f(@*)6 + ...

f(2k71)(x*)5(2k71) f(2k)(€)52k

LT N O YT

(A.1.2)

for some £ € (z*,z*+4). If ¢ is sufficiently small, we may conclude
that f(?)(&) > 0. Substituting in (A.1.2) yields

(2k) (&) 52k
flz*+d0)=a"+0+ ]8(2(]5))'6 (A.1.3)
Similarly one may show that
(2k) 52k
f(m*—d):x*—cS—l—f(;]f))!. (A.1.4)

Hence from (A.1.3), it follows that f(z* +J) > z* 4+ 4. And from
(A.1.4) we have z* — ¢ < f(z* —J) < a*. This proves semi-
asymptotic stability from the left.

(b) The proof of part (b) is analogous and will be left to the reader.
(ii) By the assumptions in (ii) we have, for some § > 0,

f(2k+1) (f)(st—H

f@"+0) =a" 8+ A

(A.1.5)
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for some & € (x*,z* + §).

Furthermore,

f(2k+1)(f)(52k+1
2k + 1)!

(a) If fFCR+1(2*) < 0, then, from (A.1.5), f(z*+6) < 2*+§ and, from
(A.1.6), f(z* — &) > z* — 4. Hence z* is asymptotically stable.

fl@r=0)=a"-d6+ (A.1.6)

(b) The proof of part (b) is analagous and will be left to the reader.

O
Consider the map f(z) =  + (z — 1)%, where 2* = 1 is a fixed point of

fwith f/(x*) =1, f"(z*) = f"(2*) =0, and f® (2*) = 24 > 0. Then by
Theorem A.3, z* is semi-asymptotically stable from the left.

A.2 Local Stability of Oscillatory
Nonhyperbolic Maps

We now consider the case when f’(2*) = —1. A nice trick here is to look

at the map g(z) = f(f(x)) = ().

A.2.1 Results with g(z)

Since z* is a fixed point of f, it must be a fixed point of g and ¢’'(z*) = 1.
Moreover, g"(z*) = 0 and ¢"'(z*) = 25 f(2*). Notice that z* is asymptot-
ically stable {unstable} under g if, and only if, it is asymptotically stable
{unstable} under f. This is due to the fact that |f™(z*)| < 1 if and only if
g"(@")] < L.

We can then apply the second half of Theorem A.3 to get the following
result.

Theorem A.4. Suppose that f € CP*+Y) and 2* is a fized point of f such
that f'(x*) = —1. If ¢"(z*) = ... = ¢g@®)(z*) = 0 and g*+Y(z*) # 0,
then:

(1) x* is asymptotically stable if g**+1)(z*) <0, and

(2) x* is unstable if g*+V (z*) > 0.

Observe that this strategy does not use the other part of Theorem A.3—
where z* is semi-asymptotically stable under g. That is, the case where
fl(z*) = —1, ¢"(x*) = ... = g V(2*) =0, and g®¥) (z*) # 0.

We now argue that this situation will never occur for analytic f.

Theorem A.5. Let [ be analytic with f'(x*) = —1. Then, for some k > 1,
(1) If ¢"(x*) = ... = g~V (2*) = 0, then g (2*) = 0.
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(2) z* cannot be semi-asymptotically stable under g.

PRrROOF. By Taylor’s Theorem, we have some small § with

et +8) = Fa) + o) + L@

2l
= 2% — 5 +0(52).

Hence, for zp = z*+J > a*, we have f(zg) < «* and for zp = 2*—§ < z*,
we have f(z9) > z*. In other words, for zg € (z* — 6, z* + J) either
2k (x*) € (x*, x* +6) and f2AF1(2*) € (2% — 5, 2*) for all k € ZT or
f2E(x*) € (x* — 8, z*) and f2R+1(z*) € (%, 2* +0) for all k € Z*.

Now, if f2¥(zo) — 2* as k — oo, then f2+1(xy) — 2* as k — co. Hence
either x* is asymptotically stable or x* is unstable and, more importantly,
it cannot be semi-asymptotically stable. O

These results using g(x) are conclusive but not entirely satisfactory. For
example, we return to f(z) = —x + 222 — 423. To determine the stability
of f(x) at 0, we need to find derivatives of g(z) = —x + 42? — 82° +
642° — 19225 + 38427 — 38428 + 2562°. It turns out that ¢°(0) = 7680;
hence, by Theorem A.4, 0 is an unstable fixed point. However, this was
computationally difficult, and we would like an analogue of Theorem A.4
using only the derivatives of f(z).

Remark: If f'(z*) = 1, f®(2*) = 0 for all & > 1, and f is analytic,
then f(z) = x. Consequently, every point in the vicinity of z* is a fixed
point and z* is thus stable but not asymptotically stable. If f/(z*) = —1,
g®) (z*) =0 for all k > 1, and if f is analytic, then g(z) = . Hence every
point in the vicinity of * is periodic of period 2, and z* is again stable but
not asymptotically stable.

Example A.6. Consider the maps f1(z) = z+e % , fo(z) = x+ze ™
fs(z) = x—ze=* ", with f;(0) = 0. Each of these maps has f/(0) = —1, and
fi(k)(O) =0 for all &k > 1. However, the fixed point 0 is semi-asymptotically
stable from the left, unstable, and asymptotically stable, respectively.
Example A.7. Contemplate May’s genotype selection model
x(n)ea(Hm(n))

1 —x(n) + z(n)ex(1-2x(n))’

z(n+1)= a>0, z€(0,1). (A.21)
At the fixed point z* = %7 f'(z*) = 1—%. The fixed point is thus asymptoti-
cally stable for 1 < a < 4 by Theorem 1.13. At @ = 4, we have f'(z*) = —1,
9" (x*) =¢"'(*) =0, but ¢"’(2*) = —32 < 0. Hence by Theorem A.4, the
fixed point z* = 1 is asymptotically stable.



Appendix B
The Vandermonde Matrix

The generalized Vandermonde matrix is given by

1 0 1 0
A 1 D W 1
2 2
V= AT 21 - AL 2\, - (B.1)
MLk —DAFZ A (R 1)aE2

and consists of £ x m; submatrices corresponding to the eigenvalues \;,
1 <1 < r 22:1 m; = k. The first column in the £ X m; subma-

trix is ¢ = (1,A1,A},...,AP)T, the second column is ¢ = Lcj(A1) =
(0,1,2X1,3X2,..., kAF"1)T the sth column is ¢, = ﬁ(f*”(h),

where cgm)()\l) is the mth derivative of column c¢;. The extension of this

definition to other k£ x m; submatrices is done in the natural way. We are
now going to prove the following result.

Lemma B.1 [76].

W) =detV=J[ (—x)mm. (B.2)
1<i<j<k

Moreover, V' is invertible.

PROOF. The proof proceeds by induction on the sum of multiplicities m;
of the eigenvalues \;, with m; > 1. If all the m;’s are equal to 1, we have the
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regular Vandermonde matrix (2.3.3) and thus (B.2) holds. For the example
myp =3, ma =2 (A = Ay = A3, Ay = X5), the sum of multiplicities which
exceed 1 is 3 + 2 = 5. To illustrate the induction step, let

1 0o 1 1 0
A1t X 1
W=\ 2\ 2 A2 2)\3].
A3AT 2 A3 3A2
AAxd ot ] 4x3

So that the sum of multiplicities greater than 1 is 4.
Assuming (B.2) for W yields

W= (t— A1) N2 —£)> (A2 — AL
Note that

1/d*\ +
W) =3 (dﬁ> Wi,

il 4
= 2(/\2—>\1)

[2(t —A) (A2 =) = 2(t — Ay )* (A2 — t)] |t:)\1

_ %(AQ 200 — )2 — 4 — M) (e — 1)
— 4t = M)A —t) +2(t — \)?]
— (o —A1)C

|t:)\1

In general, W(0) is formed from W as long as there is one multiplicity
m; > 1. The general case may be proved in an analogous manner. O



Appendix C
Stability of Nondifferentiable Maps

The main objective of this appendix is to prove Theorem 4.8. In fact, we
will prove a more general result which appeared in Elaydi and Sacker [50].
In the sequel we will assume that the f : I — [ is continuous on the closed
and bounded interval I = [a, b]. Clearly if I = [a, 00), and f is bounded and
continuous, f(I) C J C I, where J is a closed and bounded interval, then
f:J — J. The following lemma and its corollary are immediate sequences
of the Intermediate Value Theorem.

Lemma C.1. Let J = [¢,d] C [a,b] such that either:
(i) f(c) > cand f(d) <d, or

(ii) f(c) < c and f(d) > d.

Then f has a fized point (c,d).

Proor.

(i) Assume that f(c) > cand f(d) < d. Then for the map g(x) = f(z)—=z,
g(c) > 0 and g(d) < 0. Hence by the Intermediate Value Theorem,
there exists 2* between ¢ and d such that g(z*) = 0. Hence f(z*) = 2™,
and thus x* is a fixed point of f.

The proof of (ii) is similar and will be left to the reader. O

Corollary C.2. Suppose that J = [c,d] C I. If f(d) > d and (¢, d) is fized
point-free, then f(x) > x for all x € (¢,d).

We are now ready to present the main result.
483
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Theorem C.3. Let f : I — I be continuous. Then the following
statements are equivalent:

(i) f has no points of minimal period 2 in (a,b).
(ii) For all o € (a,b), {f™(x0)} converges in I.

Proor. (ii) = (i).
If {Z1,Z2} is a periodic orbit of period 2 in (a,b), then {f™(Z)} does not
converge as it oscillates between z; and Zs.

(i) = (ii) .

Assume there exists g € (a,b) such that {f™(z¢)} does not converge.
Thus x( is not a fixed point or an eventually fixed point. Hence its orbit
O(zo) = {x0,2(1),2(2),...} can be partitioned into two sequences A =
{z(k)|f(z(k)) > z(k)} and B = {z(k)|f(xz(k)) < x(k)}. Then A # § and
B # (). We claim that A is strictly monotonically increasing, i.e., ¢ < j
implies z(7) < z(j). Assume the contrary, that there exists z(i),z(j) € A
such that i < j but z(i) > z(j). This means that fi(zo) > f7(z0). Let
j=1i+r. Then f"(x(i)) < z(¢). Since (i) is not a fixed point of f, there
exists a small § > 0 such that the interval (z(i) — 0, 2(¢)) is free of fixed
points. Thus we may conclude that there exists a largest fixed point z of f
in [a,z()] (# may equal a). Hence the interval (z,z(7)) is fixed point-free.
And since f(z(i)) > x(i), it follows by Corollary C.2 that f(z) > « for all
z € (2,(0)).

Let z, be a sequence in (z,(4)) that converges to z. Then f(z,) > z,
and lim,, , f(2n) = f(2) = 2. There exists N; € ZT such that n > Ny,
f(zn) € (z,2(7)). For n > Ny, f%(2,) > f(2n) > z and hmn_mof (zn) =
f?(2) = 2. There exists No € Z7T such that for n > Ny, f2(z,) € (z,2(7)).
Repeating this process, there are N3, Ny,..., N, such that for n > Ny,
1<t <r, fizs) € (2,2(2)). ForN—max{Nt\l <t <r}, fli(zn) €
(z,2(i)), 1 <t < r. We conclude that there exists y € (z,2(¢)) such that
Y F(W)s- o () € (2,2(0)). Hence f7(y) > f71(y) > - > f(y) >
But fr(x ( )) x(4) implies, by Lemma C.1, the existence of a fixed pomt

n (y,z(7)), a contradiction which estabhshes our claim that A is strictly
monotonically increasing.

Similarly, we may show that B is strictly monotonically decreasing. De-
fine £; = sup A, To = inf B. Then Z; < Zs and hence neither is an end
point. Since AU B = O(xy), it follows that {Z1,Z2} = Q(zg), the set of all
limit points of O(z). Since (xg) is invariant, either:

(1) = T2, f(Z2)
(T1) =71, f(Z2)

I
8l

1, Or

I
=l

2, Or
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Case (a) is excluded since there are no 2-cycles; cases (b) and (d) are also
excluded since neither A nor B is invariant. Hence the only case left is case
(¢) which confirms the convergence of the sequence {f™(z¢)}. O

As an immediate consequence of the preceding theorem, we have the
following important result on global asymptotic stability.

Corollary C.4. Let x* be a fixed point of a continuous map on the closed
and bounded interval I = [a,b]. Then z* is globally asymptotically stable
relative to (a,b) if and only if f?(x) > x for x < z* and f*(x) < x for
x> x* for all x € (a,b)\{z*}, and a,b are not periodic points.

PROOF. The necessity is clear. To prove the sufficiency, notice that the
given assumptions imply that there are no periodic points of minimal period
2. Hence by Theorem C.3, {f™(x¢} converges for every o € I. Now if zg €
(a,x*), f(xg) > zo. For, otherwise, we would have f(x¢) < zo < f2(x0),
which implies, by the Intermediate Value Theorem, the presence of a fixed
point of the map f in the interval (a,x*), a contradiction. Similarly, one
may show that for all zg € (z*,b), f(xo) < xo. Thus lim,_ f™(z0) = ¢,
where ¢ is an interior point in the interval (a,b). Furthermore, since c is
a fixed point of the map f, it follows that ¢ = x*. Hence x* is globally
attracting.

It remains to show that x* is stable. We have two cases to consider.

Case (i): The map f is monotonically increasing in a small neighborhood
(z* — 6,2%). Since f(z) > x for all € (z* — §,2"), it follows that for
zg € (z* — §,2*), we have zg < f(z0) < f?(xg) < -+- < z*.

Case (ii): The map of f is decreasing monotonically in (z* — §, z*). Given
e > 0, there exists 6 > 0, § < € such that f(z* — §) — 2* < e. Furthermore,
f(zg)—x* < eforallzg € (z*—6,2*). Since f(zg) > xo, f2(20) < f(z0) and
since xg < o*, f2(wg) > x¢. Thus zg < f2(w9) < f(z0) and, consequently,
f?(20) — 2* < & < e. The same scenario occurs for zg > z*. Hence z* is
stable. O






Appendix D
Stable Manifold and the

Hartman—Grobman—Cushing
Theorems

D.1 The Stable Manifold Theorem

Consider the nonlinear difference system
z(n+1) = f(z(n)) (D.1.1)

such that f has a fixed point 2* € R* and f € C? in an open neighborhood
of z*. Let A = D f(z*) be the Jacobian of f at z*. Then (D.1.1) may be
written in the form

z(n+1) = Az(n) + g(x(n). (D.1.2)
The associated linear system is given by
z(n+1) = Az(n). (D.1.3)

The fixed point z* is assumed to be hyperbolic, where none of the eigen-
values of A lie on the unit circle. Arrange the eigenvalues of A into two
sets: S = {)\1,)\27...,/\T}, G = {)\r+1;-~-7)\k} with |)\z| < 1for \; € S
and |A;] > 1 for \; € G. Let E° be the eigenspace spanned (gener-
ated) by the generalized eigenvectors corresponding to S and let E* be
the eigenspace spanned by the generalized eigenvectors corresponding to
G. Then RF = E*@ E%. The sets E* and E" are called the stable and
unstable subspaces of z*, respectively.

The local stable manifold of z* in an open neighborhood G defined as

We(z*,G) =W?(x") ={z0 € G| O(xp) C Gand lim f"(xo) =2z"}.
n—00
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FIGURE D.1. E° is tangent to W?°(z") and E" is tangent to W*(z").

FIGURE D.2. Stable and unstable manifolds W*(z*) and W*(z") in a neighbor-
hood G of z*.

To define the unstable manifold, we need to look at negative orbits. Since
f is not assumed to be invertible, we have to define a principal negative
orbit O~ (z¢) = {x(—n)} of a point z( as follows. We let x(0) = x¢, and
f(z(=n—1)) = x(—n), n € Z*. The local unstable manifold for z* in G is
defined to be the set

Wh(x*,G) = W¥(z*) = {zo € G | there exists a negative orbit,
O~ (z9) C Gand lim z(—n)=2z"}.
n— oo

The following theorem states that E* is tangent to W*(z*) and E“ is
tangent to W (z*) at the fixed point z* (see Figures D.1 and D.2).

Theorem D.1 (The Stable Manifold Theorem). Let x* be a hyper-
bolic fized point of a C*-map f : R¥ — R*. Then in an open neighborhood
G of x* there exist two manifolds W*(x*) of dimension E* and W*(x*) of
dimension E* such that:

(i) E* is tangent to W*(x*) at x* and for any solution x(n) of (D.1.1)
with x(0) € W#, lim z(n) = z*.
n—00

(il) E™ is tangent to W"(z*) at * and if z(0) € W¥(x*), then there exists
a principal negative solution x(—n) with lim z(—n) = z*.
n—0o0
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PRrROOF. See Cushing [24] and Robinson [128]. O

D.2 The Hartman—Grobman—Cushing Theorem

The Stable Manifold Theorem tells us what happens to solutions that lie
on either the stable manifold W* or the unstable manifold W* in a neigh-
borhood of a hyperbolic fixed point. The question that we are going to
address here is: What happens to solutions whose initial points do not lie
on either W*# or W*?

The answer to this question is given by the classical Hartman—Grobman
Theorem in differential equations and its analogue in difference equations.
However, this theorem requires that the map is a diffeomorphism, that is
differentiable and a homeomorphism. Twomaps f: X - X andg:Y — Y
are said to be topologically conjugate if there is a homeomorphism h : Y —
X such that f(h(y)) = h(g(y)) for ally € Y.

Theorem D.2 (Hartman-Grobman). Let f : R¥ — RF be a
C" -diffeomorphism with hyperbolic fixed point x*. Then there exists neigh-
borhoods V' of x* and W of 0 and a homeomorphism h : W — V such that
f(h(z)) = h(Az), where A = D f(z*).

In other words, f is topologically conjugate in a neighborhood of the fixed
point x* to the linear map induced by the derivative at the fized point (see
Figure D.3).

PROOF. See Robinson [128]. O

As pointed out in Cushing [24], this classical theorem does not hold for
noninvertible maps, as may be seen from the following example.

Example D.3. Consider the one-dimensional difference equation z(n +
1) = 2%(n). The Jacobian at the fixed point z* = 0 is A = 0. If h is the
conjugacy homeomorphism, then f(h(z)) = h(Az). Then f(h(x)) = h(0) =
0. Thus [A(x)]?> = 0 and h(z) = 0 for all x € R, a contradiction, since h is
one to one.

Cushing [24] extended the Hartman—Grobman Theorem to noninvertible
maps and the new result will henceforth be called HGC (Hartman—

FIGURE D.3. f is conjugate to A = Df(z*), f(h(z)) = h(Azx).
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Grobman—Cushing). But before stating the theorem, we need to introduce
a few definitions.
For a sequence z(n) € R¥, let ||z||; = sup |x(n)|, where |2(n)| is a norm

neZ+t
on R¥.
The sets
BST = {a(n) | ||zll+ < +oo},
+ _ +y _
BS§ = {a(n) € BS* | lm_|a(n)| =0},
are (Banach)! spaces under the norm || - || .
Similarly, we define
2]l = sup [z(n)]
neL-
and
BS™ = {a(n) | ||z[l- < +oo},
BS; = {a(n) € BS~ | lim_|a(n)| = 0}.
Define
+
Y (0) = {z(n) € BS* | ||z]+ < 6},
+

> (6) = {z(n) € BSy | |l2||+ < 6}.

Theorem D.4 (Hartman—Grobman—Cushing). Suppose that x* is
a hyperbolic fized point of a map f € C" and let A = Df(x*) be its
Jacobian. There exists constants ¢ and & such that the following hold:

(a) There is a one to one bicontinuous map between a (forward) solution
of (D.1.1) lying in 3.7 (6) and a (forward) solution of its linearization
(D.1.3) lying in 3" (cd).

(b) There is a one to one bicontinuous map between a (forward) solution
of (D.1.1) lying in 23_(5) and a (forward) solution of (D.1.3) lying
in g (cd).

Similar statements hold for >~ (6) and Y, (0).

PrOOF. See Cushing [24]. O

A Banach space is a complete space with a norm, where every Cauchy
sequence converges in the space.



Appendix E
The Levin-May Theorem

To prove Theorem 5.2, we need the following result from Linear Algebra
[68]:

P: “The k zeros of a polynomial of degree k > 1 with complex coefficients
depend continuously upon the coefficients.”

To make this more precise, let € C*, and f(z) = (f1(), f2(2),...,
fr(@))T in which f; : C¥ — C, 1 < i < k. The function f is continuous at =
if each f; is continuous at z, i.e., for each € > 0 there exists § > 0 such that if
lly—=z|| < 6, then |fi(x)— f;(y)| < € where ||-|| is a vector norm on C*. Now
P may be stated intuitively by saying that the function f : C¥ — C* which
takes the k coefficients (all but the leading one) of a monic polynomial of
degree k to the k zeros of the polynomial, is continuous. Precisely, we have
the following result.

Lemma E.1 [68]. Letk>1 and let
p(z) = ¥ a4 a o tag

be a polynomial with complex coefficients. Then for every € > 0, there is a
0 > 0 such that, for any polynomial,

q(z) = 2"+ bi2" M+ bz + by
satisfying
max |CL¢ — bl‘ <6
1<i<k
491



492 E. The Levin—-May Theorem

we have
i Ao — fh s
Hl‘l}n 11%1;2(16 ‘ J /L‘r(z)| <kg,
where A1, A, ..., A\ are the zeros of p(x) and p1, o, ..., ug are the zeros

of q(x) in some order, counting multiplicities, and the minimum is taken
over all permutations T of 1,2,..., k.

The characteristic equation associated with equation (5.1.18) is given by
MNAFL_ Ak g =0.

Since the characteristic roots may, in general, be complex, we may put
X\ = re*?. This yields the equation

10041 _ phgik o ) (E.1)

The general stability may be mapped out as a function of ¢ and k as follows:
if, for the dominant eigenvalues, § = 0 and r < 1 (X is real and |\ < 1),
then there is monotonic damping; if, for the dominant eigenvalues, 6 # 0,
r < 1 (X is complex, |[A| < 1), then there is oscillatory damping; and if
r >1 (J]A| > 1) for any eigenvalue, the zero solution is unstable.

The next lemma shows that for

kk

Q1 = m (EQ)

there is monotonic damping if 0 < ¢ < ¢.

Lemma E.2. All solutions of (5.1.20) converge monotonically to the zero
solution if

0<qg<q.

Proor. To find the region of values of ¢ where solutions of (5.1.20)
converge monotonically to the zero solution we let § = 0 in (E.1). This
yields

rhtl kg =0 or

g =1k — kL, (E.3)
Consider the function ¢ = h(r) = r* — r#+1. Clearly, h(0) = h(1) = 0 and

h(r) > 0 if and only if 0 < r < 1. Moreover, if ¢ = 0, then r = 0 is of
multiplicity k. Since h'(r) = r*~1(k — (k + 1)"), we conclude that:

(i) fo<r< kiﬂ, then A/(r) > 0 and thus ¢ is increasing.
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g=h(r)
A
C|1 _____
qL__- /L
]
| | |
oy
! 1 \ ;I’
r Erz 1
k+1

FIGURE E.1. For ¢ < g1, there are two positive solutions 71, r2 of (E.3).

(i) Ifr = kiﬂ, then h/(r) = 0 and ¢ attains its maximal value

w=i=n () = () - (70)
k
~(75) -]

kk
(k+ D)1

(iii) If r > kL+17 then h/(r) < 0 and thus ¢ is decreasing and intersects the

r-axis at r = 1.

Hence, for every ¢ > 0, there are two positive real solutions r; and ry of

(E.3) if and only if ¢ < ¢1 (see Figure E.1). As ¢ tends to zero, r; — 0 and

ro — 1; and as ¢ tends to ¢, both roots coalesce to ﬁ

It remains to show that the larger root ry of these two real roots is the
dominant root for all 0 < ¢ < ¢;. In fact, we will show that as ¢ increases in
the range 0 < ¢ < ¢1, there will be one real root r with magnitude greater

than kiﬂ but less than 1, and the remaining k roots have magnitude less

than kL_H To accomplish this task, it suffices to show that as g increases in
the interval (0, ¢1), no characteristic root crosses the circle centered at the

origin and with radius ~. To prove this statement we put p = AMk+1)/k

E+1
and p = ¢/q in (E.3). This yields
ket — (k+ 1)p* +p=0. (E.4)
Notice that a characteristic root A crosses the circle with radius -2 if

E+1
and only if the corresponding characteristic root p crosses the unit circle.

If such a crossing occurs, then, by Lemma E.1, there exists a characteristic
root p = €' of (E.4). Substituting in (E.4) gives

ke = (k4 1) — pe ™7,
Hence

k(cosO +isinf) =k + 1 — p(cos kf — isin k).
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Equating the real parts in both sides of the equation and similarly for the
imaginary parts yield
kcos = (k+1) —pcosk®,
ksinf = psin k6.
Squaring and adding the above two equations yield

k* = (k+1)% 4 p? — 2p(k + 1) cos k6,

Since |cos k| < 1, it follows that

2k +1+p* <2p(k+1)
or

(1-p)(2k+1—-p) <O0. (E.5)

Since p = L < 1, both terms in inequality (E.5) are positive and thus we
have a contradiction. Hence no characteristic root p crosses the unit circle
and, consequently, no characteristic root A crosses the circle with radius
i

This shows that for 0 < k < ki there is a dominant positive real charac-
teristic root of magnitude between kLH and 1, whereas all the remaining k

characteristic roots have modules less than ki_H O

Lemma E.3. If0 < g < g2, where

km
go = 2cos (2k+1>’ (E.6)

then all solutions converge to the zero solution.

ProOOF. By virtue of Lemma E.2; it suffices to consider the case where
@1 < q < q2. Consider again the function ¢ = h(r) = r* — r*+! whose
derivative is given by h'(r) = r*~*(k — (k + 1)r). For r < 0, the sign of
R/ (r) depends very much on whether k is even or odd. If k is odd, then
h'(r) > 0 and, consequently, ¢ = h(r) is increasing in the interval (—oo, 0]
and equation (E.3) has all complex roots. On the other hand, if k is even,
then A/(r) < 0 and thus h is decreasing on (—oo, 0]. It follows that equation
(E.3) has one real root and k complex roots. This real root A = re?® must

be negative and hence 6 = 7. Substituting in (E.1) yields
—pktl kg q=0.
Hence

PRk = g, (E.7)
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Since ¢ < g2 < 2, it follows that r < 1. This implies that the real root is
between —1 and 0. As ¢ increases, the zero solution becomes unstable the
first time r exceeds 1.

Putting » = 1 in (E.1) yields

e — 14 qe7 0 =0, (E.8)
Equivalently, we have
(cosf +isinf) =1 — g(cos kf — isin k6).

Equating the real part in the left side with the real part in the right side
and similarly for the imaginary part yields

cosf =1 — qcoskb,
sin @ = ¢sin k6.
Squaring and adding yields
q = 2coskb. (E.9)
Substituting (E.9) into (E.8) we obtain
e =1 — 2(cos? kf — i cos kB sin k)
= —cos2kf + isin 2k0
— _o2ik0
Hence 6 = (2n + 1) — 2k6, when n is an integer. Solving for 6 yields
@2n+ )m

By (E.9) we obtain
q = 2cos (W) . (E.11)

Note that there may be several distinct values of ¢ given by different values.
The smallest of these values of g occurs at n = 0:

e —o km

and this defines the upper boundary of the stability region. This is clear

2n4+1 _ (2n+Dk _ 2pn41
2 2k+1 2(2k+1)

the proof of the Lemma. O

since is increasing as n increases. This completes

PROOF OF THEOREM 5.2. Lemma E.3 shows that, for 0 < ¢ < g9, the
zero solution of (5.1.18) is asymptotically stable. By examining the deriva-
tive of r with respect to ¢, we will show that at » = 1, dr/dg > 0. This
would imply that as ¢ increases, r can only cross the boundary r = 1
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from below. Consequently, the complex pair of dominant eigenvalues can-
not reenter the stable region once it leaves it, and so the zero solution of
(5.1.18) is unstable for all ¢ > go.

Equating the real part with the real part and likewise with the imaginary
part in (E.1) yields

sin k6
= — E.12
" sin(k + 1)0 ( )

and

q=1"cosk® — r*+Lcos(k +1)0

o & cos k6 ~ cos(k +1)fsin k¢
= (k) | S E T 0F ~ m(E £ Do
: k
= %[sin(k + 1)0 cos kO — cos(k + 1)0 sin k0]
sin
(sin k6)* sin 6

= Tinth 3 DT (E.13)

If r = 1, we obtain, for (E.12),
sinkf =sin(k+1)0 and coskf = —cos(k + 1)0
and hence

sin k@ = sin k6 cos k + cos kO sin k,
cos kf = —cosk6 cos 6 + sin kf sin 6.

Multiplying the first equation by cos kf and the second by sin k6 and then
adding yields

sin 6 = sin 2k6.

Multiplying the first equation by sin k0 and the second by cos kf and then
subtracting yields

cos ) = —cos2k0.

From (E.12) we have, for r = 1,

dr
i k cot(k0) — (k + 1) cot[(k + 1)7]

= (2k + 1) cot kO
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and from (E.13) we have, for r = 1,
dq _ [sin(k + 1)0)* 1 [k2 (sin k0)*~1 cos kf sin  + (sin k6)* cos ]
o [sin(k + 1)0]2k+2
 (sin k) sin@ - (k + 1)2[sin(k + 1)0])* cos(k + 1)6
[sin(k + 1)6]2k+2
_ k*coskfsinf cos  (k+ 1)%sinf cos(k + 1)6
[ (k+1)0]2  sin(k+1)0 [sin(k + 1)6]2
= (2k? + 2k + 1) cot k6 — cot 2k0
= (2k
1

242k + 1) cot kO + %(tan k6 — cot kO)

1\? 1
=3 (k+ 2) Cotk9+§tank;0.

Clearly, 4 25 and gg both have the same sign as cot k6, and hence g; = % ;lg

is positive. This completes the proof. O






Appendix F

Classical Orthogonal Polynomials

This is a list of some classical orthogonal polynomials @, (z), their defi-
nitions, the corresponding intervals of orthogonality (a,b), and difference
equations Qnt1(x) — (Apz + Bp)Qn(z) + CrQn—1(x) = 0.

Difference
Name Definition (a,b) Equation
1. Jacobi: PP (x) (—-1,1) see (9.5.12), (9.5.15),
(9.5.16)
2. Gegenbauer: P} (x) (-1,1) A, = 2’;1'_",_7{, B, =0
(ultraspherical)  (see (9.4.10)) Cn = 2”;'&_1
3. Legendre: P,(x) = P7(10,0) (-1,1) A, = 2:_;_"11, B, =0
(see (9.4.9)) Cn=71H
4. Chebyshev: Tn(z) = cosné, (-1,1) An=2,B,=0
(First kind) 6 = cos™(x Cn=1
5. Chebyshev: Up(z) = St D0 (1) An =2, B,=0
(Second kind) 0 = cos™*(x) Cn=1
6. Hermite: n(z) (=o0,00) Apn=2,B,=0
(see (9.4.15)) Cn=2n
7. Laguerre: Ly () (0, 00) A, = 2’“’5%
(see (9.4.13)) B, =0
Cn =129
8. Charlier: ) () (0, 00) A, =1
(see (9.5.17)) B,=-n-a«a
C, =an
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Appendix G

[dentities and Formulas

S0 -0)

oS ()
dan Y T k| dxn=F dak’
dn

(=) el a) = Z) D" R (1 — )"t DR (1 4 2)" P

k
=(=-D)"1—-2)*1+ x)’an!

" [n+a) [n+0 3
(x —1)F@+1)" "
k_0<nk>< k )
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Answers and Hints to Selected

Problems

Exercises 1.1 and 1.2

1.

N

13

15.

e—1

. 38 payments + final payment $52.29
. (a) Am+1)=0+7r)An)+T

(b) $25,000 [(1.008)" — 1]

. $136,283.50

() r=1— (;)

(b) 2,933 years

Exercises 1.3

5.

(a) a[; 1
2x(n)

() 1+ z(n)

(b) p =33

503
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7. (i) D(n) = —p(n)+15
S(n+1)=2p(n)+3
(iii) p« = 4, unstable
@) pln 1) =~ 41
(b) pe=—-1++3
(¢) asymptotically stable

Exercises 1.4

L (a) y(n+1) =y(n) - ky*(n), y(0) =1

3. (a) yn+1) =y(n) + %25(1 - y(ln)% y(0) =2
5. (&) yln+ 1) = y(n) + 192(m) + 5

7. y(n+1) = 45_‘”381)

9. Nonstandard: y(n+ 1) = 55’4';)(:)"

Euler: y(n + 1) = y(n) + hy?(n) + hn

Exercises 1.5
{O : asymptotically stable

+1: unstable
0: asymptotically stable
0: wunstable
0: unstable
Hint: Use L’Hopital’s rule
Hint: Consider monotonic and nonmonotonic functions
(a) from the left
(b) from the right

—_

S L Now

— =

Exercises 1.6

5. {0,1}: asymptotically stable
7. |6* —3ab| < 1

9. [12
1373
11. (b) unstable
13. f(z) = —x
7
17. c= —=
‘T
_op+l = ((p+ D) =3) o p+ I+ (p+ 1D —3)
19. xr1 = , L2 = )
20 2u

Exercises 1.7

2. Hint: Let z(n) = sin” 6(n)
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1
5. Hint: Show that 0 < f'(z) <1lfor z* <z < =

2
7. Hint: Show that Sf2(2(0)) < 0
9. Hint: Use a calculator or a computer
11. Hint: Let y = —pz + %u

3
13. ¢c=——

17. z7 is unstable
x5 is asymptotically stable
x4 is asymptotically stable
19. z* = 0 is unstable

Exercises 1.8

1. There are fixed points 27 =0, 25 =1, 25 =9
W (x7) = B(z7) = (-=1,1)
x5 is unstable, —1 is eventually fixed
We(xg) = [_3v _1) U (179]7 B(Jfg) = (179]

9. Hint: Consider three cases:
(a) 0<p<1
(b) p=1
() 1<p<2

Exercises 2.1

9. Hint: Write f(n) = ag + a1n™ + agn® + .- 4 azn®
11. Hint: Use mathematical induction on m
2® = 2M 4+ 323 4 2
13. 2t =2z 1 72@ 4 623 4 @
2® =z + 1523 4+ 25203 4 104® 4 2

15. %n(n ) fnln—1)n—2)+ %n(n D) —2)(n—3) +c

Exercises 2.2

1. (a) 0, linearly dependent

)
(c) (=1)"*1(27)4", linearly independent
) 0, linearly dependent

)

3. i) linearly independent

ii) ¢1 + can + c3n?

i) linearly independent

(

(
(b) ( inc -
Eii) €1 oS (7) 4 ¢y sin (7)
(

()

i) linearly dependent

ii) no general solutions
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(d) (i) linearly independent
(ii) need one more solution
14. Hint: Consider A (ug(n)> = t(n)Aus(n) — up(n)Au (n)
ui(n) up(n)uy(n+ 1)
15. Hint: You may take W(ng) = 1 or any of your favorite constants, use
formula (2.2.10) to evaluate W(n)

n—1

2n r!
(b) ﬁ Z 9r+1

T r=0

Exercises 2.3

. (a) z(n+2) = 7x(n+1) +10z(n) =0
(b) z(n+2)+2(n)=0
(c) (n+4) 10v/22(n+3)+1602(n+2) —250v/22(n41)+625x(n) = 0
(d) z(n+1)—21z(n+2) +49z(n + 1) — 343z(n) =0
(e) z(n+4) —4z(n+3) +6x(n+2) —4zx(n+1)+z(n) =0

3. Cl4n + 62(74)’”

5. 13" 4+ con3™ + c32™ cos % + 42" sin T;—W

7. ¢12"/2 cos n—; + 222 sin % + ¢32"/%n cos % + ¢42"?n sin %
11. (d) Ty, : 12,202 — 1

U, :1,2x,42% — 1

18. (a) Hint: a?~! = 1 mod p if @ and p are relatively prime
21. Hint: D(n) = bD(n — 1) —a?D(n — 2)

anSHl@ + 1)0’ 0 — cos-1 (b>
sin ¢ 2a

Exercises 2.4

1 1n—i—§
. 21 4 7 1 1
3. —nd" + —n— —n2+ =nd
DR T
1 (mr) 1 (mr)
. =cos|{— ) —=ncos(—
2 2 2 2
26—7n+87é2 0 .
. nw . o/nw N
9 550"~ 55 COS( 2 )1+ 5osmg2 >+30”3
11. _7\n —1)" —pon = _9n
c1(=7)" + ca(—-1) +27n 243
15. y(2) =1
y(3+4n)=y(d+4n)=0, n=0,1,2,3,...
yb+4n)=y(6+4n)=—-1 n=0,1,2,3,...
-n? 3 1
17. y(n) = —— + = — — 4 a4 b(6")

10 o0 125
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Exercises 2.5

1.
3.
13.

repelling, oscillatory
attracting, oscillatory
(i) oscillatory
(ii) oscillate to oo
(iii) y* is asymptotically stable

Exercises 2.6

7.
9.
11.
13.
15.

c1(3)" + ca(=1)"

. 1/(e—mn)

3(1+ ¢(2/3)"+1)

1+¢(2/3)"
e?"

o
sin?(c2™)
e’ y(0)
cot(c2™)
sin(c2™)

Exercises 2.7

1.

15.

(a) s1(n+2) —oyasi(n+1) —a?yB(1 — a)s1(n) =0

(b) v > 50

(a) F(n+2)=F(n+1)+2F(n)

(b) 3,5, 11

(ii) Hint: Let $10 equal 1 unit, n =5, N =10
13.9298

T 9.66 x 10235
11. (a

Yn+3)— (a1 +1)Y(n+2)— (a2 —a1)Y(n+1)+aY(n)=h
Y

(n) =c1+4co (12\/5) +c3 (14\/5> +a1+6n

Exercises 3.1

2n+1 _ 3n 377, _ 2n

2n L 2(3m) 2(3") —2n

1 1
27L+1 _ 3TL _2 2n+1 - 73'@
+ 2 2
(—om43n 2-9n _rila
2 2

_2n+2 + 4(371) 4 — 2n+2 14+ 2(3n>
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S+ (1)

5.
2n+1
3 2n+1
7. | 201—2")
2(—1+2")

10. (a) Hint: Use (3.1.18)

12. Hint: If A\; = Ay = X and A" = ag + a1\ + agA? + -+ + ap_17F 71,
differentiate to get another equation nA"~! = ay + 2a\ + - + (k —
l)ak_l)\k*Z

2n+1 _ 3n 3n _ 2n
13. (i)
2ntl _9(3m) 2(3") — 2"

(ii) Same as Problem 3
0 1 0

15. a) [0 O 1
11,
2 2

(b) (2/5,1/5)

Exercises 3.2

1 3 g,

16 14" 16
9.

5 1 11,

% 1" 160

15. a1(=2)" + az(—6)"
17. a1 + agd™ 4 $nd"

19. a <1 _2\@) +as (1 +2\/5>

Exercises 3.3

1 2n+1 _ 4n

' 2(4™)
[(=1)" " +6"]
3.1 3

4
7( ) +7
0

| w
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0 1 1

5. 12" |1 | +ea | =1 +¢33™ | 7

0 0 2

on/2 [—c2 sin %ﬂ- + c3 cos %}

9. on/2 [—02 cos % — c3sin %}
ey + 22 {02 cos % + c3sin %]

3n p3nt
11. (a) <O - )

2" p2" !t n(n—1)2"73

)y o 2 n2" 1
0 0 2"
2 1 _2 371 n3n71 n(n2_ 1) 377,72
ON I - S
0 0 0 0 gn

(d)

o o 2" n2"
0 0 O 2"
c1(2" — 2" ) + con2™ + ¢3(3n?2" ! 4+ 3n(n — 1)2773)
13. —c1n2"7 2 4+ 92" (1 — n) — 3ezn(n — 1)27*
c32"

19. Hint: Use the similarity matrix P = diag(1, o, a?,...,a*"1)
Exercises 3.4

5. Hint: First change the equation to a system and then show that the
monodromy matrix is equal to ®(N)
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Exercises 3.5

3. Hint: Consider AT¢ = ¢ with € = (1,1,...,1)T
5. (i) Hint: Consider (I — A)z =0
(ii) Hint: Use (I — A)(I+ A+ A%+ + A =T A"
5/9
7. | 2/9
2/9
9. 0.25
11. 177.78; 272.22
13. 0

Exercises 4.1

1. (a) 3,3,3
3
(b) 67 47 31
(¢) 6,7, 5.21
3. Hint: Use D = diag(1,¢,£?)

Exercises 4.3

1. (a) unstable
(b) asymptotically stable
(c) asymptotically stable
(d) stable
5
r 0

3. | -1 -1

B~ ot =

! 0 O
3
a) uniformly stable
)
)
)

5. (
(b) no conclusion
c) asymptotically stable
(

d

no conclusion

Exercises 4.4

1. (a) asymptotically stable
(b) unstable
(c) unstable
(d) asymptotically stable
3. unstable
5. stable, but not asymptotically stable
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Exercises 4.5

1.

13.

Hint: Let V(z) = 2% + 3
The fixed point (0,0) is globally asymptotically stable.
Hint: Let V = 2y and then use Problem 11

Exercises 4.6

1.
3.

10.

12.

exponentially stable

2 2
Hint: V = a? (xl — 1) + 02 (xg - 1)
V2 V2

1 1
The equilibrium point | —, — | is unstable. The equilibrium point
q p \/i \/§ q P
( : ! ) is table
——,——— | is uns .
V2 V2
0 1
(a) 0], |1
0 0
(b) undetermined, unstable
unstable
if a| < 1 and |b| < 1, then the zero solution is asymptotically stable
N(y+8) [a—w+6q>
a) (IV,0), , BN
@ wo, (M4 o(r+ )
(b) The first point is asymptotically stable if T < 1 and unstable
if j_ > 1. The second point is asymptotically stable.
Y

Hint: Use the variation of constant formula (3.2.12) and then use
Theorem 8.12

Exercises 5.1 and 5.2

3.
11.

12.

1<a<2.62

Hint: Let g(2) = p12¥ 1+ p2zF=2 4+ -+ pp, and f(2) = 2* on the unit
disk

Hint: Let f(z) = p12F71, g(2) = 2% — pp2*=2 + ... + py,, on the circle
of radius 1 + ¢, for some appropriate £ > 0

Exercises 5.3

1.
6.

7.

1
3 <b<0.78
Hint: Make the change of variable N(n) = N*e*(™)

k

k k =0 =0
23 b; 23 b;
=0 =0
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Exercises 6.1

1. (a)

z(z — cosw) ] > 1

22 —2zcosw+1’
2(2% —1)sin2

() (22 —2zcos2+1)2’
z

(c) m,

—z+a’+a
3. ———— |2 >q
z(z — a)
(2 +1)22n73
zn—1
7. Hint: Use mathematical induction on k
1
—a)

15. Hint: y(n) —y(n — 1) = na(n)
2% sinw
(z—a)(22 —2zcosw + 1)
2%(z — cosw)
(z—1)(2%2 — 2zcosw+ 1)

|z] > 1

|z > 1

17. (a)

(b)

Exercises 6.2
- (a) 2/3[27" —1]
(b) =1/7(=2)"+1/Tn(-2)"4+6/7
3. (a) (=2)"3(3n% —n)
) 2

o 212 (05 2)
1

1+v5) [(1-v5)"
N 2 a 2
7. %(n—k 1)

11. Hint: Replace n by n + 1
1—e 1

- —1)"
2—e+<2—e)(e )

Exercises 6.3

1. 2(n) = %x(O)[l +2(4m)]
unstable



Answers and Hints to Selected Problems 513

3. Problem 1. unstable
Problem 2. uniformly stable
5. unstable

Exercises 6.4

1. asymptotically stable
3. not asymptotically stable

4. Hint: Y02 jna"™ = % fora < 1, Yo7 n%a” (‘fj;)g

Exercises 6.5
3. asymptotically stable
5. uniformly stable
Exercises 6.6

4. Hint: See The(irem 4.9 )
5. (a) a(n) = —=(=3)" + - (4")

7
(1+v2)2" 1 + @(—1)” 0
7. (a)
0 (S-f) 3n+<
o 1+2\/§(2 —n—1)+ _8‘/5[( 1)" + 2n — 1]
0
1 n 3 n
—2+ 52"+ 356"
11. : 1
~1+ 527+ 5637

Exercises 7.1

5. Hint: Use Theorem 7.3

7. Hint: Consider the function f(\) = A**! — A\* 4 p and show that it

attains its minimum when A = (k —1)/k

Exercises 7.2

8. Hint: Use Problem 7

9. Hint: Use Problem 7
12. Hint: Use Theorem 7.16
14. Hint: Use Problem 13
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Exercises 7.3

3. Hint: Let z(n) = ae¥™ and then use Theorem 7.18

4. Hint: Let z(n) = z*e¥™ and then apply Theorem 7.19

6. Hint: Let z(n) = z(n)/xz(n + 1) and then mimic the proof of Theorem
7.18

7. Hint: Follow the hint in Problem 6

Exercises 8.1

12. Hint: Use f(t) = (1 + o(1 )) ()
14. (c) Hint: Show that [~ &— 1d
15. Hint: Use integration by parts

16. Hint: Write )_, k* = n"[1 + ("}L b

Exercises 8.2

14. Hint: Notice first that log [T/_) L4 u(i) = St g log (1 4 (7))
15. (c) Hint: Use the mean value theorem
(e) Hint: Substitute (8.2.19) into (8.2.17)
(f) Hint: Solve (8.2.28) and then use Problem 14
17. z1(n) ~ n? xa(n) ~ ﬁ,n — 00
20. Hint: Let y(n) = 2(n + 1)/z(n)

Exercises 8.4

12. Hint: Let z(n) = (—1)" ( [T (i )) z(n)

Jj=no

Exercises 8.5

7. Hint: Reverse the order of summation on the left-hand side as in Figure
8.2
10. Hint: Use Problem 8 and then let A(n) = z2(n)Ay(n) — Aza(n)y(n)
and B(n) = Azi(n)y(n) — z1(n)Ay(n), then mimic the proof of
Problem 8

Exercises 9.3

9. (z,y) = (37,47) + m(48,61)
10. Hint: Consider the continued fraction representation of v/¢

_ A(m=1)4+A(m)&m
Then VI = G5 Bametr

11
- 2o + ———— ... = VIl + by;
§+1 0 b1+b2—|— 0

show that
A(m)(A(m) — B(m)bo) — B(m)(B(m)¢ — A(m)bg) = (=1)""
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or
A%(m) — £B%(m) = (~1)™!

Conclude that z = A(m),y = B(m) is a solution of Pell’s equation if
m is odd, and if m is even, x = A(2m+ 1), y = B(2m+) is a solution
11. x=8,y=3

Exercises 9.4 and 9.5

5. (n+ 1Py (2) = 20 + m)aPy(x) — (20 +n — PY_, (2)
6. (n+ 1)Ly (1) = 20+ -+ 1 — 2)L3(x) — (n+ )15, (2)
7. Hpi1(x) = 2xHy(x) — 2nH,—1(x)
9. Juer(2) = (Z)J0(2) — T s (2)

12. Hint: Use (9.5.18) and let u — x

Exercises 9.6

7. Hint: Use the Cauchy integral formula: - —(1—x?)" = = 2= f (t o) n+1dt

Exercises 10.1 and 10.2

1
0

3. Since A is diagonal and B has a row of zeros then, by inspection, the
system is not completely controllable

1. W=

-2
) ] ,|W| =140, the system is completely controllable

5. rank(W) = 4 < 5, the system is not completely controllable

1 a1 +az
11. W = AW = a1 +a22 — a1 — a2 # 0 thus ags +ag; #

1 a1 +a
a11 + a2

Exercises 10.3

0 0 1/4(a+b

L) V= W] =2, =yt |10 A0 )
4 -2 y(1) 1/2b
2 1 .

(b) V= 5 1‘| ,rank(V) = 1 < 2, the system is not observable
1 a+bd

3. W = | etd JW| = —(a+b) + ¢+ d # 0. Thus, for a system

c

to be completely controllable a + b # ¢ + d, and for a system to be

completely observable, V = bl [VI=b#0

5. rank(V) = 4, the system is not completely observable
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Exercises 10.4

1. K =[-0.1166 —0.6982]
3. K =[-18599 0.5293 2.8599]
5. Hint: Put the equation into a system form

Exercises 10.5

0.875
1. £ =

C|-1.125
3. unsolvable



Maple Programs

(I) Solution of scalar difference equations and systems of difference
equations using rsolve

> rsolve({x(n+1)-x(n)/(n+1)=1/(n+1)!,x(0)=1},x%);

n+1
I'(n+1)

> rsolve({x(n+1)=2*x(n)+y(n) ,y(n+1)=2xy(n) ,x(0)=a,y(0)=b},
{x,yD);

{y(n) = 2", 2(n) = %bQ" +2"%a}

> rsolve (x(n+2)-5*x(n+1)+6*x(n)=0,x) ;

—(2z(0) — x(1))3" — (=3z(0) + x(1))2"
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Cobweb Program
>#Cobweb Program

>#Call as: cobweb(F, n, s, 1, u)
>#Where: F: The one parameter function

># n: The number of iterations to be performed

># s: The initial value of x with which to start

># 1: The lower bound value for x and y

># u: The upper bound value for x and y

>cobweb:=proc(function, iterations, initial, lowerbound,
upperbound)

>local F, n, s, u, i, y, G, 1;

>F:=function;

>n:=iterations;

>s:=initial;

>1:=lowerbound;

>u:=upperbound;

>with(plottools)

>y:=eval(subs(x=s,F));

>G:=[1line([1,1], [u,ul), line([s,0], [s,yl),
plot(F,x=1..u,color=black)];

>for i from 1 to n do

> G:=[op(G), line([s,y]l, [y,yl1))];

> S:=y;

> y:=evalf (subs(x=s,F));

> G:=[op(G), line([s,s]l, [s,yD)]1;

>od

>plots([display] (G,tickmarks=[0,0]);

>end

> # Example: draw the cobweb diagram of the function
> # F(x)=3.7*x*(1-x) with initial point 0.1.
>cobweb(3.7*x*(1-x),10,0.1,0.1);
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Bifurcation Diagram Program

>bifur(c*x*(1-x), 3.57, 4, 100, 50, .01, .5, 0, 1);
furcation Diagram Program

# Bifurcation Diagram Program

# Call as: bifur(F, 1, r, N, T, d, s, b, t)

#

Where:

The one parameter function in terms of ¢ and x
The left bound on the graph

The right bound on the graph

The number of iterations to perform
The number of iterations to discard
The step size of the parameter (c)
The value of x

The bottom bound on the graph

The top bound on the graph

¢ on a1 =8H T

#
#
#
#
#
#
#
#
#
#
#

VVVVVVVVVVVVYVVYV

bifur:=proc(function, left, right, iterations, discard,
step, start, bottom, top)

> local F, 1, r, N, T, d, s, t, i, p, b, j, k, G;
> F:=function;

> 1l:=left;

> r:=right;

> N:=iterations;

> T:=discard;

> d:=step;

> s:=start;

> t:=top;

> b:=bottom; G:=[];

> with(plottools):

> for i from 1 by d*(r-1) to r do

> p:=s;

> for j to T do

> p:=evalf (subs(x=p, c=i, F));
> od;

> for k to N do

> p:=evalf (subs(x=p, c=i, F));
> G:=[op(G), point([i,p])];

> od;

> od;

> plots[display] (G, axes=boxed, symbol=POINT,
view=[1l..r, b..t]);
> end:
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> # Example: Draw the graph of F(x)=c*x*(1-x), where c is
> # between 3.5 and 4 and initial point is 0.5.
> bifur(c*x*(1-x),3.5,4,200,50,.01,.5,0,1);

1 T T
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Phase Space Diagram with Four Initial Points

Where:

The
The
The
The
The
The

VvV VV VYV V VYV VYVYVYV
H o H HH R HH
B N< X < >

# Phase Space Diagram Program (with 4 initial points)
# Call as: phase4(A, x, y, 2, Vv, n)

matrix entries where f(x)=Ax
initial point (v1,v2)

initial point (x1,x2)

initial point (y1,y2)

initial point (z1,z2)

number of iterations to perform

phased:=proc(matrix1l, matrix12, matrix21, matrix22,
initiall, initial2, initial3, initial4, initialb, initial6,

initial7, initial8, iterations)

> local A, x, n, G, F, H, J, x1, x2, i, x3, x4, wl, w2, y3,

y4, z1, z2, z3, z4, y, z, vl, v2, v3, v4, v, K;

> A:=array(1..2,1.

.2, [[matrix1l,matrix12],

[matrix21,matrix22]]);

> x:=array(1l..2,1.
y:=array(1l..2, 1.
z:=array(1..2, 1.
v:=array(1l..2, 1.
> n:=iterations;
>

.1,[[initiall], [initial2]]);

.1, [[initial3],[initiald]]);
.1, [[initialb], [initial6]]);
.1, [[initial7],[initial8]]);
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x1:=x[1,1]; x2:=x[2,1]; wi:=y[1,1]; w2:=y[2,1]; zl:=z[1,1];
z2:=z[2,1]; vi:=v[1,1]; v2:=v[2,1];

> G:=[]; H:=[]; J:
> with(plottools):
> for i from 1 to

=[]; K:=[1;

n do

> F:=array(1..2, 1..1, [[CA[1,1]*x1)+(A[1,2]*x2)],
[(A[2,1]*x1)+(A[2,2]%x2)11);

> x3:=F[1,1]; x4:=F[2,1];

> G:=[op(G), line([x1,x2], [x3,x4]1)];

> x1:=x3; x2:=x4;

> F:=array(1..2, 1..1, [[CA[1,1]*w1)+(A[1,2]*w2)],
[(A[2,1]*w1)+(A[2,2]%w2)1]);

> y3:=F[1,1]; y4:=F[2,1];

> H:=[op(H), line([wl,w2],[y3,y41)];

> wl:=y3; w2:=y4;

> F:=array(1..2, 1..1, [[CA[1,11*z1)+(A[1,2]1*=z2)],
[(A[2,1]*z1)+(A[2,2]*z2)11);

> z3:=F[1,1]; z4:=F[2,1];

> J:=[op(J), line([z1,22], [23,24])];

> z1:=23; z2:=z4;
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> Fi=array(1..2, 1..1, [[CA[1,1]*v1)+(A[1,2]%v2)],
[(A[2,1]xv1)+(A[2,2]*v2)]]);

v3:=F[1,1]; v4:=F[2,1];

K:=[op(K), line([v1,v2],[v3,v4])];

v1:=v3; v2:=v4;

\"

od;
plots([display] (G,H,J,K,tickmarks=[0,0],color=black) ;
end:

V V V V VvV

Vv

# Example: Draw the phase space diagram of the system
# x(n+1)=Axx(n) where A=array(2,0,0,0.5).
phase4(2,0,0,.5,1,3,-1,3,-1,-3,1,-3,6);

vV Vv
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marginal propensities, 166
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method of undetermined
coefficients, 83, 85

midpoint method, 116

minimal, 425
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non-self-adjoint, 322

nonautonomous, 2, 118

nonautonomous linear systems, 184

nonhomogeneous, 2

nonhomogeneous differential
equation, 4

nonhomogeneous linear difference
equation, 64

nonhomogeneous system, 129

nonlinear difference equations, 327,
382

nonlinear equations transformable
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nonoscillatory nonhyperbolic maps,
477
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norm of a matrix, 174
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numerical solutions of differential
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0, 335

o, 335
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observability canonical forms, 453

observability matrix, 448, 453
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(open-loop) time-invariant control
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oscillating, 91

oscillation theory, 313
oscillatory, 313, 323
oscillatory solution, 322
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partial fractions method, 282, 283
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Pell’s equation, 413
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period-doubling bifurcation, 243
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Perron, 160, 173, 219, 340, 372

Perron’s approach, 219

Perron’s example, 344

Perron’s First Theorem, 344

Perron’s Second Theorem, 344

Perron’s theorem, 160

perturbation, 219

perturbations of Chebyshev
polynomials, 424

perturbed diagonal system, 351

phase space, 178

phase space analysis, 194

Pielou logistic delay, 331

Pielou logistic delay equation, 224,
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Pielou Logistic Equation, 18

Pielou logistic equation, 99

Pincherle, 402

Pituk, 388

Pochhammer symbol, 424

Poincaré—Perron, 425

Poincaré, 340

Poincaré type, 343
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Poincaré type (P), 390

Poincaré’s theorem, 340, 343

Poincaré—Perron, 344

Poincaré—Perron theorem, 348

Poisson probability distribution,
235

polynomial operator, 85
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population dynamics, 57

positive definite, 204, 214

positive definite symmetric matrix,
215

positive innerwise, 247

positive limit set, 208

positive orbit, 1

positive semidefinite, 216

positively invariant, 51

power series method, 282

power shift, 59

prime number theorem, 338

probability, 159

probability vector, 160

product, 61

product rule, 61

projection matrix, 359, 382

propagation of annual plants, 104,
105

properties of the Z-transform, 277

pupal, 238

Putzer algorithm, 118, 120, 131

Puu, 233

Quadratic Liapunov function, 205

Rabbit problem, 79

radius of convergence, 274, 277
rank, 433

recessive, 161

recruitment, 258

reduced-order observers, 474
regions of convergence, 274, 275
regions of divergence, 275
regular continued fractions, 409
regular Markov chains, 160, 161
relation ~, 337

repeated poles, 284

repelling point, 28

residue theorem, 287

Riccati equation, 98
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Riccati transformations, 322
Riccati type, 98, 99

Ricker’s equation, 43
Ricker’s map, 54, 243
Riemann zeta function, 409
right-shifting, 277
Rodrigues’ formula, 426
Rouché’s theorem, 256, 295
Routh stability criterion, 310

Saddle (unstable), 196

Samuelson—Hicks model, 233

Schéfli’s integral, 426

Schur—Cohn criterion, 246, 247

Schwarzian derivative, 31, 49

second-order difference equations,
369

second-order linear autonomous
(time-invariant) systems,
194

Sedaghat, 181, 261

self-adjoint, 320

self-adjoint second-order equations,
320

semi-asymptotically stable, 35, 44,
480

semisimple, 143, 187

semisimple eigenvalue, 143

semistability, 34

semistable from the left, 30

semistable from the right, 30

shift operator, 57

shifting, 277

similar, 135

similarity transformation, 440

simple, 143

simple eigenvalue, 160

simple poles, 284

skew symmetric matrices, 142

Smith, 261

solution, 3, 65

spectral radius, 175

stability, 11

stability by linear approximation,
219

stability of a k periodic point, 39

stability of linear systems, 184

stability of nondifferentiable maps,
483

stability of periodic points, 39
stability of the 2-cycle, 45
stability theory, 173
stability via linearization, 256
stabilizability, 462
stabilizable, 462, 463
stabilization by state feedback, 457
stabilization of nonlinear systems
by feedback, 463
stable, 11, 176, 184
stable and unstable manifolds, 488
stable economy, 166
stable equilibrium price, 16
Stable Manifold Theorem, 487-489
stable matrix, 191
stable subspace (manifold), 188
Stable Subspace (Manifold)
Theorem, 189
stable subspaces, 487
Stair Step (Cobweb) diagrams, 13
state feedback, 457
state feedback gain matrix, 459
state transition matrix, 127
step size, 21
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Stirling’s formula, 338
Strong Poincaré type (SP), 390
Sturm separation theorem, 321
sufficient conditions for
stability, 251
sum of residues, 293
summation, 5
summation by parts formula, 62
superposition principle, 72
survival coefficient, 258
susceptible individuals, 302
susceptibles, 226
Sylvester’s criterion, 214
symbol O, 335, 337
symbol o, 337
symmetric matrices, 142
symmetric matrix, 216
synchronous, 241
synchronous 3-cycle, 243
system of first-order equations, 132
systems, 117

T2, 37
T3, 37
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tent function, 36

tent map, 10
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three-term difference equations, 313
time domain analysis, 273
time-invariant, 2, 117, 118, 135
time-variant, 2, 118

Toeplitz, 168

Toeplitz matrix, 168

trade model, 165

transform method, 273
transient, 163

transition matrix, 160
transmission of information, 110
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tridiagonal Toeplitz matrix, 168
Trjitzinsky, 377

2-cycle, 39, 45
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Ultraspherical polynomials, 416

uncontrolled system, 429, 430

uniform attractivity, 176, 185

uniformly asymptotically stable,
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uniformly attracting, 176

uniformly stable, 176, 184, 186, 294

unique solution, 2, 66, 126

uniqueness, 66

uniqueness of solutions, 125

unit impulse sequence, 276

unitary matrices, 142

unstable, 11, 176

unstable fixed point, 43
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unstable limit cycle, 211
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unstable subspaces, 487

Vandermonde determinant, 75, 82
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166, 168, 305, 353, 382
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variation of V', 204
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Volterra difference equation, 294
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Volterra integrodifferential
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Weak Poincaré type (WP), 390
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Weierstrass M-test, 354

whale populations, 258

Wimp, 346, 423

Wong and Li, 377
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Z-transform, 273, 274, 432
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